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Abstract: In this paper, a new third-order optimized symmetric weighted essentially non-oscillatory (WENO-OS3) scheme is 

used to simulate the hypersonic shock wave/boundary layer interactions. Firstly, the scheme is presented with the achievement 

of low dissipation in smooth region and robust shock-capturing capabilities in discontinuities. The Maxwell slip boundary 

conditions are employed to consider the rarefied effect near the surface. Next, several validating tests are given to show the 

good resolution of the WENO-OS3 scheme and the feasibility of the Maxwell slip boundary conditions. Finally, hypersonic 

flows around the hollow cylinder truncated flare and the 25º/55º sharp double cone are studied. Discussions are made on the 

characteristics of the hypersonic shock wave/boundary layer interactions with and without the consideration of the slip effect. 

The results indicate that the scheme has a good capability on predicting heat transfer and a high resolution on describing fluid 

structures. With the slip boundary conditions, the separation region at the corner is smaller and the prediction is more accurate 

than that with no-slip boundary conditions. 
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0 Introduction 

Hypersonic viscous flow interactions between 

shock wave and boundary layer have been studied by 

both numerical simulations and experimental 

measurements[1]. The interactions could cause the 

formation of a separation region and lead to an increase 

of heat transfer on the wall near the reattachment point. 

These effects are necessary to the control and thermal 

protection of hypersonic vehicles. Recently, the NATO 

Research Technology Organization (RTO) has fostered a 

series of studies on hypersonic flow interactions. Two 

configurations chosen for the studies were the hollow 

cylinder fare and the sharp double cone, and the current 

numerical simulations mainly focus on the laminar 

flows. 

Numerical simulations on these problems are 

performed by at least two types of approaches nowadays. 

One type is the kinetic approach including DSMC 

method and some approaches based on the Boltzmann 

equations. The other type is the continuum approach, 

such as the traditional computational fluid dynamic 

(CFD) method using Navier-Stokes (NS) equations. The 

DSMC method is appropriate for all flow regimes, while 

the CPU time cost (especially when the Knudsen 

number is less than 0.001) is huge relatively. Usually 

solving the NS equations is about an order of magnitude 

faster than the DSMC method[2]. However, the NS 

equations are invalid in rarefied flow regimes because 

they are based on the continuum assumption. Therefore, 

it is attractive to find ways to extend the validity of the 

NS solver beyond the continuum regime. 

Researchers found that the traditional CFD 

modeling in near continuum regime or slip regime can 

be improved by using the slip boundary conditions. The 

most common-used slip boundary conditions are 
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Maxwell [3] slip velocity and Smoluchowski [4] 

temperature jump boundary conditions. Gökçen and 

MacCormack [5, 6] proposed  more general boundary 

conditions and extended them to larger Knudsen 

numbers. To correct the linear variability of shear stress 

near the wall, a wall function approach for boundary 

condition was proposed by Lockerby et al [7]. Several 

second order slip boundary conditions [8-11] have also 

been developed to extend the validity of NS solver. 

However, it was reported [12] that the second order slip 

boundary conditions did not appear to work better than 

the first order ones in hypersonic flow simulations. 

For NS solver, developing numerical schemes for 

shock-capturing is important in hypersonic computation. 

Nowadays, the TVD schemes, such as the 

non-oscillatory, non-free-parameter and dissipation 

(NND) scheme [13], are the most widely used in the 

design phase of hypersonic vehicles. Due to the 

increasing requirement of accurate prediction on 

aerodynamics and aerothermodynamics, the weighted 

essentially non-oscillatory (WENO) scheme proposed 

by Liu et al. [14] and extended by Jiang and Shu [15] has 

gained more attentions in recent years [16]. Moreover, 

some high order compact schemes are used in the 

supersonic/hypersonic flows simulation [17, 18]. High 

order schemes usually need more nodes compared with 

NND scheme when constructing the flux vectors. For 

example, it needs seven nodes in the fifth order WENO 

scheme, which would cause overshoot in the vicinity of 

shock wave, have difficulty in simulating the flows 

around complex geometries, and is not easy to extend it 

to the multi-block computational code due to the high 

order interface boundary condition. Therefore, a five 

nodes scheme, which has high accurate resolution and 

the number of nodes is the same as NND scheme, is 

studied here. It cost little to modify from the existing 

NND codes, and the new third order scheme aims at 

engineering computation. 

