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Abstract: The energy ⁃ saving and environmental protection industry has vast development space and huge market
increment in China. Selecting appropriate energy⁃saving and environmental protection enterprises is one of the
important decisions of venture capital investment. In the paper，a fuzzy bilateral boundary data envelopment analysis
（DEA）model with optimistic coefficient is proposed to select those companies with high financing efficiencies. Based
on the characteristics of enterprise financing，undesirable outputs and dual⁃role factors are considered in the proposed
model. The results show that the fifth enterprise has high comprehensive financing efficiencies and always ranks the
first when the optimistic coefficients are 0.2，0.5 and 0.8， respectively. In addition，most energy⁃saving and
environmental protection enterprises have not efficient financing efficiencies. There is still much space for
improvement.
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0 Introduction

As the direction of a new round of technologi⁃
cal revolution and industrial transformation，to ac⁃
celerate the cultivation and development of strategic
emerging industries is not only the general trend of
global industrial restructuring but also a major strate⁃
gic choice for the Chinese government to promote
the transformation of economic development mode
and upgrade the industrial structure. As one of stra⁃
tegic emerging industries，energy conservation and
environmental protection industry in the future plays
a more and more important role in the development
of the national economy. In 1999，the proportion of
investment in environmental protection was firstly
above 1% in GDP. The proportion of environmen⁃
tal input to GDP increased from 1.2% during the
10th Five⁃Year Plan to 3.5% during the 12th Five⁃

Year Plan. With the supply side reform and enforce⁃
ment of tighter regulation in China，energy saving
and environmental protection industry gradually
open the market space. In 2017，the output value of
energy conservation and environmental protection
industry in China reached 1 trillion and 600 billion
yuan. National Development and Reform Commis⁃
sion announced that its industrial scale is expected
to double the original capacity to 2020 and become
an important pillar industry of the national economy.

Capital is the core and artery of industry devel⁃
opment. Annual capital demand of green industry in
China is about 4 trillion yuan. The government，
however，can only take out 10%，that is to say，
about 90% of green investment funding gap rely on
social and private capital. There are the characteris⁃
tics of capital demand，long recovery period，and
slow capital turnover in most energy conservation
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and environmental protection projects，which result
in a lot of difficulties to obtain bank credit funds.
Therefore，energy conservation and environmental
protection companies are increasingly concerned
about financing efficiencies under the limited finan⁃
cial resources supplied. Improving financing efficien⁃
cies helps to promote industrial quality and efficien⁃
cy as well as industrial transformation and upgrad⁃
ing. At the same time，selecting energy saving and
environmental protection companies with high fi⁃
nancing efficiencies are the best choice for venture
capital enterprises.

In this paper，we employed a fuzzy double⁃fron⁃
tier data envelopment analysis（DEA）model with
undesirable outputs and dual⁃role factors for evaluat⁃
ing financing efficiencies of energy saving and envi⁃
ronmental protection companies. This model can
present comprehensive fuzzy efficiencies considering
both the magnitude and direction of optimistic and
pessimistic fuzzy efficiencies calculated by fuzzy op⁃
eration nature，and then rank them by preference de⁃
gree and optimistic coefficient. Further，it can pro⁃
vide not only the ranking of these financing efficien⁃
cies but also the extent to which any company is su⁃
perior to another.

1 Literature Review

Since Zeng first proposed the concept of financ⁃
ing efficiency in 1993［1］，many scholars began to re⁃
search on financing efficiency. There are many meth⁃
ods to evaluate the financing efficiencies of compa⁃
nies. As one of them，DEA， first proposed by
Charnes et al. in 1978［2］，is a non ⁃ parametric ap⁃
proach to measure best relative efficiencies of deci⁃
sion⁃making units（DMUs）. A decision⁃making unit
is considered as effective if its efficiency is equal to
unity；otherwise，it is inefficient. The DEA method
does not require any assumptions about the shape of
the production frontier level and the internal opera⁃
tions of the decision ⁃making units. It has been suc⁃
cessfully and widely used in various fields，such as
health care，energy，finance，education，utilities，
etc.

