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Abstract: Supersonic axisymmetric jet flow over a missile afterbody containing exhaust jet is simulated using the

second order accurate positive schemes method developed for solving the axisymmetric Euler equations based on

the 2-D conservation laws. Comparisons between the numerical results and the experimental measurements show

excellent agreements. The computed results are in good agreement with the numerical solutions obtained by using

third order accurate RKDG f{inite element method. The results show larger gradient at discontinuous points com-

pared with those obtained by second order accurate TVD schemes. It indicates that the presented method is effi-

cient and reliable for solving the axisymmetric jet with external freestream flows, and shows that the method cap-

tures shocks well without numerical noise.
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INTRODUCTION

During supersonic flight, the intensely inter-
actions between the exhaust jet and the external
supersonic freestream flows in the afterbody flow
fields are extremely complex, which can seriously
affect the travel features, cause stability problem
and impact control effectiveness of the jet-pro-
pelled missile or rocket. Experimental studies''™"!
of such flow have been extensively carried out in
the past several decades. However, the detailed
experiment is not only complex and expensive,
but also not enough to understand the complex
physics in many cases.

Numerical simulation is an effective method
to obtain valuable insights into the flow-field
structures, which is easy and inexpensive as well

as can provide much more details. Le et al® used
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the total variation diminishing (TVD) scheme to
solve the mixture flow Euler equations for the su-
personic underexpanded jet exhausting from a
rocket nozzle and the external supersonic flow.
Chen et al'® investigated supersonic inviscid flows
in missile propulsive jet with discontinuous finite

18] simulated the su-

element method. Sahu et a
personic flow over a missile afterbody containing
a centered exhaust jet employing the beam-warm-
ing finite difference scheme.

At the middle of 1990s, Liu and Lax™'" in-
troduced the positive scheme finite difference
method for solving hyperbolic systems of conser-
vation laws, which is second order accurate both
in the space and the time and has a very simple
structure. A lot of numerical results showed that

the positive schemes were competitive with other

high order accurate schemes.
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In this paper, the positive scheme method
with second accuracy, which is extended for solv-
ing the axisymmetric Euler equations based on
Refs. [9,10], is used to numerically simulate the
flow fields resulting from the supersonic axisym-
metric jet flow over a missile afterbody with jet
exhaust. In general, all the essential flow fea-
tures of the numerical solutions are in good agree-
ment with those of experiment and other numeri-
cal schemes, which demonstrates that the devel-
opment for positive schemes is successful and the
presented method is robust. It provides a new

means for numerical study of the jet flow fields.

1 MATHEMATICAL MODEL

1.1 Governing equations

For supersonic jet flow, the governing equa-
tions can be expressed as the inviscid, axisym-

metric Euler equations in the cylindrical coordi-

nate system% !
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where U= [p,pu,pv, E]"\FWU)="[pu, pu’*+ p,
ouv, (E+ p)ul", G (U) = [ pv, puv, pv* + p,
(E4p) «v]".SW)=(—pv/y)[1susv, (E+p)/
o], QER u and v are the velocity components
along the x and y directions, respectively. 7' is
the time, p the density, p the pressure, and E
the total energy per unit volume. The total ener-
gy is the sum of the internal energy and the kinet-
ic energy
E = pe 4 p(u* 4 v*) /2 (2)
where e is the internal energy per unit mass. The
pressure is given by the equation of state for per-
fect gas
p =V — 1)pe (3
where 7 is the ratio of specific heats.
1.2 Space discretization
The finite difference equations of the axisym-
metric governing Eq. (1) discretized using the

positive schemes are given in semi-discrete form

as

Vol. 28
L F. . —F
U Agp Livi/z i—1/2,j
(5) RN o
ivj
A_y<Gl.}+l/'2 - G/.j 1/2)
(4)

where Ax and Ay are spatial step in the x and y
axes, respectively. The construction process of
positive scheme numerical flux, taking F;.,/,;for
example, can be described as follows briefly.
Other details of the calculation technique can be
found in Refs. [9-10].

The numerical flux F;.,, ;in Eq. (4)is con-
structed by mixing a centered difference flux
F;. ), ;jand a upwind flux F{*,, ;. Introducing the
limiter L’ = Rdiag (¢° (")) R™', where ¢° ()",

0 ¢0(6) 0 _ .
04 (0),T<2 and ¢°(1)=1. The numerical

flux can be constructed as

_ 0. 0 0, 0.
Ff)+1/2.j - Fi+ulp/2.1 + L)(Fizr‘l/z.J — F:Jrulp/z.,J) (5)

