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Abstract: An adaptive backstepping multi-sliding mode approximation variable structure control scheme is proposed
for a class of uncertain nonlinear systems. An actuator model with compound nonlinear characteristics is established
based on the model decomposition method. The unmodeled dynamic term of the radial basis function neural network
approximation system is presented. The Nussbaum gain design technique is utilized to overcome the problem that the
control gain is unknown. The adaptive law estimation is used to estimate the upper boundary of neural network
approximation and uncertain interference. The adaptive approximate variable structure control effectively weakens the
control signal chattering while enhancing the robustness of the controller.Based on the Lyapunov stability theory，the
stability of the entire control system is proved. The main advantage of the designed controller is that the compound
nonlinear characteristics are considered and solved. Finally，simulation results are given to show the validity of the
control scheme.
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0 Introduction

The inherent characteristics of physical devic‑
es，mechanical design and manufacturing deviations
make nonlinear characteristics，like saturation and
hysteresis，inevitably exist in the actual control sys‑
tems， including mechanical systems， servo sys‑
tems，and piezoelectric systems，affecting the over‑
all performance. It may even cause instability in the
system，like divergence and shock. With the devel‑
opment and application of information technology，
the new material technology and the continuous im ‑
provement of system control performance require‑
ments，it is necessary to adopt certain methods to
eliminate or reduce the influence of nonlinear charac‑
teristics during the design and analysis of the control

system.
In recent years，the problems of uncertain sys‑

tem control with nonlinear characteristics of actua‑
tors have received considerable attentions and be‑
come an active research area［1-10］. But there are also
some limitations，e. q.，requiring nonlinear model
parameter information to be partially known. The
method of model decomposition requires that the
nonlinear types are clear，and most works study spe‑
cific nonlinear input-output constraints in control de‑
sign procedure［2］. In engineering practice，the non‑
linear characteristics of the actuator are often diffi‑
cult to accurately judge，and sometimes they are a
mixture of multiple situations［11］.

The inputs of the actual systems are limited by
uncertain factors，but there are few studies on the
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control problems of uncertain systems considering
the inputs being affected by compound nonlineari‑
ties. In this paper，a strict feedback nonlinear sys‑
tem with compound nonlinear characteristics and un‑
known control gain is considered. Its robust control‑
ler is constructed，by utilizing the adaptive backstep‑
ping sliding mode control method，dynamic surface
control technology and radial basis function（RBF）
neural network approximation technology.

1 Problem Statement

1. 1 Actuator model with saturated nonlinear

characteristics

An actuator model with saturated nonlinear
characteristics is described as

v ( u ( t ) )= sat ( u ( t ) )=
ì

í

î

ïï
ïï

vmax u≥ vmax
u vmin < u< vmax
vmin u≤ vmin

(1)

where vmax > 0 and vmin < 0 represent saturation
nonlinearities. Its input-output relationship is shown
in Fig.1.

A piecewise smoothing function to approxi‑
mate the saturation function is described as［10］

g ( u ( t ) )= {vmax× tanh ( u/vmax )vmin× tanh ( u/vmin )
=

ì

í

î

ï
ï
ï
ï

vmax×
eu/vmax - e-u/vmax

eu/vmax + e-u/vmax
u≥ 0

vmin×
eu/vmin - e-u/vmin

eu/vmin + e-u/vmin
u< 0

(2)

The saturation function in Eq.（1） can be ex‑
pressed as

sat ( u ( t ) )= g ( u ( t ) )+ d 1 ( t ) (3)

where d 1 ( t ) is a bounded function.
| d 1 ( t ) |= | sat ( u ( t ) )-g ( u ( t ) ) |≤
max{vmax ( 1-tanh ( 1 ) ),-vmin ( 1-tanh ( 1 ) )}

(4)

Fig.2 shows the input-output relationship of the
approximate smooth saturation function g ( u ( t ) ).

According to the median theorem，for the con‑
stant λ，we have

g ( u )= g ( u0 )+ guλ ( u- u0 ) 0< λ< 1 (5)
where

guλ=
|

|
||

∂g ( u )
∂u

u= uλ

(6)

uλ= λu+(1- λ ) u0 (7)
When u0 = 0

g ( u )= guλ u 0< λ< 1 (8)
Considering Eqs.（3，5），we have

sat ( u )= guλ u+ d 1 ( t ) (9)
In control engineering，the control input u ( t )

would be increased indefinitely. The following as‑
sumption exists.