In this paper, a new optimized symmetric 

third-order weighted essentially non-oscillatory 

(WENO-OS3) scheme is used to simulate hypersonic 

shock wave/boundary layer interactions. The 

WENO-OS3 scheme and slip boundary conditions are 

described in Section 2. The validations of the numerical 

methods are presented in section 3. In Section 4, Mach 

9.91 flow around a hollow cylinder flare and Mach 15.6 

flow around a 25º/55º sharp double cone are simulated 

and discussed. Conclusions are given in the last section. 

1 Numerical Methods 

1.1 Governing equations 

In the generalized computational coordinates, the 

dimensionless time-dependent compressible NS 

equations can be expressed in the conservative form as 

follows: 
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In the above equations, J is the transformation Jacobian, 

x, y, z are grid metrics, Q is the vector of conservative 

variables, E, F, G are inviscid fluxes, Ev, Fv, Gv are 

viscous fluxes, u, v, w are the Cartesian velocity 

components in x, y, z directions, ρ is density, p is static 

pressure, T is temperature, Cv is the specific heat at 

constant volume, e is total energy, τ is stress tensor, μ is 

dynamic viscosity, q is heat transfer vector, Re is the 

Reynolds number, Pr is the Prandtl number, and  is 

specific heat ratio. 

1.2 WENO-OS3 scheme 

An optimized symmetric third-order scheme 

optimized from Ref. [19] for inviscid flux term 

discretization is introduced. The one-dimensional scalar 

conservation law is used for investigation: 

( ) 0.t xu f u   (2) 

With the domain discretized into uniform intervals 

of x , the semi-discretized conservative scheme can be 

written as:  

   1/2 1/2
ˆ ˆ ,t j jj

u f f x      (3) 

where 
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implicitly defined by 
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When applied in computation,  f u
 

is usually split 

into two parts: 

     .f u f u f u    (5) 

In this paper, the Steger-Warming flux vector splitting is 

used. Then the numerical fluxes are obtained from the 

positive and negative parts of  f u , namely: 
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     (6) 

where the 
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ˆ
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and 

1 / 2
ˆ

jf 

  
are computed by 

WENO-OS3 scheme. We only describe the positive part 

of the numerical fluxes (
1 / 2

ˆ
jf 


) here. For simplicity, the 

superscript "+" is omitted. The negative part of 
1 / 2

ˆ
jf 

is 

symmetric with respect to xj+1/2. 

a. Linear part 

In the optimized scheme, an additional candidate 

stencil is added downwind to the third-order WENO 

(WENO3) scheme. The numerical fluxes are obtained 

as: 

     0 1 2

1/2 0 1/2 1 1/2 2 1/2
ˆ ˆ ˆ ˆ ,j j j jf f f f         (7) 

where the  
1 / 2

ˆ i

jf   
is the approximation of the flux 

1 / 2jh 
 

on ith candidate stencil. The forms of  
1 / 2

ˆ i

jf   
are 

(0) 1
1/2 1/22

(1) 1
1/2 1/22

(2) 1
1/2 1 3/22

ˆ ,

ˆ ,

ˆ ,

j j j

j j j

j j j

f f f

f f f

f f f

  

 

  

 

  

  

  

  

  

 (8) 

where
1/2 1 ,j j jf f f     

ia  are the ideal weights of 

the scheme given by 1 2
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, .      After Fourier 
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where 
21 3 2 ,      is wavenumber, and '  is 

modified wavenumber.   and   refer to the real and 

imaginary part of a complex number respectively. 

Because there is one free parameter for a third-order 

scheme in Eq. (7), the parameter n3rd is introduced to 

adjust the dissipation level of the scheme. It is suggested 

that    
3

1

WENO OS3 WENO3
' '

rdn
   


         , then 

 2 3 31 6 .rd rdn n   The scheme turns out to be the 

WENO3 scheme for 3 1.0,rdn   and it becomes the 

fourth-order center difference scheme when 3 .rdn   

The bigger the n3rd is, the lower the dissipation of 

WENO-OS3 will be. In this paper, 3 10rdn   is chosen. 

b. Nonlinear part 

In order to capture the shock wave and 

discontinuity, the nonlinear technique should be used. 

