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Abstract: In the performance based navigation (PBN), the flight technical error (FTE) and the navigation sys-
tem error (NSE) are two main parts of total system error (TSE). The implementation of PBN requires pre-flight
prediction and en-route short-term dynamical prediction of TSE. Once the sum of predicted FTE and NSE is
greater than the specified PBN value, PBN cannot operate. Thus, it requires accurate modeling and thorough
analysis of the two main contributors. Multiple-input multiple-output(MIMO) longitudinal flight control system
of ARIC model is designed using the linear quadratic Gaussian and loop transfer recovery (LQG/LTR) method,
and FTE in symmetrical plane of aircraft is analyzed during the turbulence disturbed approach. The error estima-
tion mapping function of FTE in symmetrical plane and its bound estimation model are proposed based on the sin-
gular value theory. The model provides an approach based on the forming mechanism of FTE, rather than the
costly flight test and the data fitting. Real-data based simulation validates the theoretical analysis of FTE in sym-
metrical plane. It also shows that FTE is partially caused by the turbulence fluctuation disturbance when the au-
tomatic flight control system (AFCS) is engaged and increases with escalating the environmental turbulence in-
tensity.
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INTRODUCTION

The high accuracy and global coverage of
global navigation satellite system (GNSS) have
enabled it to be the basis of the next generation
air traffic management system, in which perfor-
mance based navigation (PBN) is a fundamental
component. Flight technical error (FTE) and
navigation system error (NSE) are two compo-
nents of total system error (TSE) of PBNM., The
safety and efficiency of life-critical flight opera-
tion are heavily dependent on the performance of

navigation systems, such as accuracy, continuity,
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integrity, and availability. But in the generalized
sense of PBN, it also requires the satisfying per-
formance of automatic flight control system
(AFCS) and pilot. FTE is the limitation of AFCS
or human-machine closed-loop manual control
system to track desired flight path, maintain in-
tended altitude as well as target velocity with infi-
nite accuracy.

A mixed probability model of vertical FTE
during approach was presented in Ref. [2]. The
auto-correlation, cross-correlation of vertical and
longitudinal FTE were discussed in Ref. [3]. In
Ref. [4], vertical FTE of approach segment was
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measured with position sensors such as the sur-
face detection equipment, the surface measure-
ment radar, etc. , and statistical fitting was per-
formed. FTEs in simulation and flight tests for
small aircraft transportation system-high volume
operation (SATS-HVO ) of non-radar and non-
tower airports were measured and fitted using
probability models in Ref. [5]. A statistical esti-
mation model of lateral FTE according to the defi-
nition in PBN was proposed for nominal AFCS
model in Ref. [6].

The previous literature focused on the field
measurement of FTE during approach or the sta-
tistical fitting to measured data. However, the
successful implementation of PBN requires pre-
flight prediction and en-route short-term predic-
tion of FTE, thus its accurate modeling and thor-
ough analysis are indispensible. This paper pro-
poses the design of longitudinal flight control sys-
tem, and discusses the turbulence fluctuation

model.

1 SYSTEM DESIGN USING LQG/
LTR METHOD

1.1 LQG/LTR method

The prominent linear quadratic Gaussian and
loop transfer recovery (LQG/LTR) theory, orig-
inally proposed by Doyle and Stein, is an multi-
ple-input multiple-output (MIMO) design method
based on optimal control theory. It provides guar-
anteed stability robustness and keeps performance
robustness compared with that of state feedback
control by the two step loop-shaping design pro-
cedure.

The plant model in state-space form is shown
in Egs. (1,2), where w and v are the zero-mean
Gaussian stochastic processes. W and V in Egs.