Assumption 1 Coefficient guλ is unknown but
bounded

0< gm ≤ guλ ≤ 1 (10)
where gm is positive.

It should be noted that guλ is handled as an un‑
known control gain.

1. 2 Actuator model with hysteretic nonlinear

characteristics

Currently hysteresis nonlinear models are main‑
ly divided into two categories. One is a rate-indepen‑
dent hysteresis model，including Dual model，Lu‑
Gre model，Backlash-like model，Prandtl-Ishlinskii

Fig.2 Input-output relationship of smooth saturation
function

Fig.1 Input-output relationship of saturated nonlinear
actuator
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model，Preisach model，etc. The other is the rate-
dependent hysteresis model，which mainly includes
the semi-linear Duhem model， and the modified
Prandtl-Ishlinskii model［12-17］. The hysteresis nonlin‑
earity of this paper is characterized by the Backlash-

like model as follows
dv
dt = A | dudt | (Cu- v )+ B

du
dt (11)

where A，B，C are constants，C> 0 and C> B.
According to the analysis in Ref.［18］，it leads

to
v= Cu+ d̄ ( u ) (12)

d̄ ( u )= ( v ( 0 )- Cu ( 0 ) ) e-A ( u- u ( 0 ) ) sign ( u̇ ) +

e-Ausign ( u̇ ) ∫
u ( 0 )

u

( B- C ) eAξ sign ( u̇ )dξ (13)

where d̄ ( u ) is bounded.
The input-output relationship is shown in Fig.3.

1. 3 Actuator model with compound nonlinear

characteristics

According to the model decomposition，a uni‑
fied actuator model with nonlinear characteristics of
saturation and hysteresis is established as
v2 ( v1 ( u ) )=φ 2 ( u，t )φ 1 ( u，t ) u ( t )+φ 2 ( u，t )d 1 ( t )+

d 2 ( t )=φ ( u，t ) u ( t )+d ( t ) (14)
where v1 ( u ) is the hysteresis nonlinearity，v2 ( v1 )
the input saturation nonlinearity， φ ( u，t )=
φ 2 ( u，t )φ 1 ( u，t ) the linear coefficient，and d ( t )=
φ 2 ( u，t )d 1 ( t )+ d 2 ( t ) the nonlinear part of the mod‑
el.

1. 4 A class of uncertain systems with com⁃

pound nonlinear characteristics

Consider the following class of uncertain sys‑
tems with compound nonlinear characteristics.

ì

í

î

ïï
ïï

ẋ i= xi+ 1 + fi ( x̄ i )+ Δi ( x̄ n,t ) i= 1,⋯,n- 1
ẋn= fn ( x̄ n )+ g ( x̄ n ) v ( u ( t ) )+ Δn ( x̄ n,t )
y= x1

(15)

where x̄ i=[ x 1，x2，⋯，xi ] T ∈ R i is system state
vector，u ( t )∈ R control signal to be designed，
v ( u ( t ) )∈ R control signal which actually acts on
the control input of the system，y= x1 ∈ R output
signal，and fi ( x̄ i ) ( i= 1，⋯，n ) and g ( x̄ n ) are un‑
known nonlinear smooth functions，indicating that
the system has uncertainties such as unmodeled dy‑
namics or modeling errors.Δi ( x̄ n，t ) ( i= 1，⋯，n ) is
unknown uncertain disturbance.

Considering Eqs.（14，15），we can deduce that
ì

í

î

ïï
ïï

ẋ i= xi+ 1 + fi ( x̄ i )+ Δi ( x̄ n,t ) i= 1,⋯,n- 1
ẋn= fn ( x̄ n )+ g ( x̄ n )φ ( u,t ) u ( t )+ Δ′n ( x̄ n,t )
y= x1

(16)

where Δ′n ( x̄ n，t )= g ( x̄ n )d ( t )+ Δn ( x̄ n，t ) is com‑
pound uncertain disturbance of the subsystem.