The method used in WENO scheme is employed here, 

whose idea is to maximize the weight of the smooth 

candidate stencil while minimize the weight of the 

discontinuous stencil. 
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where the ISi  is smoothness measurement on ith 

candidate stencil given by ISi=(fj+i - fj-1+i)
2. In the smooth 

regions, the nonlinear weights are approximately equal 

to the ideal weights. 

Considering the stability of the scheme while 

decreasing the dissipation error further, the nonlinear 

weights should be close to the ideal weights as much as 

possible [15]. To reach this goal, a method with variation 
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of the power in the Eq. (10) was proposed by Li et al [19]. 

The algorithm is given as follows: 
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where p1 and p2 are the powers computed by the 

transition function TF, which is given by 
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The constant c in Eq.(12) refers to the extent of the 

inclination. xu and xl are upper and lower thresholds 

respectively. TF value equals to 2 for x>xu, and it equals 

to 0 for x<xl. In order to avoid the parameters in the 

algorithm being problem-dependent, a specific rescale 

function was used when p1 is computed. The function is 

given as follows: 
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where Φ1 is related to grid transformation. kx refers to x, 

ηx, ζx when it is discretized in x, y, z directions 

respectively. The definitions of ky and kz are similar to 

that of kx. Φ2 is related to the characteristic matrix used 

in the process of 
1 / 2

ˆ
jf 

reconstruction. L is the left 

characteristic matrix you used, and Lref is the reference 

one, they are both given in the appendix. Φ3 is a factor 

related to different physical problems. The subscript “b” 

denotes the reference state related to the boundary 

condition usually chosen as the inflow or the upstream 

state of a shock wave. 

Finally the power is obtained by the maximum of 

the p1 and p2. The parameters used in the scheme are 

calibrated to be: c=8, p1l =0.022, p1u =0.029, p2l=3.2, 

p2u=3.8. 

A second-order central difference scheme is applied 

to the viscous fluxes, and the lower-upper symmetric 

Gauss-Seidel (LU-SGS) method for time approaching is 

adopted. It is assumed that the gas is perfect gas for all 

cases in this paper, so ϒ is constant for calculation. 

1.3 Slip boundary conditions 

a. Maxwell boundary conditions 

Using slip boundary conditions can extend the 

validity of the NS solver beyond the continuum regime. 

The Maxwell boundary condition is first derived for a 

flat plate [3]. It is given by: 

2
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where n and τ are the direction normal and tangential to 

the wall respectively, us is the slip velocity, uw is the wall 

velocity, σ is the momentum accommodation coefficient, 

u  is the tangential velocity along the wall, the 

subscript “gw” means the physical quantities of gas at 

the surface.   refers to the mean free path calculated 

from local gas flow properties: 

2 2
,

8c RT
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Where c  is the mean molecular speed and R is the gas 

constant. For an isothermal wall, it is simplified as: 
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The temperature jump boundary condition at the 

wall is given by: 

2 2
,
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where α is thermal momentum accommodation 

coefficient. 

b. Implementation of the Maxwell boundary conditions 

Due to the impermeable wall boundary condition at 

the wall, the slip velocity only has the tangential 

component. The stationary body is considered with the 

wall velocity uw as 0.0, and the results present are 

calculated assuming a fully diffuse wall, with a 

corresponding accommodation coefficient of 1.0. Then 

the velocity slip boundary condition Eq. (16) is 

simplified as: 

0.
gw

u
u

n


 

 
  

 
 (18) 

The temperature jump boundary condition at the 

wall can also be written as: 
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A unified form of the Eq. (18) and (19) is given as 

follows: 

.a b   n
 (20) 

where a refers to λ or λT, and b refers to zero or Tw 

respectively. It is obvious that the Eq. (20) is a Robin 

boundary condition, and it is discretized as follows: 
1

,s

bd a

a d








 (21) 

where d refer to the distance between the mesh along the 

wall and the first mesh away from wall. The superscript 

“1” refer to the quantity at the first mesh away from wall. 

The subscript “s” refers to the slip quantity at the surface. 