Where FE)I.I/ZVJZ%EF(UI'./)+F(Ui+1,j):|’ Ff)ﬁulpx’z.j:
%[F(U,._,) +F W, )] — % A Uiy, — U,

|;1\ =R |A|R'is the absolute value of A, A=
AF (U)/U and |A|=diag(|X*|). Then numerical

flux of the least dissipative scheme is given by

Flon, = [FW.) + FW.L, )T —

1. 1 y
?IA\ Wiy, — U + ?LOIA\ Wi, — U

(6)

If the absolute value of A, |A|=Rdiag (")

R ', where the diagonal matrix diag (;/) =] A]|,

then with the aid of the limiter L' = R -
0,0<0

diag (¢' (@))R ', where ¢' () =<60,0<0<1 is the
1,0>1

minmod limiter function™®, the numerical flux
can be constructed as

Fll+l/2.j = Filﬁl‘llp/'Z.j + Ll(Filﬁ.fl/'Z.j - Filjrulp/'Z./) (7)
where F}fl,/z.;:%[F(Ui._/) +F(Ui+l._/):|’F}jrulp/2.j:
SIFWD+FW )1~ LAl W, ~U.).

Similarly, numerical flux of the more dissipa-

tive scheme is expressed as
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Flipy = 5 [FW.) + FW,,0] -

1, 1 ;
?lA‘(UHrl.j — U/.j) + ?Ll |A‘(Ui+l.1 — Ui.j)

(8)

Finally, combining the least dissipative
scheme Eq. (6) and more dissipative scheme
Eq. (8), the numerical flux of positive schemes

can be written as

Fity, = SIFW.) + FW,L, )0 —

SLalAld = L + BIAIA — IH]W, 1, — U,

(9

Az
Ax

under the following CFL condition: (a -

max || + max /f) —, where At is the

1<<k<ln,U <k<n,U

time step. The constants « and B satisfy ; 0<Ca<<1
and a+3>1.

1.3 Runge-Kutta time discretization

To match accuracy with the space variables,
we construct the time discretization with second

order accurate Runge-Kutta method "'

= __ Jm At a B, a8,
U(.b, = U,‘.] — [A—J‘(F/*l’/2~j — F/ 1/’2.j) +

At ) )
Ay (Gt — Gy ,,2>}+ AS.,  (10a)

w % % At a fp a fp o
UL = UL
oGty — Gif ) |4 MiS - (L0b)
U;/jj»l — 1Um + le]x (1OC)

2 NUMERICAL EXPERIMENTS

Fig. 1 shows the schematic diagram of com-
putational domain for half of the axisymmetric
plane of the flow field, which is 1.5 in the radial
direction and 3. 5 in the axial direction. The com-
putational domain is discretized with the uniform
mesh size of Axr = Ay = 1/40. On the inflow
boundary GIH, the primitive variables summa-

rized in Table 1 are specified for the calculation,

where the subscript j denotes the nozzle exit val-

ue and oo the supersonic freestream value, Ma..
the Mach number of supersonic {reestream, Ma;
the Mach number at the jet exit, p;/p.. the ratio
of nozzle exit gas stagnation pressure to ambient
gas static pressure, T';/T.. the ratio of nozzle exit
gas stagnation temperature to ambient gas stagna-
tion temperature. r; and R; are the inner and out-
er nozzle radius respectively. At the solid walls of
nozzle EF and FG, the reflecting boundary condi-
tions are imposed. On the upstream boundary DE
the supersonic freestream condition is applied. On
the outer boundary CD, simple wave condition is
used. On the jet axis AB, the symmetric bound-
ary condition is applied. On the downstream
boundary BC, a simple extrapolation is imposed.
The rest of the whole computational domain is

initially assumed to be supersonic freestream con-

ditions.

E F
;‘G
A B

H

Fig.1 Computational domain

Table 1 Test conditions

Case Ma.. Ma, p;/p. T,/T. r R
1 2.0l 25 1.0 1.0 0.3 O
2 2,00 25 6.0 1.0 0.3 O
3 2,00 25 6.0 30 0.3 O

<
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Fig. 2 shows the property contours of super-
sonic flow including the density and pressure cor-
responding to Case 1. As shown in Fig. 2, the
exhaust jet is compressed by the supersonic
freestream around the lip of the nozzle exit, also
the Mach disc structure almost disappears near
the jet upstream. Meanwhile, two oblique shock
waves, contact discontinuity jet shock wave and
bottle shock wave are formed. Behind the first
oblique shock wave are the expansion waves
around the lip of the nozzle exit and under the

second oblique shock wave is jet shock wave.

These expansion waves propagate across the jet
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flow and are reflected back into the jet as com-
pression waves from the jet boundary, and then
an incident shock formed. Later a reflected shock
wave appears when the incident shock encounters
the jet centerline and intersects with jet shock
wave. Overall, agreements of several primary
flow characteristics between the numerical results

[ obtained un-

and the experimental shadowgraph
der the same flow condition, as shown in Fig. 2
(c), are reasonably well. It indicates that the nu-
merical results obtained by positive schemes are
reliable.