(3, 4)are the corresponding covariance matrices

respectively.
X =Ax+ Bu + I'w o)
y=Cx +v (2)
E{ww™) =W =0 (3)
Ew'y =V >0 (4

In Eq. (5) J is the linear quadratic perfor-
mance index that minimizes the weighted energy

of state variable vector and control vector, where

Q and R are weighting matrices, and M is I'".
"
J = limE{J [(Mx)"OMx + u"Ru]dz) (5)
T— o0 0

R=R">0 (6)
u=—Kx D)
The optimal state-feedback matrix K. is giv-
en by
K. — R 'B"P. (8)
where P, satisfies the algebraic Riccati equation
AP, + PA — PBR 'B'P, + M'"QM = 0 9
and P.=P/=>0.
The Kalman filter gain matrix K; is given by
K, =PC'V! (10)
where P; satis{ies another algebraic Riccati equa-
tion that is dual to Eq. (9) and P, = P{ = 0.
PA" + AP, — PC'VICP, +TWI"T =0 (1D
The matrices K. and K; exist, and the closed-
loop system is internally stable, provided that the
systems with state-space realizations (A,B.,Q"*M)
and (A,I'W'?,C) are stabilizable and detectable.
Namely, any uncontrollable or unobservable
modes are asymptotically stable.
Fig. 1 shows the schematic diagram of the
structure of LQG compensator interconnected

with plant model.

Compensator

Fig. 1 LQG compensator interconnected with plant

model

For the case of designing return ratio at the
output of plant, the first step of LQG/LTR is to
design a Kalman filter by manipulating the covari-
ance matrices W and V until a satisfactory return
ratio — C(sI — A) 'K, is obtained. The second
step is to synthesize an optimal state-feedback
regulator aiming at recovering the return ratio
over a sufficiently large range of frequencies. The
regulator is subject to linear quadratic perfor-
mance index. LTR is achieved by forcing the re-

turn ratio at marked point (D) in Fig. 1 to approach
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that at point 2 by tuning weighting matrix. The
return ratios at points (1) and (2 are shown in

Eqgs. (12,13), respectively.

G(s)K(s) = — K.(sI — A + BK, +
K[C)ilK[C(SI — A)ilB 12>
G()K(s)=—K.(sI—A)"'B (13

1.2 Vertical-plane dynamics model of aircraft

The ARIC model"'is used for analysis giving
its comprehensive application as a benchmark.

Hence, for conciseness and the issue focused
on primarily, this paper specifies the performance
objectives of longitudinal compensated system for
ARIC model as follows: There should be zero
steady-state error and good damping in the face of
step responses or disturbances, with a bandwidth

of about 10 rad/s for each loop.
1.3 Longitudinal flight controller

The control configuration is firstly present-
ed. Then, the targeted controller is acquired by
sequential design of competent Kalman filter and
optimal sate feedback regulator.

1.3.1 Design of control configuration

The dynamics of transport aircraft is lin-
earized during a nominal approach segment to ac-
quire nominal plant data. The air speed is 70. 70
m/s, which is the typical velocity for large jets
during final approach segment.

With Eqgs. (1,2) as the state space model of
longitudinal dynamics. the state variable vector,

control vector and output vector are chosen as fol-

lows
x=[h v 0 q h] (14
u=1[0, 06, 0.] (15)
y="[h v 0] (16)

where variables in Eq. (14) are the height above
ground, the forward speed, the pitch angle, the
rate of change of pitch angle, and the vertical
speed, sequentially. The variables in Eq. (15) are
the spoiler angle. the forward acceleration due to
engine thrust and the elevator angle.

Before we proceed to design Kalman filter,
the nominal plant is augmented with integrators
in both control channels at first to acquire well-

damped response. Consequently, three integral

variables are inserted into the state vector
x.=[h v 0 g h e & ] UAD

where subscript ”a” stands for augmented. To
avoid difficulty in the recovery step, we choose a
sufficiently small pole of the augmented model in
the left hand half plane rather than at origin. The
augmentation leads to an increase of 60 dB at
0. 001 rad/s for the principal gains of the return
ratio — C,(sI — A,) 'K, .
1.3.2 Design of Kalman filter

The principal gain shaping technique, which
is based on the singular value decomposition of
C.(sI —A,) 'I'W"? at the frequency to be adjust-
ed, is used to tune open-loop principal gains to
100 dB gain at 0.001 rad/s for
ol —C,(sI —A,) 'K;], and a band width of 10

rad/s. The latter is equivalent to rendering the

obtain

cross-over frequency of the compensated system

to be 10/ v 2 rad/s.
Si(s) =[I+ C,(sI —A) 'K; ]! 18
T:(s) =1 — S$;(s) a9y
The control over the principals of the sensi-
tivity function is exercised to acquire the similar
behavior of both ¢[$;(s)]and o[ $;(s)] as they ap-
proach 0 dB, with the purpose of reduction in the
range of amplified measurement noise and a more
homogenous performance in all signal directions.
This is achieved at the expense of a larger band-
width of T;(s), but with very little increase of
1T |

.. and hence hardly any deterioration of sta-
bility margins. Fig. 2 presents the principal gains
of both the sensitivity function and the comple-
mentary sensitivity function corresponding to the

final Kalman filter design.