Assumption 2 Time-varying perturbation
d ( t ) is bounded，and there is unknown positive con‑
stant D 0 > 0

| d ( t ) | ≤ D 0 (17)
Assumption 3 Control gain g ( x̄ n ) is un‑

known but bounded
0< g0 ≤ | g ( x̄ n ) | ≤ g1 (18)

Assumption 4 The reference command sig‑
nal y r ( t ) and its derivatives ẏ r ( t )，ÿ r ( t ) exist and
are bounded.

Assumption 5 Δi ( x̄ n，t ) is bounded， and
there is an unknown constant Di ( i= 1，⋯，n ) that
satisfies the following inequality

| Δi ( x̄ n,t ) | ≤ Di i= 1,⋯,n (19)
According to Eqs.（17—19），we have

| Δ′n ( x̄ n,t ) |= | g ( x̄ n )d ( t )+ Δn ( x̄ n,t ) | ≤ g1D 0 +
Dn ≤ D (20)

where D> 0 is an unknown positive constant.
This paper uses the Nussbaum gain design

technique to overcome the problem that the control
gain g ( x̄ n )φ ( u，t ) is unknown. Define continuous
functions N ( ζ )：R→ R，if the following conditions
are satisfied.

lim
k→+∞

sup 1
s ∫0

s

N ( ζ ) dζ=+∞ (21)

Fig.3 Input-output relationship of hysteresis nonlin‑
ear actuator
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lim
k→+∞

inf 1
s ∫0

s

N ( ζ ) dζ=-∞ (22)

where N ( ζ ) is the Nussbaum function

N ( ζ )= eζ 2 cos ( )ζπ
2 (23)

For the Nussbaum function N ( ζ )，the follow‑
ing lemma exists.

Lemma 1

［19］ If both V ( ⋅ ) and ζ ( ⋅ ) are smooth
functions on [ 0，t f )，V ( t )≥ 0，t ∈[ 0，t f )，and the fol‑
lowing inequality exists.

0≤ V ( t )≤ c0 + e-c1 t ∫0
t

( h ( x ( τ ) )N ( ζ )+

1 ) ζ̇e-c1τdτ (24)

Then V ( t )，ζ ( t ) and ∫0
t

h ( x ( τ ) )N ( ζ ) ζ̇dτ are

bounded on the interval [ 0，t f ). Here c0 is constant，
c1 > 0，and h ( x ( τ ) ) is an arbitrary function whose
value is bounded in the interval [ l-，l+ ]，
0∉[ l-，l+ ].

2 Design of Adaptive Backstepping

Control Scheme and Stability

Analysis

2. 1 Design of adaptive backstepping control

scheme

Define tracking error

{ e1 = x1 - y r
ei= xi- βi- 1 i= 2,⋯,n (25)

where e1 is the system tracking error，and βi- 1 the
virtual control signal of the i- 1 order subsystem.

Step 1 Differentiating e1 yields
ė1 = f1 ( x 1 )+ x2 + Δ 1 ( x̄ n,t )- ẏ r (26)

The adaptive RBF neural network is used to
approximate the unknown nonlinear function f1 ( x 1 ).
For the compact set Ω ⊂ R，there exists an optimal
weight vector W ∗

1

f1 ( x 1 )=W ∗T
1 ξ1 ( x 1 )+ ε1 (27)

where ε1 is the approach error and | ε1 | ≤ ε∗1. Define

W͂ 1 =W ∗
1 - Ŵ 1 (28)

where Ŵ 1 is the estimate of the optimal weight of
the neural network and W͂ 1 the estimation error.
The adaptive law of neural network weight vector is
taken as

Ẇ̂ 1 = Γ 1 ( e1 ξ1 ( x̄ 1 )- σ10Ŵ 1 ) (29)
where σ10 > 0 is the parameter to be designed，Γ 1 =
ΓT
1 is the gain matrix to be designed and elements of
the matrix are all positive.

Define the boundary value D′1 = D 1 + ε∗1 and
choose the adaptive law as

Ḋ̂ 1 = γ1 | e1 |- σ11γ1 D̂ 1 (30)
where σ11 > 0 is the parameter to be designed and γ1
the adaptive gain coefficient to be designed. The es‑
timated error is D͂ 1 = D′1 - D̂ 1.