Conventional DEA measures the best relative

efficiencies of all decision making units with respect
to the efficiency frontier. These efficiencies are also
called optimistic efficiencies. DEA model with dou⁃
ble frontiers，first proposed by Wang et al.［3］，con⁃
siders both optimistic efficiencies with respect to effi⁃
ciency frontier and pessimistic efficiencies with re⁃
spect to inefficiency frontier. By evaluating only the
best efficiency of all decision⁃making units，the con⁃
ventional DEA model cannot provide an overall as⁃
sessment of them. Futrher，they can be fully ranked
if we have optimistic and pessimistic relative effi⁃
ciencies by double frontiers. Later，in 2009，Wang
et al. converted fuzzy DEA models into three linear
programming models by fuzzy arithmetic and ob⁃
tained the fuzzy efficiencies of all decision ⁃ making
units［4］. Ahmady et al. developed fuzzy DEA mod⁃
els with double frontiers［5⁃6］.

Basic DEA models require crisp inputs and out⁃
puts. In the real world，however，the observed val⁃
ues of both inputs and outputs may not always be ac⁃
curate，especially when DMUs contain missing or
judgment data. After Sengupta proposed a fuzzy ap⁃
proach in DEA［7］，many fuzzy DEA methods have
been developed. The most common method of fuzzy
DEA model is the approach of using α⁃level cut set，
in which the fuzzy DEA model can be transformed
into a pair of mathematical programming to obtain
the upper and lower bounds of α⁃level cut sets of ef⁃
ficiency scores，such as Kao and Liu［8］. Guo et al.
firstly proposed fuzzy DEA models by the possibili⁃
ty and necessity measures in 2000［9］. Subsequently，
Lertworasirikul et al. presented two ranking meth⁃
ods in fuzzy DEA models with possibility and neces⁃
sity approach in 2003［10］. In the above mentioned
DEA approaches，it is assumed that all the outputs
are desirable in efficiency analysis. But there are
sometimes undesirable outputs in our real world，
such as financing risk. In 2002，Seiford et al. pro⁃
posed a DEA model with undesirable factors in effi⁃
ciency evaluation［11］. The undesirable outputs
should be decreased to increase efficiency. Jahan⁃
shahloo et al. proposed a DEA model with double
frontiers in the presence of undesirable outputs in
2005［12］. And Toloo et al. presented individual and
summative models in the DEA model with undesir⁃
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able outputs［13］. More desirable outputs relative few⁃
er inputs are preferred in the DEA model. Undesir⁃
able outputs are always accompanied by the increas⁃
ing desirable outputs in the production process.
Therefore，this model considers undesirable outputs
as inputs［14］.

Besides undesirable outputs， there might be
some variables as both inputs and outputs. These
variables are called dual ⁃ role factors. For instance，
to evaluate financing efficiencies，a variable like fi⁃
nancing cost，can be considered as both an input and
an output. Such a factor is input since it is also part
of inputs in the financing process. And it plays a role
of outputs because it is accompanied with inputs.
Cook et al. proposed a DEA model with dual ⁃ role
factors［15］. Azadi et al. developed a DEA model in
the presence of both undesirable outputs and dual ⁃
role factors to select the best green suppliers［16］. The
idea of this model is to convert the fuzzy DEA mod⁃
el to the classical DEA model by fuzzy expected val⁃
ues，which lose some information about the sample.

2 Fuzzy Bilateral Boundary DEA

Model

A new fuzzy DEA model with double frontiers
is proposed in this section，which considering both
dual ⁃ role factors and undesirable outputs. To this
end，we employ the traditional DEA model，which
was proposed by Charnes et al. in 1978 and de⁃
scribed as follows［2］

Max θ0 =
∑
r= 1

s

ur yr0

∑
i= 1

m

vi xi0

s.t.  
∑
r= 1

s

ur yrj

∑
i= 1

m

vi xij
≤ 1

∀j= 1,2,…,n ; ur,vi ≥ 0, ∀r= 1,2,…,s ;
i= 1,2,…,m (1)

where θ0 denotes the efficiency of DMU0 under in⁃
vestigation；xi0 the ith input of DMU0，and yr0 the
rth output；vi and ur are the weights of input xij and
output yrj of DMU j，respectively. DMU0 is consid⁃

ered to be efficient if θ0=1， and inefficient if
θ0 < 1. This linear programming is equivalent to
the following