Gain/ dB

10° v VAVHVIO' v -VHHIOZ
Frequency / (rad * s )

Fig. 2 Principal gains of sensitivity function and com-

plementary sensitivity function
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1.3.3

The optimal state-feedback matrix K. is ob-

LQR design and loop transfer recovery

tained by solving the Riccati equation (Eq. (9))
with M=C,, Q=1I and R=pl, where p is the pa-
rameter to make the return ratio at point (1) im-
pend over that at point 2) in Fig. 1 as it approach-
es 0. Eventually, the principal gains of G(s)K(s)
are superimposed onto those of C,(sI — A,) 'K;
for p=10"%, namely adequate recovery is exhibit-
ed.

The time domain response of the closed-loop
compensated AIRC model is shown in Fig. 3, in
which the input commands are height of 277. 02 m
above ground (touchdown zone). forward speed
of 70. 7 m/s and a pitch angle of 3° to follow. The
response of altitude tracking is reasonably
damped and exhibits acceptable maximum over-
shoot (24.59%) and rise time (0.198 s). It set-
tles within 10% of final value after 0.975 s and
reaches final value within 1.5 s. Simultaneously,
the maximum overshoot of forward speed is
17.08% and the pitch angle output follows the
corresponding reference signal pretty well.

400 - - 5 5
11 PSS S— ...........

Fig. 3 Time domain response of closed-loop compen-
sated ARIC model

2 TURBULENCE FLUCTUATION
MODEL

2.1 Definition of turbulence model

The Dryden turbulence model based on Tay-
lor’ s frozen field hypothesis™ is exploited to ac-
count for the environmental turbulence distur-
bance. With the premise that the turbulence fluc-
tuation is stationary, statistically Gussian dis-

tributed with zero mean and homogeneous, the

analytical definition of the power spectra of Dry-
den model (vertical and longitudinal, shown in

Fig. 4) is given as follows

)
R e e V) (20)
L, 1+ 3(L°*
2w w
@w(‘Q) O T I:l + (LYUQ)ZJZ (21)
w =0V (22)

where # and w are the velocities (ft/s) (1 ft=
0.307 8 m) along x, 2 axes of aircraft respective-
ly (x axis is along the longitudinal axis of aircraft
and nose-direction is positive, y is orthogonal
with symmetrical plane of aircraft and left-wing-
direction is positive, positive direction of z axis is
determined with right hand rule), ®, and @, the
power spectral densities (ft*/s*) of u, w, o, and
0. the standard deviations ({t/s) of v, w, L, and
L., the scale lengths (ft) for power spectra, V is
the air speed of aircraft and 2 the spatial frequen-
cy. Eq. (23) holds for each of the preceding spec-

tral densities

:, = f(x‘qs,,.w(mdo (23)
0

* 700f;--

04

00 05 1.0 15 2.0 25 30 35 40 45 50
Frequency / (rad * s ')

Fig. 4 Power spectral density of vertical and longitu-

dinal Dryden turbulence fluctuation

In Ref. [8], the scale lengths and the stan-
dard deviations are specified for two altitude
When the altitude concerned is below
1 000 ft (307. 8 m), the values abide by Egs. (24,
25).

ranges.

JLw =h
LLH - Lp - 1.2
(0.177 4+ 0.000 823h)
ng = 0. 1W,,
2 o, 1 (25)

[aw = (0.177 + 0. 000 8234)""
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where W, is the wind speed at 20 ft (6.156 m).
For the altitude range above 2 000 ft(615.6 m),
the scale lengths are specified as a constant, while
the turbulence intensity is a function of altitude as

well as probability of exceedance.
2.2 Forming filter

The Dryden turbulence™ is generated by
adding white Gaussian noise with specified stan-
dard deviation into a forming filter for the corre-
sponding direction. The forming filters are shown
in Egs. (26,27), where Eq. (26) is also the form-
ing filter for direction of v when the subscript is
substituted for v.