The first error surface is defined as s1 = e1.
Then the virtual control law is chosen
α1 =-k1 e1 - Ŵ T

1 ξ1 ( x 1 )-

D̂ 1
1- exp (-υ1 D̂ 1 e1 )
1+ exp (-υ1 D̂ 1 e1 )

+ ẏ r (31)

where υ1 > 0 and k1 > 0 are parameters to be de‑
signed.

To avoid repeatedly differentiating virtual con‑
trollers，which will lead to the so-called“explosion
of complexity”，we employ the dynamic surface
control technique to eliminate this problem. We in‑
troduce a first-order filter β1，and let α1 pass through
it with the time constant τ1

τ1 β̇ 1 + β1 = α1 β1 ( 0 )= α1 ( 0 ) (32)
By defining the output error of this filter as

ω 1 = β1 - α1，we have

β̇1 =
α1 - β1
τ1

=- ω 1
τ1

(33)

Define the Lyapunov function

V 1 =
1
2 e

2
1 +

1
2 W͂

T
1 Γ-1

1 W͂ 1 +
1
2γ1

D͂ 2
1 +

1
2 ω

2
1 (34)

Differentiating V 1 yields

V̇ 1 = e1 ė1 - W͂ T
1 Γ-1

1 Ẇ̂ 1 -
1
γ1
D͂ 1 Ḋ̂ 1 + ω 1 ω̇ 1 (35)

According to Eqs.（26，27，31），we obtain
ė1 = e2 + ω 1 + α1 + f1 ( x 1 )+ Δ 1 ( x̄ n,t )- ẏ r=

-k1 e1 + e2 + ω 1 + W͂ T
1 ξ1 ( x 1 )+ ε1 +

Δ 1 ( x̄ n,t )- D̂ 1
1- exp (-υ1 D̂ 1 e1 )
1+ exp (-υ1 D̂ 1 e1 )

(36)

Differentiating ω 1 yields
ω̇ 1 = β̇1 - α̇1 =

- ω 1
τ1
+ ϕ 1 ( e1,e2,ω 1,Ŵ 1,D̂ 1,yd,ẏd,ÿd ) (37)
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where ϕ 1 ( e1，e2，ω 1，Ŵ 1，D̂ 1，yd，ẏd，ÿd ) is a continu‑
ous function abbreviated as ϕ 1 ( • ).

Substituting Eqs.（36，37）into Eq.（35）yields

V̇ 1= e1 ė1- W͂ T
1 Γ-1

1 Ẇ̂ 1-
1
γ1
D͂ 1 Ḋ̂ 1+ω 1 ω̇ 1 ≤

-k1 e21+ e1 e2+ e1ω 1+ W͂ T
1 Γ-1

1 ( Γ 1 e1 ξ1 ( x 1 )- Ẇ̂ )+

| e1 | D̂ 1- e1 D̂ 1
1-exp (-υ1 D̂ 1 e1 )
1+exp (-υ1 D̂ 1 e1 )

+

1
γ1
D͂ 1 ( γ1 | e1 |- Ḋ̂ 1 )-

ω 21
τ1
+ω 1ϕ1 ( • ) (38)

According to Eqs.（29，30），and boundary in‑
equalities，we obtain

V̇ 1 ≤-k1 e21 -
ω 21
τ1
+ e1 e2 + e1ω 1 +

ω 1ϕ1 ( • )+ σ10W͂ T
1 Ŵ 1 + σ11 D͂ 1 D̂ 1 +

1
υ1

(39)

Step i The derivative of ei（i= 2，⋯，n- 1）
is

ė i= xi+ 1 + fi ( x̄ i )+ Δi ( x̄ n,t )- β̇ i- 1 (40)
where βi- 1 is the output of the first-order filter
ì

í

î

ïï
ïï

τ i- 1 β̇ i- 1 + βi- 1 = αi- 1 βi- 1 ( 0 )= αi- 1 ( 0 )

β̇ i- 1 =-
ωi- 1

τi- 1

(41)

where ωi- 1 = βi- 1- αi- 1，αi- 1 is the input of the
first-order filter and τi- 1 the time constant. Substi‑
tuting Eq.（41）into Eq.（40）yields