The Eq. (21) is the form of first-order difference, and it 

also could be discretized in a higher order form.  

2 Validating Tests 

In this section, validations of numerical methods 

are presented. Firstly, three cases are calculated to show 

the resolution of the WENO-OS3 scheme. i.e. 

Shu-Osher problem, flat plate shock wave / boundary 

layer interaction problem and RUN 28 sharp double 

cone problem. Next, two cases are simulated here to 

show the performances of the slip boundary conditions. 

One is the hypersonic flow over a flat plate, and the 

other is the hypersonic flows around a circular cylinder. 

The non-dimensional coefficients referred to the 

results for describing the surface properties are defined 

as follows: 
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where the subscript " "refer to freestream parameter, 

and "w" means the physical quantities at the wall. Cp is 

the pressure coefficients, CH is the heat transfer 

coefficient, St is the Stanton number, and H represents 

the enthalpy. 

A continuum breakdown parameter defined by 

Boyd et al [20] is used for visualizing the rarefied regions 

in the flow field here. The gradient-length local Knudsen 

number (KnGLL) is given by: 

,GLLKn Q
Q


   (23) 

where Q is a physical quantity of interest such as 

pressure, temperature or density. The density is chosen 

in this paper. It is assumed that continuum breakdown 

occurs when KnGLL is greater than 0.05. 

2.1 Shu-Osher problem 

This test problem that a Mach 3 shock wave 

propagates into smooth density fluctuations was first 

proposed by Shu and Osher [21]. The test aims at 

accurately resolving the small scale structures behind the 

shock. 

The initial conditions on the domain 

4.5 4.5x    are as follows: u=0, p=1, and 

 1 0.2sin 5x    for 4;x u=2.629369, 

p=10.33333, and 3.857143  for 4x . The 

governing equations are one dimensional Euler 

equations simplified from Eq. (1). A third-order TVD 

Runge-Kutta method is used for temporal discretization 

in this case. 

Solutions are obtained at 1.8.t Density fields on 

800 mesh nodes from NND [13], WENO3 and 

WENO-OS3 schemes are shown in Fig. 1. The “exact” 

solution is obtained by the fifth-order WENO scheme on 

1600 mesh nodes. In contrast, NND scheme yields 

excessively damped solutions, and the WENO3 

solutions are less dissipative than that of NND. Similar 

results are found for WENO-OS3 scheme with better 

predictions of the wave amplitudes than the original 

WENO3 scheme. . 
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Fig. 1 Density fields at t= 1.8 on 800 mesh nodes 

 

2.2 Flat plate shock wave/boundary layer interaction 

problem 

This test problem, an external shock wave incident 

in a boundary layer on a flat plate, has become a 

benchmark of testing new numerical schemes since it 

first proposed in Ref [22]. 

The computational parameters are 
52.0,Re 2.96 10 , 293.0,Pr 0.72.Ma T        The 

impinging shock angle is 32.585º. The computational 

domain is chosen to be 0 2.02,0 1.30.x y     The 

number of mesh points used in this paper is 103×122 in 

the streamwise and the normal directions, respectively. 

The adiabatic wall boundary condition is adopted. 

Fig.2 presents the pressure contours and patterns of 

the separation bubble by different numerical schemes. It 

can be observed that the NND scheme does not capture 

the separation region with the same mesh, and the size 

of the bubble decreases with bigger dissipation of the 

scheme, i.e. LWENO5 > LWENO-OS3 > LWENO3 > LNND . 

2.3 Sharp double cone problem-RUN 28 

Hypersonic flow of nitrogen around a 25º/55º sharp 

cone (SDC) [23] is calculated here. The number of mesh 

is 266×128 in the streamwise and the normal directions, 

respectively. 

The freestream conditions are
59.59, 185.6 , 293.3 ,Re 1.39 10 / .wMa T K T K m      

 A laminar flow is ensured in this condition. The 

Sutherland law is used for modeling the dynamic 

viscosity. 

