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Abstract: In order to study discrete nonconservative system，Hamilton’s principle within fractional difference
operators of Riemann ⁃Liouville type is given. Discrete Lagrange equations of the nonconservative system as well as
the nonconservative system with dynamic constraint are established within fractional difference operators of Riemann⁃
Liouville type from the view of time scales. Firstly， time scale calculus and fractional calculus are reviewed.
Secondly，with the help of the properties of time scale calculus，discrete Lagrange equation of the nonconservative
system within fractional difference operators of Riemann ⁃ Liouville type is presented. Thirdly，using the Lagrange
multipliers，discrete Lagrange equation of the nonconservative system with dynamic constraint is also established.
Then two special cases are discussed. Finally，two examples are devoted to illustrate the results.
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0 Introduction

In 1937，Fort［1］ first introduced the theory for
the discrete calculus of variations. Based on this the⁃
ory， fractional difference operators within Caputo
sense were established and used to solve some dif⁃
ference equations［2⁃3］. Besides，some important re⁃
sults of discrete calculus of variations were summa⁃
rized in Ref.［4］. Considering the useful applications
of the discrete analogues of differential equa⁃
tions［4⁃5］，and intense investigations on the continu⁃
ous fractional calculus of variations［6⁃22］，Bastos［23］

started a fractional discrete⁃time theory of the calcu⁃
lus of variations in 2012. He introduced the fraction⁃
al difference operators of Riemann⁃Liouville type on
the basis of Refs.［24⁃25］，and achieved the fraction⁃
al discrete Euler ⁃Lagrange equations. In particular，
when α= 1，the classical discrete results of the cal⁃
culus of variations can be obtained.

In this paper，we establish discrete Lagrange
equations of the nonconservative system and the
nonconservative system with dynamic constraint
within fractional difference operators of Riemann⁃Li⁃
ouville type. We use some properties of time scale
calculus for convenience. Time scale T，which is an
arbitrary nonempty closed subset of the real num⁃
bers，was introduced by Hilger in 1988［26］. It fol⁃
lows from the definition that time scale calculus has
the features of unification and extension. From some
properties of time scale T，we can obtain the corre⁃
sponding properties for the continuous analysis
when letting T= R. Similarly，we can obtain the
corresponding properties for the discrete analysis
when letting T= Z. Apart from R and Z，T has
many other values，for instance，T= qN 0（q > 1）.
We mainly use the properties of time scale calculus
by letting T= Z in this paper.
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1 Time Scale Calculus and Frac⁃

tional Calculus

We briefly review time scale calculus and frac⁃
tional calculus. Refs.［23，27 ⁃ 28］provide more de⁃
tails.

A time scale T is an arbitrary nonempty closed
subset of the real number set. Hence，the integer set
Z and the real number set R are the special cases
of T.

Let T be a time scale，then
（1）The mapping σ：T→T，σ ( t )= inf {s ∈ T：

s> t} is called the forward jump operator.
（2）The mapping ρ：T→ T，ρ ( t )= sup{s ∈ T：

s< t} is called the backward jump operator.
（3） the mapping θ：T→[ 0，∞ )，θ ( t )=σ ( t )-t

is called the forward graininess function.
（4） T κ=T\( ρ ( supT )，supT ] when sup T <

∞；T κ= T when supT=∞.
（5） Let f：T → R，t ∈ T κ，if for any ε > 0，

there exists N=( t- δ，t+ δ ) ∩ T for some δ > 0
such that | ( f ( σ ( t ) )-f (ω )_-f Δ ( t ) ( σ ( t )-ω ) | ≤
ε | σ ( t ) -ω | for all ω ∈ N，then f Δ ( t ) is called the
delta derivative of f at t.

When T=R，σ ( t )=ρ ( t )= t，θ ( t )=0，f Δ ( t )=
f ̇ ( t ). When T= Z，σ ( t ) = t+ 1，ρ ( t )= t- 1，
θ ( t ) = 1，f Δ ( t )= f ( t+ 1 )- f ( t )= f σ- f= Δd f.

In this paper，a is set to be an arbitrary real
number，and the time scale is {a，a+1，⋯，b}. Then
it is easy to obtain T κ = {a，a+ 1，⋯，b- 1}. Let
α，β be two arbitrary real numbers such that
α，β ∈ ( 0，1 ]，and put μ= 1 - α，ν= 1 - β.