Max θ0 = ∑
r= 1

s

ur yr0

s.t. ∑
i= 1

m

vi xi0 = 1

  ∑
r= 1

s

ur yrj - ∑
i= 1

m

vi xij ≤ 0 ∀j= 1,2,…,n

  ur,vi ≥ 0, ∀r= 1,2,…,s ; i= 1,2,…,m (2)
The efficiency θ0 of DMU0 obtained from

Eq.（2） by maximizing in the range of not greater
than 1，is the optimistic efficiency relative to the oth⁃
er decision⁃making unit. All optimistic efficient units
form an efficient production frontier. If by replacing
the maximum to the minimum，the efficiency of any
decision ⁃making unit is required to be greater than
or equal to 1，and then the efficiency is called the
worst relative efficiency. It is also called pessimistic
efficiency. These pessimistic inefficient efficiencies
form an inefficient production frontier. The specific
model is as follows

Min θ0 = ∑
r= 1

s

ur yr0

s.t. ∑
i= 1

m

vi xi0 = 1

  ∑
r= 1

s

ur yrj - ∑
i= 1

m

vi xij ≥ 0

∀j= 1,2,…,n ; ur,vi ≥ 0 ; ∀r= 1,2,…,s ;
i= 1,2,…,m (3)

2. 1 Optimistic fuzzy relative efficiencies

Suppose that there are n decision ⁃making units
for assessment，each decision ⁃making unit consists
of m inputs and s outputs. Let the input and output
values of the jth decision ⁃making unit be character⁃
ized by triangular fuzzy numbers x͂ ij=( xLij，xMij，xUij )
and y͂ ij=( y Lij，yMij ，yUij ) with xUij ≥ xMij ≥ xLij > 0 and
yUij ≥ yMij ≥ y Lij>0 ( i=1，2，⋯，m； j=1,2,⋯,n;
r= 1，2，⋯，s )，respectively. If xLij= xMij = xUij and
y Lij = yMij = yUij ，x͂ ij and y͂ rj degenerate into crisp val⁃
ues as a special case of triangular fuzzy data. And
the specific description of variables is shown in Ta⁃
ble 1.
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Max θ U0 = ∑
r= 1

s

ur y Ur0 + ∑
f= 1

F

γfωU
f0
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m
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K
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m
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∑
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F

βfωL
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K
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∀j= 1,2,…,n ; ur,vi,γf,βf,ηt ≥ 0 ; ∀r= 1,2,…,s ;
i= 1,2,…,m ; f= 1,2,…,F ; t= 1,2,…,K (4)
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s
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f= 1

F
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f0
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i= 1

m
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f= 1

F
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K

ηtbMt0 = 1

  ∑
r= 1
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F

γfωU
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K
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∀j= 1,2,…,n ; ur,vi,γf,βf,ηt ≥ 0 ; ∀r= 1,2,…,s ;
i= 1,2,…,m ; f= 1,2,…,F ; t= 1,2,…,K (5)

Max θ L0 = ∑
r= 1

s

ur y Lr0 + ∑
f= 1

F

γfωL
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s.t. ∑
i= 1

m
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  ∑
r= 1

s
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F
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i= 1,2,…,m ; f= 1,2,…,F ; t= 1,2,…,K (6)
The optimistic fuzzy efficiency θ͂ *0 =

( θ L*0 ，θM*0 ，θ U*0 ) of the decision ⁃making unit under in⁃

vestigation consists of optimal values obtained from
the above models（4）—（6），almost regarded as a
triangular fuzzy number. If θ U*0 is equal to 1，the de⁃
cision⁃making unit under investigation is called opti⁃
mistic efficient or fuzzy DEA efficient. All these
fuzzy DEA efficient decision ⁃making units form an
efficiency frontier.

2. 2 Pessimistic fuzzy relative efficiencies

In the pessimistic case， the output level is
maintained in the current limit，while input values
are proportionally increased until reaching the ineffi⁃
cient production frontier. The efficiency for the inef⁃
ficient production possibility set obtained from DEA
model is called the worst relative efficiency or pessi⁃
mistic efficiency.

Theorem The pessimistic fuzzy efficiency
φ *0 = (φL*0 ，φM*0 ，φU*0 ) of DMU0 with dual⁃ role factors
and undesirable outputs are obtained from the fol⁃
lowing programming models

  Min φU0 = ∑
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s
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i= 1,2,…,m ; f= 1,2,…,F ; t= 1,2,…,K (7)

  Min φM0 = ∑
r= 1

s

ur y Mr0 + ∑
f= 1

F

γfωM
f0

Table 1 Variable description

Parameter
n
m
s
F
K

x͂ij=( xLij,xMij ,xUij )
y͂ rj=( y Lij,yMij ,yUij )
x͂ i0 = ( xLi0,xMi0,xUi0 )
y͂ r0 = ( y Li0,yMi0,yUi0 )