The density gradient contours presented in Fig. 3 

indicate that a train of reflected waves, which is 

generated between the layer formed by the slip line and 

the second cone surface, is resolved by the WENO-OS3 

and WENO5 schemes. Two and three vortices are 

observed near the corner by WENO-OS3 and WENO5 

schemes, respectively, while only one vortex captured 

by NND scheme. The Stanton number along the surface 

is given in Fig. 4, which shows that WENO-OS3 scheme 

is better than the NND scheme and worse than the 

WENO5 scheme on heat transfer prediction. Moreover, 

the heat flux distribution has a certain divergence from 

the experiment data due to the mesh is too coarse, and 

the results will be better with the mesh refinement. 



No. 3 Li chen, et al. Numerical simulations on hypersonic shock wave/boundary layer interactions  239 

 

 

Fig. 2 Pressure contours and patterns of the separation bubble by different numerical schemes 

 

Fig. 3 Density gradient contours and separation region by different numerical schemes 

 

 

Fig. 4 Stanton number along the surface of 25º/55º SDC by different numerical schemes 
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2.4 Tests for the slip boundary conditions 

Two cases computed by the WENO-OS3 scheme 

are tested here for validating the Maxwell slip boundary 

conditions. The results present here are calculated by 

assuming a fully diffuse wall with a corresponding 

accommodation coefficient of 1. 

a. Flat plate 

Hypersonic flow of argon over a flat plate at 0  

angle of attack which has a previous set of experiments 

[24] is considered here. The freestream parameters are 

64.5 , 292 , 3.73 , 0.23 ,wT K T K p Pa mm       

12.7Ma  . The Sutherland law is used for modeling 

the dynamic viscosity in this case, i.e. 

 1.5 ,s sA T T T    where As=1.93× 10-6(PasK-1/2), 

and Ts=142K. The Prandtl number is 0.67, and ϒ is 1.67. 

The mesh of 200×140 nodes in x and y directions is 

used in this study. The 0.15x   at 0x  mm and the 

0.1y   at 0y   mm. 

The Maxwell slip boundary conditions are 

employed at the wall. Fig.5 and 6 show the slip velocity 

and temperature jump along the flat plate. By 

comparison, the results of Maxwell slip boundary 

conditions agree well with that calculated by Nam et al 
[12]. 

b. Circular cylinder 

Hypersonic flows of argon over a circular cylinder 

of radius d=304.8mm are studied here. Two inflow 

conditions of Kn∞=0.002 and Kn∞=0.05 are chosen from 

a series of typical cases in Ref [2]. The other free 

parameters can be found in Ref [2] in details. The power 

law model is used for viscosity. The number of mesh 

points used is 100×60 in the streamwise and the normal 

directions, respectively. 

Fig 7 presents the KnGLL fields for Kn∞=0.002 and 

Kn∞=0.05. The results indicate that with the density 

decrease, the shock thickness increases, the shock 

standoff distance becomes longer, the rarefied effects 

becomes apparently. 

Table 1 shows the peak heat transfer predicted by 

both no-slip and slip boundary conditions. It is clear that 

using the slip boundary conditions improves the 

agreement with the DSMC results from Ref. [2]. For 

Kn∞=0.002 case, the peak heat transfer computed by all 

boundary conditions are in coincidence with the DSMC 

result. For Kn∞=0.05 case, the no-slip result is over 10% 

difference diverge from the DSMC result, while it can 

be better predicted by using the slip boundary conditions. 

The heat transfer coefficient along the surface is shown 

in Fig. 8. All the CFD results are over predicted 

compared with the DSMC result. The no-slip CFD result 

shows larger difference from the DSMC result. It is 

greatly improved by using the Maxwell slip boundary 

conditions. 

 

  

Fig. 5. The slip velocity along the flat plate surface Fig. 6. The gas temperature along the flat plate surface 
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Fig. 7. KnGLL fields for Kn∞=0.002 and Kn∞=0.05 Fig. 8. Kn∞=0.05 heat transfer coefficient distribution around 
the surface 

 

Table 1 Peak heat transfer (kW/m
2
) 

Kn∞ DSMC[2] No-slip Maxwell No-slip[2] Maxwell[2] 

0.002 89.80 88.80(-1.11%) 90.29(0.44%) 89.84(0.06%) 89.14(-0.73%) 

0.05 15.85 17.70(11.7%) 16.94(6.85%) 18.02(13.7%) 17.20(8.51%) 

 

3 Investigations on Hypersonic Shock/ 

Boundary Layer Interactions 

In this section, the WENO-OS3 scheme is applied 

to investigate the hypersonic shock/boundary layer 

interactions in the flows around the hollow cylinder 

truncated flare and the 25º/55º sharp double cone. Due 

to the axisymmetric geometry and the zero angle of 

attack, the axisymmetric NS equations are solved. 