1

F)=1775 o
Fu‘(s) — (1 +11w5>2 (27)

Eqgs. (28,29) prescribe the standard deviation

for corresponding axis
0w = 0,(2L,/Dx)"* (28)
Cuw = 0 (L,/Dx)"? (29)
where sample step in Descartes {rame Dx =V -
Dt,in which Dt is the sample time-step. Dt de-

creases as air speed of aircraft builds up.

3 ANALYSIS OF FTE IN SYM-
METRICAL PLANE

3.1 Propagation of variance

The statistical characteristic of FTE could be
described as a normal distribution given FTE is
actually a stochastic process™!. This perspective
of FTE could be justified by the fact that it is in-
fluenced by a number of random variables with
various weighting. If we inject the turbulence dis-
turbance signal at input, its statistical character-
istics are transmitted to the output through
closed-loop system. Thus it will be preferred and
beneficial to analyze the propagation of variance

with a perspective of the system gain.
3.2 Singular value based mapping function

FTE in symmetrical plane (symmetrical
plane is defined as the plane including longitudinal
axis of aircraft, and orthogonal with the line con-

necting two wing-tips ) consists of the vertical

FTE (FTE of altitude) and the longitudinal FTE
(FTE of forward air speed). Thus the altitude
and the forward air speeds are two signals consid-
ered in output vector. Thus we need to obtain the
specific transfer function for each channel from
the driven Gaussian noise input. The transfer
functions map the environmental turbulence dis-
turbance to & and v.

The power spectral density functions of input
signal « (¢) and output signal y(z) are defined as
the Fourier transform of their variance as shown
in Egs. (30,31), where 7 is the time increment.

D, (w) = F[E{u(®ult + )} ] (30)
D, (w) = FLE{y®)yt + )} ] (31)

On the basis of the foregoing definition, the
following formula holds, where 7' (s) is the sin-
gel-input singel-output (SISO) transfer function
from certain input channel to the interested out-
put signal, and it is acquired from the closed-loop
transfer function matrix of the integrated system

D, (0) =T ()P, ()T (— jw) (32)

The variance of the individual output signal

is obtained with

B = 5|

This is indeed the variance of longitudinal FTE or

’ D, (w)dw 33

— o

vertical FTE. Thus, we obtain the fallowing e-
quation given that T'(s) is stable.
1

E{y*} = Z_TIJ:L@“‘“((U)dw =
1 . - . -
ZTKJ 1 (jw)D, ()T (— jw)dw =
L] s @@ Gonde (34)
2m)

This mapping function is the basis of the bound
estimation model of FTE in symmetrical plane.
Note that o without subscript in Eq. (34) is the
maximum amplitude-frequency gain of 7'(s), and
can be read from the Bode magnitude plot. In
Section 2, the symbol ”¢” with subscripts is used
to denote the turbulence intensity. Note that
Bode magnitude plot is just the singular value plot

of a SISO transfer function.

3.3 Bound estimation model and algorithm of

FTE in symmetrical plane

PBN implementation in the Next Generation
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ATM system can bring more accuracy, but the
safety of life-critical aviation is always the prima-
ry goal to fulfill. For safety, we need to be con-
servative enough. Thus, we consider the worst
case to define the FTE bound.

If T'(s) is stable, based on Eq. (34), the fol-
lowing equation holds

Ely) = %fl"z@i;:%w)'r(jw)>dw =

if (T (oD, (0)dw

o (35a)

4o
EGH < Hl s GITONT] dutwde
T we (—oo,+o0) -
(35b)
E{y} ~ Zi[sup{a[ﬂs)]}]{ @, (0)dw (35¢)
T we B, wE B,

where B, is the frequency range, within which
the power spectral density of dominant distur-
bance signal concentrates. Generally, B, should
be 2—3 times broader than band width in order to
be conservative enough. The band width of
®,,(w) is defined as the frequency range that
D, (w)

sup ‘)[@,,xw)] to 0.707 _ sup T)[‘P,m(w)]_

W€ (—o0, 4o

Note that 7T'(s) in Eq. (35) stands for a spe-

drops down from its peak value

cific SISO transfer function of concerned input
signal and output signal pair. In such a case, the
highest and the lowest gain directions of MIMO
system are unified into the same one, while the
highest gain direction (corresponding to the maxi-
mum singular value) and the lowest gain direction
(corresponding to the minimum singular value)
are used to account for the directions of the maxi-
mum major semi-axis and the minimum minor se-
mi-axis of image hyperellipsoid in an MIMO case.