ῶ fj=(ωLfj,ωMfj ,ωUfj )

b͂ tj=( bLtj,bMtj ,bUtj )

Description
The number of decision making units
The number of inputs of each decision making unit
The number of outputs of each decision making unit
The number of dual⁃role factors of each decision making unit
The number of undesirable outputs of each decision making unit
The ith input of the jth decision making unit, which is a triangular fuzzy number
The rth output of the jth decision making unit, which is a triangular fuzzy number
The ith input of the decision making unit under investigation, which is a triangular fuzzy number
The rth output of the decision making unit under investigation, which is a triangular fuzzy number
The fth double⁃role factor of the jth decision making unit as both an input and an output, which is a tri⁃

angular fuzzy number
The tth undesirable output of the jth decision making unit, which is a triangular fuzzy number
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i= 1,2,…,m ; f= 1,2,…,F ; t= 1,2,…,K (8)

  Min φL0 = ∑
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∀j= 1,2,…,n ; ur,vi,γf,βf,ηt ≥ 0, ∀r= 1,2,…,s ;
i= 1,2,…,m ; f= 1,2,…,F ; t= 1,2,…,K (9)
The pessimistic fuzzy inefficiency φ͂ *0 =

(φL*0 ，φM*0 ，φU*0 ) of the decision⁃making unit under in⁃
vestigation consists of three optimal values obtained
from Eqs.（7）—（9），which can be almost regarded
as a triangular fuzzy number. If φL*0 = 1，this deci⁃
sion⁃making unit under investigation is called pessi⁃
mistic inefficient or fuzzy DEA inefficient. All these
fuzzy DEA inefficient decision⁃making units form an
inefficiency frontier.

2. 3 Comprehensive fuzzy efficiencies with bi⁃

lateral boundary

From two different perspectives，we can obtain
optimistic and pessimistic fuzzy efficiencies. Then
there are two different rankings for each decision ⁃
making unit. Naturally，we need a comprehensive
performance measure for each DMU. Here，we pro⁃
pose the following measure based on Wang et al.［4］

for evaluating all decision ⁃making units rather than
other means

ῆ j= 2α
θ͂ *j

∑
i= 1

n

θ͂ *2i

+ 2(1- α ) φ͂ *j

∑
i= 1

n

φ͂ *2i

=

  (2αθ L*j ,2αθM*j ,2αθ U*j )

( )∑
i= 1

n

θ L*2j ,∑
i= 1

n

θ M*2j ,∑
i= 1

n

θ U*2j

+

(2( 1- α )φL*j ,2( 1- α )φM*j ,2( 1- α )φU*j )

( ∑
i= 1

n

φL*2j ,∑
i= 1

n

φM*2j ,∑
i= 1

n

φU*2j )

j= 1,2,…,n (10)
where θ͂ *j and φ͂ *j are optimistic and pessimistic fuzzy
efficiencies and the optimistic coefficient α ∈ [ 0，1 ]，
respectively. Its advantage lies in considering not on⁃
ly magnitudes but also directions of two fuzzy effi⁃
ciencies. For convenience，it can be approximated
as follows by the operational rules of triangular
fuzzy numbers

ῆ j=

æ

è

ç

ç

ç

ç
çç
ç

ç 2αθ L*j

∑
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n

θ U*2i

+ 2(1- α )φL*j

∑
i= 1

n

φU*2i

, 2αθM*j

∑
i= 1

n

θ M*2i

+

2(1- α )φM*j

∑
i= 1

n

φM*2i

, 2αθ U*j

∑
i= 1

n

θ L*2i

+ 2(1- α )φU*j

∑
i= 1

n

φL*2i

ö

ø

÷

÷

÷

÷
÷÷
÷

÷ (11)

The optimistic fuzzy efficient decision⁃making
units on the efficiency frontier have good perfor⁃
mance relative to other decision⁃making units，
while those on the inefficiency frontier have rela⁃
tively poor performance. The best decision ⁃ mak⁃
ing units can usually be derived from the optimis⁃
tic fuzzy efficient decision⁃making units. Since the
comprehensive fuzzy efficiency ῆ j = ( ηLj ，ηMj ，ηUj )
is a triangular fuzzy number， we can compare
and rank all comprehensive fuzzy efficiencies with
the degree of preference approach in the next sec⁃
tion.