3.1 Hollow cylinder truncated flare 

Hypersonic flow of nitrogen around a hollow 

cylinder truncated flare (HCTF) which has a previous 

set of computational results [25-28] and experiments [25] is 

calculated here. The configuration and the 

computational mesh structure are shown in Fig. 9 and 

Fig. 10, respectively. The reference length is 

L=0.1017m. 

The freestream parameters are 51 ,T K   
5293 , 6.3 , 9.91,Re 1.86 10 / ,wT K p Pa Ma m      

 which ensure a laminar flow condition. The Sutherland 

law is used for modeling the dynamic viscosity in this 

case, i.e.  1.5 ,s sA T T T    where As=1.4 ×

10-6(PasK-1/2), and Ts=106.7K. The specific heat ratio is 

1.4  , and the Prandtl number is Pr=0.71. 

The parameters of the inlet flow and top boundary 

are set from the freestream. The zero gradient 

extrapolation method is used to the outflow boundaries. 

At the bottom boundary in front of the leading edge, the 

symmetric boundary condition is used. 

a. Flow structures 

Typical results of all cases are given in Table 2, 

where similar flow structures are obtained. Fig. 11 

shows the pressure contours. The numerical schlieren 

picture and the streamlines at the corner for the HCTF 

case are presented in Fig. 12. A strong viscous 

interaction occurs at the leading edge of the HCTF, 

forming the laminar boundary. A recirculation zone is 

observed at the corner where it starts near x/L=0.7 and 

reattaches near x/L=1.3. The leading edge shock wave, 

the separation shock wave and the reattachment shock 

wave interact with each other near the end of the conical 

part. The expansion waves are observed at the second 

corner. 

b. Mesh convergence 
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To investigate the mesh convergence, three 

different meshes are conducted here, i.e. a coarse mesh 

(128×128), a medium mesh (256×256), and a fine 

mesh (512×256). The computations with those refer to 

CFD1, CFD2 and CFD3, respectively. Table 2 presents 

the positions of the separation points (Xs) and 

reattachment points (XR) using different meshes and 

different wall boundary conditions. Good mesh 

convergence can be observed, and the recirculation 

region length increases with the mesh refinement. The 

converged results of NS equations are a little bigger than 

DSMC results [25] and experimental results [25]. The 

possible disagreement may be the influence of 

nonequilibrium effects, which is neglected when using 

the Eq. (1), and the inadequacy of slip boundary 

conditions when simulating the rarefication effects at 

hypersonic flows. Similar CFD results are also reported 

in Ref. [25, 26]. 

Fig. 13 and 14 show the pressure coefficient and 

Stanton number along the surface with the three meshes 

using no-slip boundary conditions. The results computed 

by the medium mesh (CFD2) coincide with that of the 

fine mesh (CFD3), which indicates that the mesh 

convergence is reached. 

c. Computations with slip boundary conditions 

Fig. 15 shows the KnGLL contours of HCTF which 

is computed from the density field of CFD3. The gray 

regions and black regions correspond to KnGLL >0.05 are 

observed in the leading edge, in the shock region and in 

a thin boundary layer along the surface. It means the 

continuum assumption breakdown there. Therefore, the 

slip boundary conditions are necessary in current 

simulations. 

Fig. 16 presents the distribution of the slip velocity 

us along the surface by using the Maxwell boundary 

conditions. The |U| in Fig. 16 refers to velocity 

magnitude along the wall, the negative parts mean the 

recirculation region where u < 0. The slip velocity 

appears larger than the gas velocity of the DSMC result. 

This disagreement is due to the inaccurate physical 

model within the Knudsen layer. After calculating from 

a simple relation
 [26]

 ug=0.696us derived from the 

linearized Boltzmann equation, the gas velocity is in 

good agreement with the DSMC result. The wall 

quantities using different boundary conditions are show 

in Fig. 17 and 18. It can be seen that the results of slip 

boundary conditions agree better than that of no-slip 

boundary conditions. With slip boundary conditions, the 

separation region is smaller than that with no-slip 

boundary conditions, which is also shown in the Table 2. 