ė i= xi+ 1 + fi ( x̄ i )+ Δi ( x̄ n,t )+
ωi- 1

τi- 1
(42)

The adaptive RBF neural network is used to
approximate the unknown nonlinear function fi ( x̄ i ).
For the compact set Ωx̄i⊂ R i，there exists an opti‑
mal weight vector W ∗

i

f i ( x̄ i )=W ∗T
i ξ i ( x̄ i )+ εi (43)

where εi is the approach error，| εi | ≤ ε∗i，Ŵ i the esti‑
mate of the optimal weight of the neural network
and W͂ i=W ∗

i - Ŵ i. The adaptive law of neural net‑
work weight vector is chosen as

Ẇ̂ i= Γ i ( ei ξi ( x̄ i )- σi0Ŵ i ) (44)
where σi0 > 0 is the parameter to be designed，Γ i=
ΓT
i is the gain matrix to be designed and elements of
the matrix are all positive.

Define the boundary value D′i= Di+ ε∗i，and
choose the adaptive law to estimate D′i.

Ḋ̂ i= γi | ei |- σi1γi D̂ i (45)
where σi1 > 0 is the parameter to be designed，and
γi the adaptive gain coefficient to be designed. The
estimated error is D͂ i= D′i- D̂ i.

The virtual control law of the ith order subsys‑
tem is chosen

αi=-ki ei- Ŵ T
i ξ i ( x̄ i )- D̂ i

1- exp (-υi D̂ i ei )
1+ exp (-υi D̂ i ei )

-

ωi- 1

τi- 1
(46)

where υi> 0 and ki> 0 are the parameters to be de‑
signed.

Using the similar way，we introduce a first-or‑
der filter βi，and let αi pass through it with the time
constant τi

τi β̇ i+ βi= αi βi ( 0 )= αi ( 0 ) (47)
Define the Lyapunov function

Vn- 1 =
1
2 ∑i= 1

n- 1

e2i +
1
2 ∑i= 1

n- 1

W͂ T
i Γ-1

i W͂ i +
1
2 ∑i= 1

n- 1 D͂ 2
i

γ i
+

1
2 ∑i= 1

n- 1

ω 2i (48)

Similarly，it can be obtained as

V̇ n-1 ≤ ∑
i=1

n-1(-ki e2i- ω 2i
τ i
+ ei ei+1+ eiωi+ωiϕi ( • )+

)σi0W͂ T
i Ŵ i+ σi1 D͂ i D̂ i+

1
υi

(49)

where ϕi ( • ) is a continuous function.
Step n The nth order subsystem’s error of

the system is en= xn- βn- 1. The derivative of en is

ėn= fn ( x̄ n )+ g ( x̄ n )φ ( u,t ) u ( t )+ Δ′n ( x̄ n,t )+
ωn- 1

τn- 1
(50)

where ωn- 1 = βn- 1- αn- 1 and τn- 1 is the time con‑
stant.

The adaptive RBF neural network is used to
approximate the unknown nonlinear function term
fn ( x̄ n ) of the system. For the compact set Ω x̄n⊂ Rn，

there exists an optimal weight vector W ∗
n

fn ( x̄ n )=W ∗T
n ξn ( x̄ n )+ εn (51)

where εn is the approach error，| εn | ≤ ε∗n；Ŵ n the es‑
timate of the optimal weight of the neural network
and W͂ n=W ∗

n - Ŵ n. The adaptive law of neural
network weight vector is chosen as
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Ẇ̂ n= Γ n ( sξn ( x̄ n )- σn0Ŵ n ) (52)
where σn0 > 0 is the parameter to be designed and
Γ n= ΓT

n is the gain matrix to be designed and ele‑
ments of the matrix are all positive.

The boundary value is defined as D′n= D+ ε∗n，
and the adaptive law to estimate D′n is chosen.