2. 4 Ranking methods of fuzzy triangular effi⁃

ciencies

There are many methods in the current litera⁃
ture for ranking fuzzy numbers. In this paper，a
preference degree will be introduced for ranking
fuzzy triangular efficiencies of decision⁃making
units.

Suppose ῆ1 =( ηL1，ηM1 ，ηU1 ) and ῆ2 =( ηL2，ηM2 ，ηU2 )
be two triangular fuzzy efficiencies. The preference
degrees ῆ1 > ῆ2 are defined as the follows［3］
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pῆ1 > ῆ2 =

ì

í

î

ï

ï

ï
ïï
ï

ï

ï

ï
ïï
ï

1                  ηL1 ≥ ηU2
0                  ηU1 ≤ ηL2

( ηU1 - ηL2 )2
( ηU1 - ηM1 + ηM2 - ηL2 ) ( ηU1 - ηL1 + ηU2 - ηL2 )

  ηU1 > ηL2 and ηM1 ≤ ηM2

1 - ( ηU2 - ηL1 )2
( ηM1 - ηL1 + ηU2 - ηM2 ) ( ηU1 - ηL1 + ηU2 - ηL2 )

ηM1 > ηM2 and ηL1 < ηU2

(12)

We can calculate the preference degree for any
two decision⁃making units，which constitute the ma⁃
trix of preference degree. If we find the jth row of
this matrix with all elements being not less than
0.5，the fuzzy efficiency ῆ j is the highest. After elim⁃
inating the jth row and column of preference degree
matrix，searching for the biggest efficiency is repeat⁃
ed until all triangular fuzzy efficiencies are fully
ranked.

3 Selection of Energy Saving and

Environmental Protection Enter⁃

prises

3. 1 Data resource

In this section，we applied the proposed model
to 19 listed enterprises of energy conservation and
environmental protection industry in China. The fi⁃
nancing sources of enterprises are debt financing and
equity financing. Accordingly， the inputs include
debt financing and equity financing［17］. The amount
of debt financing is indicated by the sum of short ⁃
term loans，the bond payable and long ⁃ term loans.
And the amount of equity financing is indicated by
the sum of paid ⁃ in capital，capital reserve，surplus
reserve，and undistributed profit. The amount fi⁃
nanced is not a one ⁃off gain at the beginning of the
year，thus these inputs are considered as triangular
fuzzy numbers according to their financing amount
at the beginning，middle and end of the year. Fi⁃
nancing cost can be regarded as the output of financ⁃
ing capital and the input of the operation with financ⁃
ing capital. Then indicated by the sum of dividends
and interest payable，the financing cost is selected
as a dual⁃role factor in the form of a triangular fuzzy
number. The final performance on financing efficien⁃
cy of enterprises includes the market performance
and management level. The net profit and prime op⁃

erating revenue are considered as desirable outputs，
in which prime operating revenue is regarded as a tri⁃
angular fuzzy number due to the uncertain environ⁃
ment and time. The equity ratio is a major factor
that affects the financial risk of enterprises. Indicat⁃
ed by equity ratio，financing risk is the only undesir⁃
able output and also regarded as a triangular fuzzy
number due to the uncertain environment. The relat⁃
ed data are derived from the financial statements of
listed companies in the CSMAR database， as
shown in Table 2.

3. 2 Results

By solving the models（4）—（9）for the jth de⁃
cision ⁃making unit（j= 1，2，…，n），we can obtain
its optimistic fuzzy efficiency θ͂ *j and pessimistic
fuzzy efficiency φ͂ *j，as shown in Table 3. According
to Table 3，11 companies with efficiencies θ U*j = 1
are optimistic fuzzy efficient or DEA efficient. And
other companies with efficiencies θ U*j < 1 are not
optimistic efficient. These optimistic fuzzy efficient
companies together form an efficiency frontier. The
minimum of all upper bounds θ U*j is only 0.424 7 and
that of all lower bounds θ L*j is 0.271 1. The optimis⁃
tic fuzzy efficiency of DMU10 is equal to unity，
which means it is DEA efficient.