For arbitrary x，y ∈ R，x ( y ) = Γ ( x+ 1 )
Γ ( x+ 1- y )，

where Γ is the gamma function.
The left fractional sum and the right fractional

sum are defined as
aΔαt f ( t )= Δd ( aΔ-μt f ( t ) )= aΔ-μt Δd f ( t )+

( t+ μ- a )( μ- 1)
Γ ( μ ) f ( a ) (1)

tΔβb f ( t )= -Δd ( tΔ- νb f ( t ) )= - tΔ- νρ ( )b Δd f ( t )+
ν

Γ ( ν+ 1 ) ( b+ ν- σ ( t ) )( ν- 1) f ( b ) (2)

where
aΔ-μt f ( t )= f ( t )+

μ
Γ ( μ+ 1 ) ∑s= a

t- 1

( t+ μ- σ ( s ) )( μ- 1) f ( s ) t ∈ T (3)

tΔ- νb f ( t )= f ( t )+
ν

Γ ( ν+ 1 ) ∑s= σ ( )t

b

( )s+ ν- σ ( )t
( )ν- 1

f ( )s t ∈ T (4)

Hence
aΔ0t f ( t )= tΔ0b f ( t )= f ( t ),

aΔ1t f ( t ) = Δd f ( t ), tΔ1b f ( t ) =-Δd f ( t ) (5)
Fractional summation by parts is given as

∑
t= a

b- 1

f ( t ) aΔαt g ( t )= f ( b- 1 ) g ( b )-

f ( a ) g ( a )+ ∑
t= a

b- 2

tΔαρ ( )b f ( t ) g σ ( t )+

μ
Γ ( μ+ 1 ) g ( a )

æ

è
ç∑
t= a

b- 1

( t+ μ- a )( μ- 1) f ( t ) -

ö

ø
÷÷∑

t= σ ( )a

b- 1

( t+ μ- σ ( a ) )( μ- 1) f ( t ) (6)

∑
t= a

b-1

f ( t ) tΔβb g ( t )=-g ( b ) aΔ-νt f ( t ) | t= ρ(b ) +

g ( a ) aΔ- νt f ( t ) | t= a + ∑
t= a

b- 2

g σ ( t ) aΔβt f ( t )+

νg ( b )
Γ ( ν+ 1 ) ∑t= a

b- 1

( b+ ν- σ ( t ) )( ν- 1) f ( t ) (7)

The commutative relations between the iso⁃
chronous variation and the fractional difference oper⁃
ators are

ì
í
î

δ aΔαt f ( t )= aΔαt δf ( t )
δ tΔβb f ( t )= tΔβb δf ( t )

(8)

2 Discrete Equation

Assume that the configuration of a mechanical
system is determined by the generalized coordinates
qσi，i= 1，2，⋯，n， the kinetic energy function is
~T = ~T ( t，qσi，aΔαt qi，tΔβb qi ). The Hamilton’s princi⁃
ple for the nonconservative system with fractional
difference operators of Riemann ⁃ Liouville type has
the following form

∑
t= a

b- 1

( δ~T + Qjδqσj ) = 0 j= 1,2,⋯,n (9)

where Qjδqσj is the virtual work of the generalized
force Qj，qj ( a ) =Aj，qj ( b ) =Bj.

From Eqs.（6）and（7），we have
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∑
t= a

b- 1 ∂~T
∂ aΔαt qj

⋅ δ aΔαt qj= ∑
t= a

b- 1 ∂~T
∂ aΔαt qj

⋅ aΔαt δqj=

∂~T
∂ aΔαt qj

( b- 1 ) ⋅ δqj ( b )-
∂~T
∂ aΔαt qj

( a ) ⋅ δqj ( a )+

∑
t= a

b- 2

tΔαρ ( )b
∂~T
∂ aΔαt qj

( t ) ⋅ δqσj ( )t +
μδqj ( a )
Γ ( μ+ 1 ) ×

é

ë
êê∑
t= a

b- 1

( t+ μ- a )( μ- 1) ∂~T
∂ aΔαt qj

( t ) -

ù

û
úú∑

t= σ ( )a

b- 1

( t+ μ- σ ( a ) )( μ- 1) ∂~T
∂ aΔαt qj

( t ) (10)

