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Abstract:AlatticeBoltzmannfluxsolver(LBFS)ispresentedforsimulationoffluidflows.Liketheconventional

computationalfluiddynamics(CFD)solvers,thenewsolveralsoappliesthefinitevolumemethodtodiscretizethe

governingdifferentialequations,butthenumericalfluxatthecellinterfaceisnotevaluatedbythesmoothfunction

approximationorRiemannsolvers.Instead,itisevaluatedfromlocalsolutionoflatticeBoltzmannequation(LBE)

atcellinterface.TwoversionsofLBFSarepresentedinthispaper.Oneistolocallyapplyone-dimensionalcom-

pressiblelatticeBoltzmann(LB)modelalongthenormaldirectiontothecellinterfaceforsimulationofcompressi-
bleinviscidflowswithshockwaves.Theotheristolocallyapplymulti-dimensionalLBmodelatcellinterfacefor

simulationofincompressibleviscousandinviscidflows.Thepresentsolverremovesthedrawbacksofconventional

latticeBoltzmannmethod(LBM)suchaslimitationtouniform mesh,tie-upofmeshspacingandtimeinterval,

limitationtoviscousflows.Numericalexamplesshowthatthepresentsolvercanbewellappliedtosimulatefluid

flowswithnon-uniformmeshandcurvedboundary.
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1 Introduction

Computationalfluiddynamics(CFD)isto
applyanumerical methodtosolvegoverning
equationsoffluidflowsonthecomputer.Among
variousnumericalmethodsavailable[1-8],thefi-
nitevolumemethod(FVM)isthemostpopular
approachinCFD.Thisisbecausenumericaldis-
cretizationbyFVMisinlinewithapplicationof

physicalconservationlawstoacontrolcell.The
discreteformsofgoverningequationsbyFVM
usuallyinvolvetheconservativevariablesatcell
centersandnumericalfluxesatcellinterfaces.
Fromnumericalpointofview,onlytheconserva-
tivevariablesatcellcentersaredefinedasun-
knowns,whichcanbegivenfromthesolutionof
discretegoverning equations.In thesolution

process,weneedtouseconservativevariablesat
cellcenterstoevaluatenumericalfluxesatcellin-
terfaces.Thisprocessisoftentermedfluxsol-
ver.Currently,therearethreemajorfluxsolvers
inCFD.Oneisbasedonthesmoothfunctionap-
proximation.Inthissolver,asmoothfunction,

whichcouldbeapolynomial[9]oraradialbasis
function[10],isappliedtoapproximatethesolu-
tioninthelocalregion.Thecoefficientsinthe
smoothfunctioncanbedeterminedbycollocation
method.Oncethesmoothfunctionisdecided,its
integralorderivativecanbegiveninastraight-
forwardway.Itshouldbenotedthatthissolver
isamathematicalapproach,whichcanbeapplied
togeneralengineeringproblems.However,this
solvercannotresolvediscontinuityproblemssuch
ascompressibleflowswithshockwave.Tore-
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solveshockwaveproblemsinCFD,theRiemann
solverorapproximateRiemannsolverisoften
used.Thepioneer workinthiscategory was
madebyGodunov[11],whosimplifiedthecom-
pressibleflowintoaseriesofRiemannproblems
andthensolvedone-dimensional(1D)Eulerequa-
tionstogetlocalsolution.AftertheworkofGo-
dunov[11],variousapproximateRiemannsolvers
werepresented[12-16].Thesesolversusuallypur-
sueapproximatesolutionof1DEulerequationsa-
longthenormaldirectiontothecellinterface.
Thus,theycanonlybeusedtoevaluateinviscid
flux.Forcompressibleviscousflows,theviscous
fluxisstillevaluatedbythesmoothfunctionap-
proximation.Intheliterature,thereisanother
typeoffluxsolvercalledgaskineticfluxsol-
ver[17-19],whichevaluatesinviscidandviscousflu-
xessimultaneouslyfromlocalsolutionofmulti-
dimensionalBoltzmannequation.Thesolversin
thiscategorycanbewellappliedtosimulateboth
incompressibleandcompressibleflows.Butthey
areusually morecomplicatedandlessefficient
thanthesmoothfunction-basedsolversandRie-
mannsolvers.Inthispaper,wewillpresenta
newfluxsolver,whichisbasedonlocalsolution
oflatticeBoltzmannequation(LBE).