Fig. 3 shows the property contours of super-
sonic flow including the density and pressure cor-
responding to Case 2. In Fig. 3, a lambda shock

wave appears which is composed of the oblique

1.5

(c) Experimental shadowgraph”

Fig. 2 Contours for Case 1 and experimental shadow-

graph

shock wave and the jet shock wave, due to the in-
teractions between the supersonic {reestream and
the exhaust underexpanded jet. Between the
oblique shock and jet shock, a contact discontinu-
ity exists. The underexpanded jet is compressed
by the supersonic freestream around the lip of the
nozzle exit, and a reflected shock wave appears in
the jet centerline which can also be observed in
Case 1. But the distance between the reflection
point, which beyond the computational domain,
and the nozzle exit plane is much longer than the
counterpart of Case 1. Besides, the angle formed
by the oblique shock wave at the corner of the
nozzle exit is also much larger. Again, as can be
readily seen, there are good agreements between
the experimental configurations of Ref. [1] and

the computational results.
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Fig. 3 Contours for Case 2 and experimental shadow-

graph
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Fig. 4 shows the property contours of super-
sonic flow including the density, pressure and
Mach number corresponding to Case 3. From
these contours it can be seen that good resolution
is also achieved. Comparised with the results of
Case 2 show that when keeping the Mach number
of supersonic freestream and the ratio of nozzle
exit gas stagnation pressure to ambient gas static
pressure invariant, as the temperature of the ex-
haust jet increasing, the angle caused by the
oblique shock wave is almost without changing.
But the distance between the reflection point and
the nozzle exit plane become much smaller. These
phenomenon can also be found in Ref. [5].

Fig. 5 shows the comparisons of the resulting

distributions of the pressure along the nozzle wall
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0

-1.5 L AN '

(c) Mach contours

Fig. 4 Contours for Case 3

corresponding to the Case 1 and Case 2, which
are obtained by the positive schemes numerically
and by Agrell and White"'J experimentally respec-
tively, where p/p.. is the ratio of local gas pres-
sure to ambient gas static pressure. Excellent
agreements between the experimental measure-
ments and the numerical solutions are found. In
general, as shown in Fig. 5, the pressures of noz-
zle wall show almost no change except slightly de-
creasing near nozzle exit. In fact, as the super-
sonic external flow over the missile afterbody the
jet shock is compressed by the supersonic

freestream, the nozzle wall pressure almost equal

to the ambient gas pressure.
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(a) Case 1
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Fig. 5 Pressure distribution on nozzle wall

Fig. 6 shows the comparisons of centerline
gas pressure distributions corresponding to Case
1, Case 2 and Case 3, which are obtained by TVD
scheme with second order accuracy and RKDG fi-
nite element method with third order accuracy re-
spectively, where p/p;is the ratio of local gas
pressure to jet exit gas stagnation pressure. The
comparisons between the computed results ob-
tained by presented method and those of Ref. [ 6]

using the RKDG finite element method show good



260 Transactions of Nanjing University of Aeronautics &. Astronautics

Vol. 28

agreement, which indicates positive schemes has
high ability to capture shock waves. And the
comparisons with numerical results of Ref. [ 5]
using the TVD scheme show relatively good
agreement, although same discrepancies exist.
Those discrepancies are probably attributed to the
difference of the ability to capture discontinuous
points between the two methods. When the inci-
dent shock wave reflected on the jet centerline,
the Mach number reduces and the pressure in-
creases rapidly. As shown in Figs. 6 (a,c), the
computed results obtained by the positive schemes
have much larger pressure gradient than those of
TVD scheme, which indicates the presented
method have much higher ability to capture the

discontinuous points.
2.0

—Positive schemes

(a) Casel

—Positive schemes
G

10 15 20 25 30 35
X
(b) Case2

1.0 —Positive schemes
[ ]

10 15 2'.0x 25 30 35
(c) Case3

Fig. 6 Pressure distribution along jet axis

3 CONCLUSION

A detailed computational study is made for a

Ma 2. 01 external supersonic flow over a missile
afterbody with supersonic centered propulsive jet
exit Ma 2.5, using the developed second order ac-
curate positive schemes method. Qualitative fea-
tures of the extremely complex flow-field struc-
tures due to the interactions between the super-
sonic jet exhausting from the nozzle and the exter-
nal supersonic flows, such as external compres-
sion shock, exhaust plume shape and trailing
shock observed in experiments are successfully re-
produced by the presented method. Also the in-
fluence of the supersonic afterbody jet flow fields
is investigated by different pressure ratios and
temperature ratios. Comparisons of computed re-
sults with experimental data and the existing nu-
merical results obtained by RKDG finite element
method and TVD scheme justify the proposed
method used for the numerical simulation of such

complex flow fields.
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