∑
t= a

b- 1 ∂~T
∂ tΔβb qj

⋅ δ tΔβb qj= ∑
t= a

b- 1 ∂~T
∂ tΔβb qj

⋅ tΔβb δqj=

-δqj (b) ⋅ aΔ- νt
∂~T
∂ tΔβb qj

( t ) | t= ρ(b ) +

δqj ( )a ⋅ aΔ- νt
∂~T
∂ tΔβb qj

( t ) | t= a +

∑
t= a

b- 2

δqσj ( t ) ⋅ aΔβ
t
∂~T
∂ tΔβb qj

( t )+ νδqj ( b )
Γ ( ν+ 1 ) ⋅

∑
t= a

b- 1

( b+ ν- σ ( t ) )( ν- 1) ∂
~T

∂ tΔβb qj
( t ) (11)

Considering

∑
t= a

b- 1 ∂~T
∂qσj

⋅ δqσj =
∂~T
∂qσj

⋅ δqσj | t= b- 1 +

∑
t= a

b- 2 ∂~T
∂qσj

⋅ δqσj
(12)

∑
t= a

b- 1

Qj ⋅ δqσj = Qj ⋅ δqσj | t= b- 1 +

∑
t= a

b- 2

Qj ⋅ δqσj (13)

and the boundary conditions qj ( a )=Aj，qj ( b )=Bj，

we have

∑
t= a

b- 1

( δ~T + Qjδqσj ) = ∑
t= a

b- 1æ

è
çç
∂~T
∂qσj

⋅ δqσj +

ö

ø
÷÷

∂~T
∂ aΔαt qj

δ aΔα
t qj+

∂~T
∂ tΔβb qj

⋅ δ tΔβ
b qj+ Qjδqσj =

∑
t= a

b-2æ

è
çç
∂~T
∂qσj
+ tΔαρ ( )b

∂~T
∂ aΔαt qj

+
ö

ø
÷÷aΔβt

∂~T
∂ tΔβb qj

+Qj δqσj =0

(14)
Since the value of δqσj is arbitrary，we obtain

∂~T
∂qσj

+ tΔαρ ( )b
∂~T
∂ aΔαt qj

+ aΔβt
∂~T
∂ tΔβb qj

+ Qj= 0

t ∈ {a,a+ 1,⋯,b- 2} (15)
In Eq.（15），Qj contains the conservative force

Q ′j and the nonconservative force Q ″j. If Q ′j is po⁃
tential，that is，there exists a function V= V (t，qσi )
such that

Q ′j=-
∂V
∂qσj

(16)

Since
∂V
∂ aΔαt qj

= 0, ∂V
∂ tΔβb qj

= 0 (17)

Substituting Eqs.（16）and（17） into Eq.（15），we
have
∂ ( ~T - V )

∂qσj
+ tΔαρ ( )b

∂ ( ~T - V )
∂ aΔαt qj

+ aΔβt
∂ ( ~T - V )
∂ tΔβb qj

+

Q ″j= 0 t ∈ {a,a+ 1,⋯,b- 2} (18)
Let L= T͂- V，Eq.（18）can be written as
∂L
∂qσj
+ tΔαρ ( )b

∂L
∂ aΔαt qj

+ aΔβt
∂L
∂ tΔβb qj

+Q ″j= 0

t ∈ {a,a+ 1,⋯,b- 2} (19)
If Q ′j has the generalized potential， that is，

there exists a function U= U ( t，qσi，aΔαt qi，tΔβb qi )
such that

Q ′j=
∂U
∂qσj

+ tΔαρ ( )b
∂U
∂ aΔαt qj

+ aΔβt
∂U
∂ tΔβb qj

(20)

Substituting Eq.（20）into Eq.（15），we have
∂ ( ~T +U )

∂qσj
+ tΔαρ ( )b

∂ ( ~T +U )
∂ aΔαt qj

+ aΔβt
∂ ( ~T +U )
∂ tΔβb qj

+

Q ″j = 0 t ∈ {a,a+ 1,⋯,b- 2} (21)
Let L= ~T+U= ~T-V， Eq.（21） can be

written as
∂L
∂qσj
+ tΔαρ ( )b

∂L
∂ aΔαt qj

+ aΔβt
∂L
∂ tΔβb qj

+ Q ″j= 0

t ∈ {a,a+ 1,⋯,b- 2} (22)
Eq.（22）is called discrete fractional Lagrange equa⁃
tion of the nonconservative system.