Based on the aforementioned work, calculat-
ing procedure of FTE upper bound is outlined
briefly as:

(1) Plot the power spectral density of lateral
Dryden turbulence fluctuation.

(2) Determine the band width of power spec-
tral density, then define B, as 2—3 times of the
bandwidth.

(3) Based on the transfer matrix of compen-
sated closed-loop system, acquire SISO transfer

functions with white Gaussian noise as input and

h,v as output.

(4) Plot the Bode magnitude plot of each
SISO transfer functions. The frequency range of
B, should be included.

(5) Determine the maximum values of the
Bode magnitude curve on the frequency range of
B,.

(6) If the wind speed at 20 ft (6.156 m) is
obtained, the turbulence intensity category can be
determined. Then calculate the upper bound of
the longitudinal FTE variance and vertical FTE
variance with Eq. (35¢).

(7) If the wind speed at 20 ft (6.156 m) is
not obtained, the upper bounds of longitudinal
FTE variance and vertical FTE variance can be
calculated with Eq. (35¢) for different turbulence
intensity (light, moderate and severe).

(8) Calculate the mean value of the three
variance values of different turbulence intensity

according to different probability™’.

3.4 Calculation of FTE in symmetrical plane

As shown in Table 1, the upper bound val-
ues of standard deviation of FTE in symmetrical
plane are calculated according to Eq. (35¢) and
the calculating procedure. Note that we exemplify
here the most general case that the turbulence in-
tensity is not determined. If we can obtain the ac-
curate required meteorological parameters, i. e.
wind velocity at 20 {t(6.156 m), then the turbu-
lence intensity is determined and only one specific
turbulence intensity needs to be considered.

Make B, equal [ —5,5] in order to be conser-
vative enough to include the frequency region
where the power spectral densities of both longi-
tudinal and vertical turbulence fluctuation domi-
nantly concentrate. Also note that the functions

plotted in Fig. 4 are even.

Table 1  Upper bound of standard deviation of FTE in
symmetrical plane and probability values for
three turbulences

Turbule%nce Light Moderate Severe
Intensity

Probability 9.180 0X107'8.200 0X10721.361 5X107°
O (1) /1t 19. 671 39. 341 59.012
O (0) /1t 14. 505 29.010 43.516




252 Transactions of Nanjing University of Aeronautics &. Astronautics

Vol. 28

The expectation of standard deviation of FTE

during final approach is obtained by
Elope(h) ] = Py X 0(h) + Py X 0,(h) + P, X

o.(h) = 21.285 (36)
Elopp ()] = Py X a(v) + P, X 0,(v) +
P, X o.(v) = 15.695 (37)

where P, P,, P, are the probability values corre-
sponding to light, moderate and severe turbulence

intensity respectively, as shown in Table 1.

4 SIMULATION
SION

AND DISCUS-

4.1 Simulation configuration and results

The forming filter of Dryden turbulence is in-
tegrated into the optimal compensated ARIC
model, thus the integrated system is driven by ze-
ro mean white Gaussian noise. In the integrated
system, the state variables of the state-space real-
ization of the forming filter is added into that of
the state equations of the closed-loop compensat-
ed control system.

The Dryden turbulence fluctuation is gener-
ated with the following parameters: Flight alti-
tude 1s 900 ft (277.02 m); W, is 15 knots for
typical light turbulence; Air speed V is 229. 67
ft/s (about 70. 69 m/s)for typical approach veloc-
ity of transport jets. For the practical estimation
of FTE in symmetrical plane, the cases of moder-
ate as well as severe turbulence intensity are also
necessary. Correspondingly, W,, is 30 knots and

45 knots respectively.

Table 2 Unbiased estimation of standard deviation of

FTE in symmetrical plane for three turbulences
T;tiiei?;e Light Moderate Severe
Omax (1) /1t 12.016 29.745 43. 870
Crnax (0) /Tt 11. 457 20.014 34.146

To wvalidate the theoretical algorithm,
Monte-Carlo simulation is used. The simulation
operates 50 times for each kind of turbulence in-
tensity (150 runs in total), each run lasts for
10 s. Then the mean values of numerical charac-
teristics of 50 runs for different turbulence inten-

sities are calculated (listed in Table 2) to validate

those calculated with the theoretical model.