The “CFD-S” cases refer to those simulated using the 

slip boundary conditions. 

30°

L=0.1017m

0.145m 0.025m

20°

Φ
 0

.1
1

5
m

Φ
 0

.0
4

5
m

Φ
 0

.0
6

5
m

15°

 

 

Fig. 9. HCTF configuration Fig. 10. The fine mesh for the HCTF (skip=8) 

 

  

Fig. 11. Pressure contours for HCTF Fig. 12. Numerical schlieren picture and streamlines at the 

corner 
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Fig. 13. Pressure coefficient along the surface using different 

meshes 

Fig. 14. Stanton number along the surface using different 

meshes 

 

 

 

Fig. 15. KnGLL field for HCTF Fig. 16. Slip velocity along the surface for HCTF 

 

  

Fig. 17. Pressure coefficient along the surface using different 

boundary conditions 

Fig. 18. Stanton number along the surface using different 

boundary conditions 
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Table 2 Separation and reattachment point locations for different cases 

Case Mesh Wall BCs XS /L XR /L 

CFD1 128×128 No-slip 0.745 1.336 

CFD2 256×256 No-slip 0.718 1.345 

CFD3 512×256 No-slip 0.718 1.345 

CFD1-S 128×128 Slip 0.765 1.329 

CFD2-S 256×256 Slip 0.727 1.341 

CFD3-S 512×256 Slip 0.726 1.342 

DSMC [25] - - 0.77 1.32 

Experiment [25] - - 0.76±0.01 1.34±0.015 

 

3.2 Sharp double cone 

Hypersonic flow of nitrogen around a 25º/55º sharp 

cone (SDC) is calculated here. The configuration and the 

sample mesh are shown in Fig. 19. The inflow 

conditions corresponds to RUN 7 experimental 

conditions in the Calspan-University at Buffalo 

Research Center (CUBRC) 48-inch shock tunnel. 

The freestream conditions are
4 342.6 , 297 , 1.75 10 ,wT K T K kg m 

    
5Re 1.375 10 / , 15.6.m Ma     A laminar flow is 

ensured in this condition. The Sutherland law is used for 

modeling the dynamic viscosity, where the related 

parameters are the same as the HCEF case. The setup of 

boundary conditions is also the same as those in the 

HCEF case. The experimental data and DSMC results 

are from Ref. [29, 30]. 

a. Flow structures 

The complex interaction structures are presented in 

Fig. 20. The oblique shock formed from the first cone 

combines with the separation shock, forming a merged 

shock which impinges on the bow shock caused by the 

second cone. Meanwhile the supersonic jet is formed 

behind the shocks. The pressure contours and 

streamlines at the corner are also shown in this Fig. 20. 

The shock waves and the vortex structures are clearly to 

be seen. The separation vortex is generated due to the 

viscous boundary layer and the geometry deflection. 

b. Mesh convergence 

Four different meshes are conducted to validate the 

numerical results of the study. The number of mesh 

points are 133×64, 266×128, 512×256 and 738×384 

in the streamwise and the normal directions, respectively. 

Table 3 presents the separation and reattachment point 

locations with different meshes. The recirculation region 

length increases with the mesh refinement, which is 

similar to the phenomenon in the HCTF case. 

Fig. 21 and 22 show the pressure and the heat 

transfer along the surface with the aforementioned four 

meshes using the no-slip boundary conditions. It can be 

seen that the physical quantities are mesh convergent. 

c. Computations with slip boundary conditions 

To show the local extent of rarefaction, KnGLL 

contours is presented in Fig. 23. The continuum 

breakdown occurs in the shock region, the thin boundary 

layer along the surface of first cone, and the second 

corner. Both the no-slip boundary condition and the 

Maxwell slip boundary conditions are used in this case. 