Inrecentyears,latticeBoltzmann method
(LBM)[20-32]hasreceivedmoreandmoreattention
duetoitssimplicity,easyimplementationand
parallelnature.InLBM,thedensitydistribution
functionsaretakenasunknownsandLBEisan
algebraicformulation.Oncethedensitydistribu-
tionfunctionsareknownataphysicallocation,

themacroscopicflowvariablessuchasdensity
andvelocitycanbeeasilycomputedfromlocal
conservationlawsofmassandmomentum.No
differentialequation and solution ofalgebraic
equationsareinvolvedintheLBEsolver.Onthe
otherhand,itisindicatedthatLBEsolversalso
sufferfromsomedrawbacks.Duetouniformity
ofthelattice,thestandardLBEsolverislimited
tothesimplegeometryanduniform mesh.For
complexgeometryandapplicationonthenon-uni-
form mesh,additionaleffortssuchasinterpola-
tionhavetobeincorporated.Theprocessmayin-

creasethecomplexityofthesolver,andrequires
additionalcomputationaleffortandvirtualstor-
age.Theseconddrawbackisthetie-upoftime
interval with mesh spacing. This drawback
makestheadaptiveandmulti-blockcomputation
ofLBEsolversextremelycomplicated.Inaddi-
tion,LBEsolversneed morememorytostore
densitydistributionfunctionsthanthe Navier-
Stokes(N-S)solvers.Anotherdrawbackisthat
LBEsolverscanonlybeappliedtosimulatevis-
cousflows.Furthermore,thephysicalboundary
conditionssuchasgivenpressurecannotbeim-
plementeddirectlyintheLBEsolver.Aswillbe
showninthispaper,alltheabovedrawbacksof
LBEsolversarecompletelyremovedbythelattice
Boltzmannfluxsolver(LBFS).

LBFSisbasedonChapman-Enskog (C-E)

expansionanalysis,whichisabridgetolinkN-S
equationsandLBE.Usually,theC-Eanalysisis
appliedinthewholeflowdomaintoverifythat
themacroscopicflowvariablesobtainedbyLBE
solversatanyphysicallocationandanytimelevel
cansatisfyN-Sequations.Ontheotherhand,it
wasfoundthattheC-Eanalysiscanbeappliedat
anylocationwithinasmallstreamingstep.This
ideahasbeenwellappliedbyXu[17]inthedevel-
opmentofgaskineticscheme,wherethefluxat
thecellinterfaceiscomputedbylocalsolutionof
BGKequation.Inthiswork,thenumericalfluxes
atthecellinterfaceareevaluatedbylocalrecon-
structionofLBEsolution.TwoversionsofLBFS
arepresentedinthiswork.Oneistolocallyapply
1DcompressibleLBmodelalongthenormaldi-
rectionofcellinterfaceforevaluationofinviscid
flux.Thisversionisonlyapplicableforsimula-
tionofcompressibleinviscidflows.Theotheris
tolocallyapply multi-dimensionalLB modelat
thecellinterfaceforevaluationofviscousandin-
viscidfluxessimultaneously.Theperformanceof
presentLBFSwillbeinvestigatedthroughsome
testexamples.Numericalresultsdemonstrate
thatLBFScanaccuratelyandeffectivelysimulate
fluidflowswithcurvedboundaryandnon-uni-
form mesh.Italsoremovesthedrawbacksof
conventionalLBM.
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2 Lattice Boltzmann Flux Solver
(LBFS)forCompressibleInvis-
cidFlows