Ḋ̂ n= γn | en |- σn1γn D̂n (53)
where σn1 > 0 is the parameter to be designed，and
γn the adaptive gain coefficient to be designed. The

estimated error is D͂n= D′n- D̂n.
Define the sliding surface s= en. The control

law is designed as

u=[ g ( x̄ n )φ ( u,t ) ]-1 (-kn en- Ŵ T
n ξn ( x̄ n )-

)D̂
1- exp (-υn D̂n en )
1+ exp (-υn D̂n en )

- ωn- 1

τn- 1
(54)

Design the control law using Nussbaum

ì

í

î

ï
ïï
ï

ï
ïï
ï

u= N ( ζ ) ( )kn en+ Ŵ T
n ξn ( x̄ n )+ D̂

1- exp (-υn D̂n en )
1+ exp (-υn D̂n en )

+ ωn- 1

τn- 1

ζ̇= kn e2n+ enŴ T
n ξn ( x̄ n )+ en D̂

1- exp (-υn D̂n en )
1+ exp (-υn D̂n en )

+ en
ωn- 1

τn- 1

(55)

where υn> 0 and kn> 0 are parameters to be de‑
signed.

2. 2 Stability analysis

Theorem 1 Consider the uncertain nonlinear
systems（16），the controller（55），and the corre‑
sponding adaptive law. If the proposed control sys‑
tem satisfies Assumptions 1—5， for the system
with any bounded initial state，all signals of the
closed-loop system are semiglobally uniformly
bounded. And，by tuning the designed parameters，
the system tracking error e1 converges to a small
neighborhood near the origin.

Define the Lyapunov function

V= Vn- 1 +
1
2 e

2
n+

1
2 W͂

T
n Γ-1

n W͂ n+
1
2γn

D͂ 2
n (56)

The derivative of V is

V̇= V̇ n- 1 + en ėn- W͂ T
n Γ-1

n Ẇ̂ n-
1
γn
D͂n Ḋ̂ n (57)

According to Eq.（50），we obtain
en ėn= en fn ( x̄ n )+ en g ( x̄ n )φ ( u,t ) u ( t )+

en Δ ′n ( x̄ n,t )+ en
ωn- 1

τn- 1
(58)

According to the control law（55），we have
en u ( t )= N ( ζ ) ζ̇ (59)

Substituting Eq.（59）into Eq.（58）yields
en ėn= g ( x̄ n )φ ( u,t )N ( ζ ) ζ̇ + ζ̇- kn e2n+

en fn ( x̄ n )- enŴ T
n ξn ( x̄ n )+ en Δ ′n ( x̄ n,t )-

en D̂
1- exp (-υn D̂n en )
1+ exp (-υn D̂n en )

(60)

Substituting Eqs.（52，53，60） into Eq.（57）
yields
V̇≤ V̇ n- 1 + g ( x̄ n )φ ( u,t )N ( ζ ) ζ̇+ ζ̇- kn e2n+

| en | D̂n- en D̂
1- exp (-υn D̂n en )
1+ exp (-υn D̂n en )

+

σn0W͂ T
n Ŵ n+ σn1 D͂n D̂ n (61)

Invoking the boundary inequality yields

| en | D̂n- en D̂
1- exp (-υn D̂n en )
1+ exp (-υn D̂n en )

≤ 1
υn

(62)

Therefore
V̇≤ V̇ n- 1 + g ( x̄ n )φ ( u,t )N ( ζ ) ζ̇+ ζ̇-

kn e2n+
1
υn
+ σn0W͂ T

n Ŵ n+ σn1 D͂n D̂ n

(63)

Substituting Eq.（49）into Eq.（63）yields

V̇≤ ( )- ω 2i
τ i
+ ei ei+ 1 + eiωi+ ωiϕi ( • ) +

∑
i= 1

n

( σi0W͂ T
i W ∗

i - σi0W͂ T
i W͂ i+ σi1 D͂ i D ′i- σi1 D͂ 2

i )+

∑
i= 1

n

(-ki e2i )+ ∑
i= 1

n 1
υi
+ g ( x̄ n )φ ( u,t )N ( ζ ) ζ̇+ ζ̇ (64)

By Assumption 4 and the initial state of the sys‑
tem bounded，we have

| ϕi ( • ) | < Φi i= 1,⋯,n- 1 (65)
According to Young’s inequality
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ei ei+ 1 ≤ e2i +
1
4 e

2
i+ 1 (66)

eiωi≤ e2i +
1
4 ω

2
i (67)

ωiϕi ( • )≤
Φ 2

i

μ i
ω 2i +

μi
4 μi> 0 (68)