However，from the pessimistic perspective，14
companies with efficiencies φL*j = 1 are pessimistic
fuzzy inefficient and DEA inefficient. Then these
companies form an inefficiency frontier. Other com⁃
panies with φL*j > 1 are fuzzy pessimistic non⁃ineffi⁃
cient. Therefore，optimistic and pessimistic fuzzy ef⁃
ficiencies are the extreme cases of financing efficien⁃
cies and have two different relative efficiency fron⁃
tiers. The financing performances of all companies
are between these two frontiers. We can easily see
that some companies are on both frontiers. There⁃
fore，it is necessary to consider the bilateral bound⁃
ary method to evaluate the financing performance of
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Table 2 Sample dataset of energy saving and environmental protection companies

DMU

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19

Input

Debt financing

x͂1j
(5 590,5 609,7 437)
(354,575,1 079)
(369,460,475)

(1 097,1 154,1 988)
(4 692,5 838,7 368)
(8 104,10 267,10 298)

(2,10,12)
(3 035,3 608,3 785)
(8 431,12 151,12 718)

(7,7,7)
(1 749,1 974,2 090)
(1 767,2 059,3 365)
(370,504,644)

(1 954,1 970,2 006)
(384,706,759)

(9 209,11 038,12 095)
(706,786,920)

(2 598,2 791,3 004)
(1 728,2 194,2 839)

Equity financing

x͂2j
(16 480,16 800,17 711)
(1 923,2 047,2 057)
(9 600,10 090,10 858)
(6 771,7 091,7 449)
(34 538,35 742,44 016)
(2 031,2 117,2 363)
(120,519,529)

(1 286,1 315,1 382)
(5 757,5 970,6 247)
(9 888,10 033,10 820)
(3 849,4 015,4 137)
(2 443,2 524,3 301)
(1 685,1 703,1 746)
(1 743,1 774,1 852)
(1 300,1 310,1 334)
(14 267,14 272,16 679)
(1 737,1 916,2 061)
(3 976,4 006,4 170)
(4 304,4 362,4 604)

Dual⁃role factor

Financing cost

ῶ 1j
(133,203,367)
(2,3,4)

(0.75,1.33,2.49)
(16,41,104)
(16,37,52)
(65,100,126)
(10,10,11)
(7,11,20)

(109,146,343)
(1,1,1)
(40,48,79)
(29,38,74)
(2,2,2)
(22,23,30)
(25,25,27)
(126,172,649)
(12,14,38)
(60,91,151)
(46,49,66)

Desirable output

Net
profit
y1j
2 336
290
1 589
761
14 253
603
18
102
688
1 443
325
352
91
152
57
1 991
320
318
56

Prime operating revenue

y͂2j
(11 838,12 080,12 506)
(6 020,6 895,7 003)
(5 012,5 936,6 354)
(2 013,2 685,2 724)

(109 137,120 932,139 295)
(4 308,5 639,6 444)
(316,386,405)

(5 114,5 798,6 168)
(5 041,5 409,5 589)
(27 592,28 305,29 007)
(972,1 035,1 178)
(1 906,2 094,2 435)
(5 937,6 590,6 881)
(1 237,1 306,1 448)
(1 907,2 058,2 783)
(3 847,4 618,4 931)
(2 013,2 197,2 257)
(1 624,1 759,1 828)
(22 017,22 746,22 865)

Undesirable out⁃
put

Financing risk

b͂1j
(0.77,0.89,0.90)
(1.45,1.56,1.60)
(0.29,0.31,0.36)
(0.48,0.53,0.62)
(2.46,2.55,2.77)
(5.63, 5.80,6.63)
(0.74,0.78,3.30)
(3.53, 3.96,4.05)
(1.47,1.83,2.23)
(0.86,0.89,0.95)
(0.65,0.74, 0.79)
(1.19,1.28,1.98)
(0.36,0.46,0.57)
(1.57,1.60,1.65)
(1.66,2.45,2.54)
(1.24,1.44,1.44)
(0.60,0.68,0.69)
(1.50,1.68,1.73)
(4.15,4.36, 4.58)

Table 3 Fuzzy financing efficiencies for 19 companies

DMU

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19

Optimistic efficiency

(0.590,0.680,1.000)
(0.690,0.808,0.887)
(0.814,0.918,1.000)
(0.271,0.506,1.000)
(0.888,0.966,1.000)
(0.741,0.903,1.000)
(0.777,0.860,1.000)
(0.828,0.902,1.000)
(0.458,0.558,1.000)
(1.000,1.000,1.000)
(0.321,0.363,0.598)
(0.335,0.494,0.740)
(0.880,0.951,0.989)
(0.315,0.347,0.425)
(0.507,0.546,0.673)
(0.391,0.498,1.000)
(0.428,0.475,0.780)
(0.363,0.493,0.795)
(0.921,0.982,1.000)