RemarkRemark 11 If α= 1，L does not depend on
tΔβb qi，and the discrete Lagrange equation of the non⁃
conservative system can be obtained
∂L ( t,qi ( t+ 1 ),Δdqi )

∂qj ( t+ 1 )
- Δd

∂L
∂Δdqj

+ Q ″j= 0

t ∈ {a,a+ 1,⋯,b- 2} (23)
Eq.（23）is consistent with the result in Ref.［28］.

3 Discrete Equation with Dynamic

Constraint

We assume that the motion of the nonconserva⁃
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tive system is subjected to the following ideal dy⁃
namic constraint

hk ( t,qσi, aΔαt qi, tΔβb qi ) = 0
k= 1,2,⋯,g; i= 1,2,⋯,n (24)

which satisfies
∂hk
∂ aΔαt qj

δqσj = 0,
∂hk
∂ tΔβb qj

δqσj = 0 (25)

In the sequel，we study the d’Alembert⁃Lagrange
principle with fractional difference operators. By virtue
of Eq.（15），the universal d’Alembert ⁃ Lagrange
principle with fractional difference operators can be
expressed as

( ∂~T∂qσj + tΔαρ ( )b
∂~T
∂ aΔαt qj

+ aΔβt
∂~T
∂ tΔβb qj

+ Qj ) ⋅
[ δqσj= 0 ] [ t ∈ a,a+ 1,⋯,b- 2 ] (26)

Introducing the Lagrange multipliers λk，k=
1，2，⋯，g，from Eq.（25），we obtain

λk
∂hk
∂ aΔαt qj

δqσj = 0,λk
∂hk
∂ tΔβb qj

δqσj = 0 (27)

It follows from Eqs.（26）and（27）that
æ

è
çç
∂~T
∂qσj

+ tΔαρ ( )b
∂~T
∂ aΔαt qj

+ aΔβt
∂~T
∂ tΔβb qj

+ Qj +

ö

ø
÷÷λk

∂hk
∂ aΔαt qj

+ λk
∂hk
∂ tΔβb qj

⋅ δqσj = 0 (28)

Similarly，considering the arbitrariness of the
value of δqσj，we have

∂~T
∂qσj

+ tΔαρ ( )b
∂~T
∂ aΔαt qj

+ aΔβt
∂~T
∂ tΔβb qj

+ Qj+

λk
∂hk
∂ aΔαt qj

+ λk
∂hk
∂ tΔβb qj

= 0 (29)

In Eq.（29），Qj contains the conservative force
Q ′j and the nonconservative force Q ″j. If Q ′j is po⁃
tential，that is，there exists a function V= V ( t，qσi )
such that

Q ′j=-
∂V
∂qσj

(30)

Since
∂V
∂ aΔαt qj

= 0, ∂V
∂ tΔβb qj

= 0 (31)

Substituting Eqs.（30）and（31） into Eq.（29），we
have
∂ ( ~T - V )

∂qσj
+ tΔαρ ( )b

∂ ( ~T - V )
∂ aΔαt qj

+ aΔβt
∂ ( ~T - V )
∂ tΔβb qj

+

λk
∂hk
∂ aΔαt qj

+ λk
∂hk
∂ tΔβb qj

+ Q ″j= 0 (32)

Let L= ~T - V，Eq.（32）can be written as
∂L
∂qσj
+ tΔαρ ( )b

∂L
∂ aΔαt qj

+ aΔβt
∂L
∂ tΔβb qj

+ λk
∂hk
∂ aΔαt qj

+

λk
∂hk
∂ tΔβb qj

+ Q ″j= 0 (33)

If Q ′j has generalized potential，that is，there
exists a function U= U ( t，qσi，aΔαt qi，tΔβb qi ) such that

Q ′j=
∂U
∂qσj

+ tΔαρ ( )b
∂U
∂ aΔαt qj

+ aΔβt
∂U
∂ tΔβb qj

(34)

Substituting Eq.（34）into Eq.（29），we have
∂ ( ~T +U )

∂qσj
+ tΔαρ ( )b

∂ ( ~T +U )
∂ aΔαt qj

+ aΔβt
∂ ( ~T +U )
∂ tΔβb qj

+

λk
∂hk
∂ aΔαt qj

+ λk
∂hk
∂ tΔβb qj

+Q ″j=0 (35)

Let L= ~T+U= T͂-V，Eq.（35）can be writ⁃
ten as
∂L
∂qσj
+ tΔαρ ( )b

∂L
∂ aΔαt qj

+ aΔβt
∂L
∂ tΔβb qj

+ λk
∂hk
∂ aΔαt qj

+

λk
∂hk
∂ tΔβb qj

+ Q ″j= 0 (36)

Eq.（36） is called discrete Lagrange equation with
multipliers of the nonconservative system with dy⁃
namic constraint. From Eqs.（36）and（24），λk and
qi can be solved.