The sample population has 100 points sam-
pled at 0.1 s time increment from each run. The
standard deviation is strongly consistent estima-
tion with 95% confidence level and performed
with some numerical statistical package, e. g.
Matlab. Note that the upper bound is compara-
tively larger than the simulated value and calcu-
lated based on the worst case. Furthermore, the
magnitude of each run is within the range bound-
ed by 30, (i.e. abide by the 3-sgima principle)
and centered with mean value. This can be ob-

served from Fig. 5.

12007 —Tight
1000 H-\ oo Moderate

--Servere

Fig. 5 Time domain response of light Dryden turbu-
lence disturbed longitudinal automatic control

model

Fig. 5 shows the simulation results of the
time domain transient response of the longitudinal
automatic control model, which is disturbed by
Dryden turbulence with light (moderate or
severe) intensity. It is observed form Fig. 5 that
the magnitude of variance of altitude deviation is
quite small compared with that of pitch angle and
forward air speed. It follows that the vertical
channel turbulence disturbance is mainly absorbed
by the short term kinematics. Thus the altitude,
which is a variable of the long term kinematics, is
able to maintain at the commanded reference val-
ue. It can also be noted that the magnitude of
standard deviation of FTE escalates with stronger

turbulence intensity.
4.2 Discussion

One of the most important requirements in

life-critical aviation industry is safety, and with



No. 3 Zhao Hongsheng, et al. Model of Flight Technical Error in Symmetrical Plane--- 253

its predominant priority the worst case is always
studied and has the fundamental effect on the es-
tablishment of regulations. Consistently, the
analysis and the anticipation of FTE in symmetri-
cal plane are conducted with this principle. The
results visualized in Fig. 5 are three realizations
with variant turbulence intensity of the FTE
stochastic process using the aforementioned con-
figurations of automatic flight control model and
environmental atmosphere turbulence model.
However, the estimated FTE standard deviation
value using the bound estimation model would not
necessarily equals any certain simulated result, in
which the algorithm considers the maximum pos-
sible FTE variance in symmetrical plane within
the universal set of all realizations. As such, we
believe the proposed approach and derived algo-
rithm are viable and sound.

It is almost impossible to acquire the mea-
sured data of FTE for the identical aircraft type
used in this paper, partially due to the confiden-
tiality of AFCS parameters and other data. Also
it is because that the aircraft type is not men-
tioned in the original reference. However, the lat-
eral FTE of Boeing737 during final approach is
specified in Ref. [10].

The concept of singular value plot is related
to an MIMO system. If the system is a SISO
transfer function, the singular value plot is iden-
tical with its magnitude Bode plot. However, we
use analysis method based on singular value
rather than that of Bode plot because this can re-
main consistency with the analysis and modeling
of lateral FTE, which is out of the scope of this
paper. In the case of lateral FTE, the lateral dis-
placement from desired track is the dominant vari-
ance compared with that of other signals in output
vector. Therefore the vector gain approach is pre-
ferred when analyzing lateral FTE. Besides, the
vector gain approach is mainly based on the MI-
MO singular value analysis method.

Also note that the extreme value of Bode

magnitude plot of a SISO transfer function is in-

deed its H.. norm, but what is useful for the
bound estimation algorithm is the extreme value
with a limited frequency range where the power
spectral density of turbulence disturbance mainly

focuses.

5 CONCLUSIONS

(1) The main contributor of FTE in symmet-
rical plane of AFCS engaged aircraft is environ-
mental turbulence, and FTE increases with esca-
lating environmental turbulence intensity.

(2) The error estimation mapping function of
FTE in symmetrical plane is proposed based on
the singular value theory.

(3) The bound estimation algorithm of FTE
in symmetrical plane is proposed based on SISO
transfer function gains and power spectral density
of input driving signal.

(4) The real-data simulation result justifies
the proposed model and the singular value ap-
proach in analysis of variance propagation.

(5) The bound estimation model of FTE in
symmetrical plane proposed in this paper is uti-

lized for flight technical error estimation in PBN.
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