Pessimistic efficiency

(1.386,1.684,2.030)
(1.000,1.197,1.456)
(1.000,1.089,1.168)
(1.000,1.164 3,1.494)
(1.115,2.922,3.363)
(1.000,1.081,1.392)
(1.000,1.035,1.113)
(1.000,1.046,1.206)
(1.000,1.051,1.321)
(1.000,1.057,1.087)
(1.000,1.048,1.136)
(1.003,1.629,2.018)
(1.000,1.023,1.033)
(1.000,1.047,1.117)
(1.063,1.141,1.303)
(1.000,1.130,1.329)
(1.555,1.808,2.446)
(1.000,1.071,1.111)
(1.000,1.054,1.070)

Comprehensive efficiency
α= 0.2

(0.379,0.532,0.838)
(0.301,0.419,0.625)
(0.313,0.404,0.542)
(0.258,0.373 0.654)
(0.347,0.897,1.296)
(0.306,0.400,0.619)
(0.309,0.383,0.523)
(0.314,0.391,0.555)
(0.277,0.349,0.595)
(0.332,0.406,0.514)
(0.263,0.324,0.474)
(0.265,0.494,0.797)
(0.320,0.391,0.494)
(0.262,0.322,0.443)
(0.296,0.371,0.542)
(0.270,0.362,0.597)
(0.402,0.539,0.950)
(0.267,0.346,0.494)
(0.324,0.403,0.508)

α= 0.5
(0.349,0.492,0.788)
(0.319,0.533,0.625)
(0.351,0.468,0.603)
(0.213,0.352,0.673)
(0.386,0.788,1.074)
(0.332,0.462,0.651)
(0.341,0.441,0.591)
(0.354,0.456,0.611)
(0.260,0.349,0.636)
(0.398,0.489,0.586)
(0.225,0.287,0.454)
(0.229,0.425,0.694)
(0.367,0.468,0.570)
(0.224,0.282,0.389)
(0.282,0.360,0.517)
(0.243,0.344,0.638)
(0.333,0.449,0.800)
(0.236,0.332,0.518)
(0.378,0.482,0.582)

α= 0.8
(0.319,0.452,0.738)
(0.338,0.484,0.625)
(0.388,0.532,0.664)
(0.168,0.331,0.692)
(0.425,0.678,0.852)
(0.358,0.524,0.683)
(0.373,0.499,0.659)
(0.394,0.521,0.667)
(0.243,0.349,0.677)
(0.464,0.571,0.657)
(0.188,0.251,0.434)
(0.194,0.356,0.591)
(0.415,0.544,0.646)
(0.186,0.243,0.335)
(0.2670,0.349,0.491)
(0.216,0.325,0.678)
(0.263,0.358,0.649)
(0.205,0.318,0.543)
(0.431,0.562,0.656)
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companies.
To provide a full ranking for these companies

from different perspectives，Table 4 shows prefer⁃
ence degree and their rankings for optimistic，pessi⁃
mistic and different comprehensive fuzzy efficien⁃
cies. In Table 4，these companies are fully ranked

from the optimistic perspective as 10 ≻
100%
19 ≻

100%

5 ≻
60%
13 ≻

68%
3 ≻
52%
8 ≻
60%
6 ≻
54%
7 ≻
82%
2 ≻
64%
1 ≻
67%
9 ≻
58%
16 ≻

54%
4 ≻
51%

15 ≻
58%
17 ≻

51%
18 ≻

55%
12 ≻

74%
11 ≻

77%
14. For example，2 ≻

64%
1

means that the former performs better than the latter
to the extent of 64%. But they have ranked from the

pessimistic perspective as 5 ≻
77%
17 ≻

75%
1 ≻
65%
12 ≻

99%

2 ≻
51%
4 ≻
62%
15 ≻

55%
16 ≻

52%
6 ≻
59%
9 ≻
59%
3 ≻
54%
8 ≻
58%
18 ≻

53%
11 ≻

54%

14 ≻
53%
10 ≻

53%
7 ≻
53%
19 ≻

83%
13. In Table 3，it can easily

see that DMU1 is optimistic efficient and not pessi⁃
mistic inefficient，while DMU2 is just the opposite.
Moreover， DMU2 has better performance than
DMU1 according to optimistic fuzzy efficiencies，
while it is opposite in the pessimistic case. Obvious⁃
ly，there is an inconsistency between the two rank⁃
ings for these companies. It is due to considering on⁃

ly one perspective，such as the best or the worst sit⁃
uation. The results obtained by using different mod⁃
els are usually not the same. It explains that the eval⁃
uation ranking considering only one perspective may
be unilateral，impractical and non⁃persuasive.