TheintegralformofEulerequationswithout
sourcetermcanbewrittenas

∂
∂t∫Ω

WndΩ+∮Γ
FndS=0 (1)

wheretheconservativeflowvariablesW andin-
viscidfluxFnaregivenby
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whereρandparethedensityandpressureofthe
meanflow,respectively.U=(u,v,w)istheve-
locityvectorintheCartesiancoordinatesystem
andn=(nx,ny,nz)denotestheunitnormalvector
onthecontrolsurface.Unrepresentsthenormal
velocity,whichisdefinedasthescalarproductof
thevelocityvectorandtheunitnormalvector,

i.e.
Un =nxu+nyv+nzw (3)

Eisthetotalenergyofthemeanflow,whichis
definedas

E=e+12 u2+v2+w( )2 (4)

Heree=p/ γ( )-1[ ]ρ isthepotentialenergyof
themeanflow,andγisthespecificheatratio.
Onthecontrolsurface,thetangentialvelocity
Uτ= Uτx,Uτy,Uτ( )z canbecomputedby

Uτ= Uτx,Uτy,Uτ( )z =U-Unn (5)

ApplyingEq.(1)toacontrolvolumegives

dWI

dt =-1ΩI∑
Nf

i=1
FnidSi (6)

whereIistheindexofacontrolvolume,ΩIand
Nfrepresentthevolumeandthenumberofthe
facesofthecontrolvolumeI.dSidenotesthe
areaoftheithfaceofthecontrolvolume.Asin-
dicatedintheintroduction,thefluxsolverneeds
toreconstructnumericalfluxFnateachcellinter-
facefromtheconservativevariablesWIatcell

centers.Inthissection,Fn willbecomputed
fromthesolutionof1DcompressibleLBmodelto
alocalRiemannproblem.When1DLBmodelis
appliedalongthenormaldirectiontothecellin-
terface,onlydensity,pressureandnormalveloci-
tyareinvolved.Thus,beforeweaddresshowto
applythe1DcompressibleLB modeltorecon-
structFn,itisbettertorewriteexpressionofFn

intermsofdensity,pressure,normalvelocity
andtangentialvelocity.FromEq.(5),wecanex-
pressthevelocitycomponentsintheCartesianco-
ordinatesystemintermsofnormalvelocityand
tangentialvelocityas

u=Unnx +Uτx

v=Unny +Uτy

w=Unnz+Uτz

(7)

UsingEq.(7)andtheexpressionofpotentialen-
ergy,Fncanberewrittenas

Fn =

ρUn

(ρUnUn +p)nx +ρUnUτx

(ρUnUn +p)ny +ρUnUτy

(ρUnUn +p)nz+ρUnUτz
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(8)

ItcanbeseenclearlyfromEq.(8)that,toevalu-
atenumericalfluxFn,weneedtoknowtheden-
sity,pressure,normalvelocityandtangentialve-
locityatthecellinterface.Thistaskcanbeful-
filledbylocalapplicationof1DcompressibleLB
modeltotheRiemannproblemdefinedatcellin-
terface.Inthis work,thenon-freeparameter
D1Q4LB modelpresentedin Ref.[33-34]is
adopted.Thismodelisderivedfromconservation
formsofmoments,whichcanbeusedtosimulate
hypersonicflowswithstrongshockwaves.The
non-freeparameter D1Q4 modelisshownin
Fig.1.Theequilibriumdistributionfunctionsand
latticevelocitiesofthismodelaregivenbelow,

g1=ρ-d1d22-d22u+d1u2+d1c2+u3+3uc( )2

2d1 d21-d( )22

g2=ρ-d1d22+d22u+d1u2+d1c2-u3-3uc( )2

2d1 d21-d( )22

Fig.1 Configurationofnon-freeparameterD1Q4model
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g3=ρd21d2+d21u-d2u2-d2c2-u3-3uc( )2

2d2 d21-d( )22

g4=ρd21d2-d21u-d2u2-d2c2+u3+3uc( )2

2d2 d21-d( )22

(9)

d1= u2+3c2- 4u2c2+6c4

d2= u2+3c2+ 4u2c2+6c4 (10)

wheregiistheequilibriumdistributionfunction
intheithdirectionofphasespace,diisthelattice
velocityintheithdirection,cisthepeculiarve-

locityofparticlesdefinedasc= Dγ( )-1e(Dis
thedimensionofspace).Notethatwhenthe
above1Dmodelisappliedalongthenormaldirec-
tiontothecellinterface,uhastobereplacedby
Un.