σi0W͂ T
i W ∗

i ≤
σi0
2 W͂

T
i W͂ i+

σi0
2 W

∗T
i W ∗

i (69)

σi1 D͂ i D ′i≤
σi1
2 D͂

2
i +

σi1
2 D

′2
i (70)

Substituting Eqs.（66—70）into Eq.（64）yields

V̇≤(-k1 + 2 ) e21 + ∑
i= 2

n- 1

(-ki+
9
4 ) e

2
i +(-kn+

1
4 ) e

2
n+

∑
i= 1

n- 1( )- 1
τi
+ 1
4 +

Φ 2
i

μ i
ω 2i + ∑

i= 1

n- 1 μi
4 + ∑i= 1

n 1
υi
+ ∑

i= 1

n ( )- σi0
2 W͂

T
i W͂ i-

σi1
2 D͂

2
i + ∑

i= 1

n ( )σi0
2 W

∗T
i W ∗

i +
σi1
2 D

′2
i +

g ( x̄ n )φ ( u,t )N ( ζ ) ζ̇+ ζ̇ (71)
When

r2= ∑
i=1

n-1 μi
4 +∑i=1

n 1
υi
+∑

i=1

n ( )σi0
2 W

∗T
i W ∗

i +
σi1
2 D

′2
i (72)

Choose

k1 ≥ 2+
r1
2 (73)

ki≥
9
4 +

r1
2 i= 2,⋯,n- 1 (74)

kn≥
1
4 +

r1
2 (75)

1
τi
≥ Φ 2

i

μ i
+ 1
4 +

r1
2 i= 1,⋯,n- 1 (76)

σi0
λmax ( Γ-1

i )
≥ r1 i= 1,⋯,n (77)

σi1
max { γ-1i }

≥ r1 i= 1,⋯,n (78)

where r1 > 0.
V̇≤-r1V+ r2 + g ( x̄ n )φ ( u,t )N ( ζ ) ζ̇+ ζ̇ (79)
Multiply both sides of Eq.（79）by eμt and inte‑

grate

V ( t )≤ r2
r1
+ é

ë
ê

ù

û
úV ( 0 )- r2

r1
e-r1 t+

e-r1 t ∫0
t

[ g ( x̄ n )φ ( u,t )N ( ζ )+ 1 ] ζ̇er1τdτ≤

r2
r1
+ V ( 0 )+

e-r1 t ∫0
t

[ g ( x̄ n )φ ( u,t )N ( ζ )+ 1 ] ζ̇er1τdτ (80)

According to Assumption 3， we have
| g ( x̄ n )φ ( u，t ) | ∈ [ g0φ 0，g1φ 1 ]. It can be proved

by Lemma 1 that V ( t )，ζ ( t )，and ∫0
t

g ( x̄ n )φ ( u，t )·

N（ζ）ζ̇dτ are bounded on the interval [ 0，t f ). When

e-r1 t ∫0
t

[ g ( x̄ n )φ ( u,t )N ( ζ )+ 1 ] ζ̇er1τdτ≤ r3 (81)

Eq.（80）can be rewritten as

V ( t )≤ r2
r1
+ V ( 0 )+ r3 (82)

Thus，V ( t ) is bounded. According to Eq.
（56），the closed-loop system signals ei，ωi，W͂ i，

and D͂ i are bounded by a semi-global uniform termi‑
nation，and Ŵ i and D̂ i are bounded. By Assumption
4，the state of the closed-loop system xi is bounded.

According to Eqs.（56，82），we obtain

e1 ≤ 2V ( t ) ≤ 2 r2 r1 +
é

ë
ê

ù

û
úV ( 0 )- r2

r1
e-r1 t+ r3

(83)

Therefore， the convergence radius
2 r2 r1 + r3 of the steady-state tracking error e1

of the system can be reduced by choosing parame‑
ters.