In order to take both frontiers into account，the
solution is to consider both the magnitude and the di⁃
rection of optimistic and pessimistic fuzzy efficien⁃
cies. Therefore，we need to introduce an optimistic
coefficient α to get different comprehensive fuzzy fi⁃
nancing efficiencies calculated by models（11）—

（12）. Specific comprehensive fuzzy efficiencies with
α= 0.2，0.5 and 0.8 are shown in the right columns
of Table 3. We can see that these fuzzy efficiencies
are very low and the minimum of all upper bounds is
0.335. But the upper bounds of ηU5 with α= 0.2 and
0.5 is greater than 1.

The rankings and preference degrees with dif⁃
ferent optimistic coefficient are shown in the right
columns of Table 4. The results show the financing
performance and rankings of companies from differ⁃
ent perspectives. From the optimistic perspective，
the 10th company has the best performance. But the

Table 4 Preference degrees and rankings for 19 companies

Rank

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19

Optimistic efficiency
(θ L*j ,θM*j ,θU*j )

DMU
10
19
5
13
3
8
6
7
2
1
9
16
4
15
17
18
12
11
14

Preference/%
100
100
60
68
52
60
54
82
64
67
58
54
51
58
51
55
74
77
-

Pessimistic efficiency
(φL*j ,φM*j ,φU*j )

DMU
5
17
1
12
2
4
15
16
6
9
3
8
18
11
14
10
7
19
13

Preference/%
77
75
65
99
51
62
55
52
59
59
54
58
53
54
53
53
53
83
-

Comprehensive efficiency (ηLj ,ηMj ,ηUj )
α= 0.2

DMU
5
17
1
12
2
6
3
4
10
8
19
7
16
13
15
9
18
11
14

Preference/%
75
57
61
68
53
56
50
51
51
52
55
50
50
51
51
61
57
55
-

α= 0.5
DMU
5
1
17
10
19
6
3
8
13
2
7
12
9
4
16
15
18
11
14

Preference/%
79
55
56
55
51
52
51
51
51
53
53
59
50
51
54
59
65
60
-

α= 0.8
DMU
5
10
19
13
3
8
6
7
1
2
17
9
16
4
12
15
18
11
14

Preference/%
74
56
56
53
51
51
54
56
52
67
51
54
51
52
53
56
70
65
-
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5th company has the best performance from the pes⁃
simistic perspective and with optimistic coefficient
α= 0.2，0.5 and 0.8. Moreover，we also know the
preference degrees. For example，when α= 0.2，
the comprehensive financing performance of DMU5

is 75% more than that of DMU17.

4 Conclusions

The whole process of enterprises’business fi⁃
nancing is full of uncertainty， including financing
cost and risk，etc. In recent years，environmental
protection finance has a great impact on energy sav⁃
ing and environmental protection industries. Compe⁃
tition between environmental protection enterprises
has intensified and gradually evolved into competi⁃
tion and cooperation between these enterprises and
financial institutions. Therefore，high financing effi⁃
ciencies have become a new competitive factor for
energy saving and environmental protection enter⁃
prises. To select an energy saving and environmen⁃
tal protection enterprise with high financing efficien⁃
cies as investment targets，we employed the fuzzy
double⁃frontier DEA model to evaluate and rank the
financing efficiencies of enterprises in this paper. We
took into account the fuzzy DEA approach with dou⁃
ble frontiers combined with fuzzy arithmetic and
preference degree. It avoids loss information when
transforming fuzzy programming into classical math⁃
ematical programming.

Relative to the optimistic efficiency frontier，fi⁃
nancing efficiencies of some companies are efficient，
but not efficient relative to the pessimistic efficiency
frontier. This model considers not only the magni⁃
tude but also the direction of optimistic and pessimis⁃
tic fuzzy efficiencies of all decision⁃making units.
Moreover，it introduced an optimistic coefficient to
obtain different comprehensive fuzzy financing effi⁃
ciencies. And it can provide the full ranking of all en⁃
terprises as well as the priority information calculat⁃
ed by preference degree and optimistic coefficients.
It also offers a new perspective for the evaluation of
other performance.
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