Fig. 24 provides the slip velocity distributions 

along the surface. By the modification of the formula 

ug=0.696us, the NS result agrees well with the DSMC 

result [30]. As shown in Fig. 25 and 26, the pressure and 

heat transfer distributions along the surface calculated 

with the fine mesh (738×384) are presented. The 

pressure agrees well with the experimental data, and the 

heat transfer is slightly lower than the experiment. The 

divergence is about 15% before the separation point and 

20% after the reattachment point. Compared with 

no-slip boundary conditions, the slip ones generate some 
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different results in the leading edge and the first cone 

where the KnGLL is greater than 0.05. Regarding the 

separation zone, the size by slip boundary conditions is 

slightly smaller than that by the no-slip boundary 

conditions results. The results indicate that it has few 

rarefied effects in this case. 

  

Fig. 19. Computational mesh for the 25º/55º SDC 

(dimensions in inch) 

Fig. 20. Numerical schlieren picture, pressure contours and 

streamlines at the corner 

 

  

Fig. 21. Pressure along the surface using different meshes Fig. 22. Heat transfer along the surface using different meshes 

 

  

Fig. 23. KnGLL field for 25º/55º SDC Fig. 24. Slip velocity along the surface for SDC 
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Fig. 25. Pressure along the surface using different boundary 

conditions 

Fig. 26. Heat transfer along the surface using different 

boundary conditions 

 

Table 3 Separation and reattachment point locations for different meshes 

Case 

133×64 

(CFD1) 

266×128 

(CFD2) 

512×256 

(CFD3) 

738×384 

(CFD4) 

738×384 

(Slip) 

DSMC[27] 

XS (mm) 81.2 79.0 78.1 78.0 78.1 80.4 

XR (mm) 99.4 101.0 101.6 101.7 101.7 100.8 

 

4 Conclusions 

Hypersonic shock wave/boundary layer interactions 

with different boundary conditions is simulated and 

discussed by the WENO-OS3 scheme in this paper. 

Firstly, the WENO-OS3 scheme is presented, which 

is optimized by adding a downwind candidate stencil to 

the WENO3 scheme. A free parameter n3rd is introduced 

to represent the numerical dissipation of the scheme. For 

the nonlinear part, the algorithm with a variation of the 

power is presented, which aims at improving the 

performance of the scheme further. The Shu-Osher 

problem shows that the resolution of the WENO-OS3 

scheme is better than the second-order NND and 

WENO3 scheme. The flat plate shock wave / boundary 

layer interaction problem and the sharp double cone 

problem indicate that the WENO-OS3 scheme is better 

than the NND scheme but worse than the WENO5 

scheme on flow structure description and heat transfer 

prediction. Secondly, the implementation of the Maxwell 

slip boundary conditions is given, which is demonstrates 

correctly by the flat plate case. The circular cylinder 

cases show that it is acceptable to simulate the 

hypersonic flows within the slip regime by using NS 

equations with the Maxwell slip boundary conditions. 

Finally, hypersonic flows around the hollow cylinder 

truncated flare and the 25º/55º sharp double cone are 

studied. Discussions are made on the characteristics of 

the hypersonic shock wave/boundary layer interactions 

with and without the consideration of the slip effect. 

With the slip boundary conditions, the separation region 

at the corner is smaller and its prediction is more 

accurate than that with no-slip boundary conditions. 

In conclusion, the present study reveals the good 

performance of the WENO-OS3 scheme in hypersonic 

shock wave/boundary layer interactions. The scheme 

will be used for more complicated simulations and 

engineering applications in the future. 
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Appendix 

When characteristic variables are used in the 

WENO-OS3 scheme, a corresponding factor Φ2 will 

introduced in the rescale function. Because the threshold 

values ( p1l and p1u ) are obtained by the one dimensional 

code where left matrix Lref is used, they are not available 

when other forms of characteristic matrix are used. 

Therefore, a diagonal matrix Φ2 must to be used for 

rescaling when they are applied to the three dimensional 

(3D) code whose left matrix is L. If left matrix L in the 

3D code are the same as the Lref, the Φ2 turns to be an 

identity matrix. In this paper, L and Lref are different, 

and they are defined as follows: 
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where a is the sound speed,   2 2 2 2
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 the definitions 

of yk  and zk  are similar to that of xk , and k refers to , η, ζ when it is discretized in computational coordinates 

respectively. Then the Φ2 is obtained, i.e. 

 

    1

2 1 2 ,1 ,1 ,1 ,1 2 .refL L diag a a a a a    
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