3 Simulation

Consider the following uncertain nonlinear sys‑
tem

ì

í

î

ï

ï
ïï

ï

ï
ïï

ẋ1 = 0.1x21 + x2 + 0.5x21 sin t
ẋ2 = 0.1e-x2 + x3 + 0.5( x21 + x22 )sin t
ẋ3 = x1 x2 x 3 +(1+ sin x1 ) [ φ ( u,t ) u+ d ( t ) ]+

0.5( x21 + x22 + x23 )cos t
y= x1

The center of the Gaussian radial basis
function of the RBF neural network Ŵ T

1 ξ1 ( x̄ 1 )
is {- 1，- 2 3，- 1 3，0，1 3，2 3，1}，The width
is η1 = 2，Ŵ 1 ( 0 )= 0. The center of the Gaussian
radial basis function of the RBF neural network
Ŵ T

2 ξ2 ( x̄2 ) is {-1，- 1 2，0，1 2，1}×{-1，-
1 2，0，1 2，1}. The width is η2 = 2，Ŵ 2 ( 0 )= 0.
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The center of the Gaussian radial basis function of
the RBF neural network Ŵ T

3 ξ3 ( x̄ 3 ) is {- 1，0，1} ×
{ - 1，0，1} × {- 1，0，1}，The width is η3 = 2，and
Ŵ 3 ( 0 )= 0.

The reference command signal is yd =
0.5sint + 0.5sin ( 0.5t ) . The initial values are
[ x 1 ( 0 )，x2 ( 0 )，x3 ( 0 ) ]T = [ 0.25，0.25，0.25 ]T，
D̂ i ( 0 )=0 ( i= 1，2，3 ) and ζ ( 0 )= 1. Time con‑
stants are τ1 = τ2 = 0.04. The parameters to be de‑
signed are set to ki= 2，Γ i= diag [ 0.5 ]，υi= 10，
σi0 = σi1 = 0.2，and γi= 0.5.

The simulation results are shown in Figs.4—
6. Adaptive backstepping multi-sliding mode vari‑
able control without RBF neural network approxi‑
mation is conducted as a comparative simulation
result. The simulation result in Fig. 4 shows that
the scheme of this paper has better tracking con‑
trol effect. It can be seen that the designed control‑
ler can stably track the reference command while
the actuator has nonlinear compound characteris‑
tics of hysteresis and input saturation， and the
tracking error remains within a certain range. Ac‑
cording to Figs.7— 9，variables of the closed-loop
system state are bounded.

4 Conclusions

A class of uncertain nonlinear systems with
compound nonlinear characteristics has been stud‑
ied. Combined with RBF neural network approxima‑
tion and adaptive control theory，an adaptive back‑
stepping multi-sliding mode variable structure con‑

Fig.7 Curves of neural network weight norms

Fig.4 Tracking reference command signal curves

Fig.9 Curve of the adaptive parameter ζ

Fig.6 Actual control signal curve of the system v ( u ( t ) )

Fig.8 Curves of the adaptive parameters

Fig.5 Control signal curve of the system u
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troller scheme is presented. By utilizing the model
decomposition method，a nonlinear actuator model
of compound nonlinear characteristics is estab‑
lished，so that the inverse solution of nonlinear fea‑
tures is not needed in the controller design process.

It has been proved that all signals of the closed-

loop system are semi-globally uniformly bounded. A
simulation example has been conducted to show the
validity of the proposed scheme.
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具有复合非线性特征不确定系统的自适应反推控制

李 飞 1，王世梅 2，胡剑波 1，刘炳琪 1

（1.空军工程大学装备管理与无人机工程学院，西安 710051，中国；

2.空军工程大学军政基础系，西安 710051，中国）

摘要：针对一类具有复合非线性特征的不确定系统，提出了一种自适应反推多滑模近似变结构控制方案。基于

模型分解的方法建立了具有复合非线性特征的执行器模型。论文设计径向基函数神经网络近似系统的未建模

项，借鉴Nussbaum增益设计技术解决控制增益未知的问题，使用自适应律估计不确定干扰和神经网络近似误差

的上边界。自适应近似变结构控制能够有效削弱控制信号的抖振，同时增强控制器的鲁棒性。基于 Lyapunov
稳定性理论，证明了整个控制系统的稳定性。该控制方案的主要创新点在于考虑并解决了不确定系统具有复合

非线性特征的控制问题。最后，仿真结果证明了控制方案的有效性。

关键词：复合非线性；饱和；滞回；自适应反推控制；径向基函数神经网络
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