RemarkRemark 22 If α= 1，L and hk do not depend
on tΔβb qi，and the discrete Lagrange equation of the
nonconservative system with dynamic constraint can
be obtained
∂L ( t,qi ( t+ 1 ),Δdqi )

∂qj ( t+ 1 )
- Δd

∂L
∂Δdqj

+ λk
∂hk
∂Δdqj

+

Q ″j= 0 t ∈ {a,a+ 1,⋯,b- 2} (37)
Eq.（37）is consistent with the result in Ref.［28］.

4 Examples

Example 1 Consider the following nonconser⁃
vative system

ì
í
î

ï

ï

L= 1
2 ( aΔ

α
t q )2 + qσ aΔαt q

Q ″=- aΔαt q+ tΔβb q+ qσ
(38)

with dynamic constraint
h=( aΔαt q )2 + qσ= 0 (39)

From Eq.（36），we have
tΔαρ ( )b ( qσ+ aΔαt q )+ 2λ aΔαt q+
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tΔβb q+ qσ= 0 (40)
From Eq.（39），we have

tΔαρ ( )b h= 2 aΔαt q ⋅ tΔαρ ( )b ( aΔαt q )+

tΔα
ρ ( )b qσ= 0 (41)

It follows from Eqs.（40）and（41）that

λ= tΔαρ ( )b qσ

4 ( aΔαt q )2
- tΔαρ ( )b qσ+ tΔβb q+ qσ

2 aΔαt q
(42)

Specially，when α= β= 1，we obtain

λ=- Δdqσ

4 ( Δdq )2
+ Δdqσ+ Δdq- qσ

2Δdq
(43)

Example 2 There is a well ⁃ known example
called Appell ⁃Hamel［29］. We discuss the example of
Appell ⁃Hamel within fractional difference operators
of Riemann⁃Liouville type.

The Lagrangian is

L= 1
2 m [ ( aΔ

α
t q1 )2 +( aΔαt q2 )2 +( aΔαt q3 )2 ]-

mgqσ3 (44)
the dynamic constraint is

h= b2

a2
[ ( aΔαt q1 )2 +( aΔαt q2 )2 ]-

( aΔα
t q3 )2 = 0 (45)

From Eq.（36），we have
ì

í

î

ï
ïï
ï

ï
ïï
ï

m tΔαρ ( )b aΔαt q1 + λ
2b2
a2 aΔαt q1 = 0

m tΔαρ ( )b aΔαt q2 + λ
2b2
a2 aΔαt q2 = 0

-mg+ m tΔαρ ( )b aΔαt q3 - 2λ aΔαt q3 = 0

(46)

From Eq.（45），we have

tΔαρ ( )b h=
2b2
a2 aΔαt q1 ⋅ tΔαρ ( )b ( aΔαt q1 )+

2b2
a2 aΔα

t q2 ⋅ tΔα
ρ ( )b ( aΔα

t q2 )-

2 aΔα
t q3 ⋅ tΔα

ρ ( )b ( aΔα
t q3 )= 0 (47)

It follows from Eqs.（46）and（47）that

λ= -a4 g aΔαt q3
2b4 [ ( aΔαt q1 )2 +( aΔαt q2 )2 ]+ 2a4 ( aΔαt q3 )2

(48)

Specially，when α= β= 1，we obtain

λ= -a4 gΔd q3
2b4 [ ( Δdq1 )2 +( Δdq2 )2 ]+ 2a4 ( Δdq3 )2

(49)

5 Conclusions

Using the properties of the time scale calculus，
discrete Lagrange equations of the nonconservative
system and the nonconservative system with dynam⁃

ic constraint in terms of fractional difference opera⁃
tors of Riemann ⁃ Liouville type are obtained. Two
special cases are given. In addition，the proposed
method can also be applied to study other mechani⁃
cal systems，such as the Hamiltonian system and
the Birkhoffian system.

In addition，we will conduct further research in
symmetry and conserved quantity，perturbation to
symmetry and adiabatic invariants within fractional
difference operators of Riemann ⁃ Liouville type of
constrained mechanical systems.
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