Next,wewillshowhowtoapplythenon-
freeparameterD1Q4modeltoevaluateFnatcell
interface.AsshowninFig.1,atanyphysicallo-
cation,D1Q4 modelhas4 moving particles.
Now,weconsideralocal Riemann problem
aroundacellinterfaceasshowninFig.2.To
computeFn,weneedtoknowdistributionfunc-
tionsof4movingparticlesatthecellinterface.In
theframeworkofLBM,themovingparticlesare
actuallystreamedfromneighbouringpoints.As
illustratedinFig.3,bygivingastreamingstep
δt,particles1and3fromleftsideofinterfacewill
streamtothecellinterfacewhileparticles2and4
fromrightsideofinterfacewillalsostreamtothe
cellinterface. Mathematically,the streaming
processprovidesthedistributionfunctionsoffour
movingparticlesatcellinterfaceas

finterfacei =
gL

i if i=1,3

gR
i if i=2,{ 4

(11)

wheregL
iandgR

i aretheequilibriumdistribution
functionsattheleftandrightsidesofcellinter-
face.FortheRiemannproblem,theyaregiven
frominformationatleftandrightcellcenters.

Fig.2 ConfigurationofaRiemannproblem

Fig.3 StreamingprocessofD1Q4modelatthecell
interface

Withflowvariables,theycanbecomputedby
usingEq.(9).WithEq.(11),therearetwobasic
waystoevaluatethenumericalfluxFnatthecell
interface.Thefirstwayistocomputetheflow
variables(density,pressureandnormalvelocity)

first,andthensubstitutethemintoEq.(8)to
computeFn.Thedensity,normalvelocityand
pressurecanbecomputedby

ρ=∑
4

i=1
finterfacei (12a)

ρUn =∑
4

i=1
finterfacei ei (12b)

1
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whereeiisthelatticevelocity,e1=d1,e2=-d1,

e3=d2,e4=-d2,λ= 1-D
2 γ( )
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tentialenergyofparticles(Disthedimensionof
spaceandtakes1forthe1Dmodel).Thetangen-
tialdensityUτatthecellinterfacecanbegiven
frommeanvalueofUL

τandUR
τ,whereUL

τandUR
τ

arethetangentialvelocityattheleftandright
sideofcellinterface,respectively.Alternatively,

itcanbeapproximatedby

ρUτ=∑
4

i=1
finterfacei ·Uτ=

∑
i=1,3

gL
i·UL

τ +∑
i=2,4

gR
i·UR

τ (13)

Oncethedensity,pressure,normalvelocityand
tangentialvelocityatthecellinterfacearecompu-
tedbyEqs.(12—13),theycanbesubstitutedin-
toEq.(8)tocomputeFn.Thiswayisequivalent
touseequilibrium distributionfunctionsatthe
cellinterfacetocomputeFn.FromCEanalysis,

thiswayhasverylittlenumericaldissipation,

whichmaynotbeabletogetstablesolutionfor
problemswithstrongshockwaves.Tocompute
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Fnwithnumericaldissipation,wecanusedistri-
butionfunctiongiveninEq.(11)tocomputeFn

directly.Infact,ρUninFnhasbeencalculatedby
Eq.(12b).OthertermsinFncanbecomputedby
thefollowingformulations

ρUnUn +p=∑
4

i=1
finterfacei eiei (14)
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SimilartoEq.(13),ρUnUτandρUn|Uτ|2canbe
approximatedby

ρUnUτ=∑
4

i=1
finterfacei ei·Uτ=

∑
i=1,3

gL
iei·UL

τ +∑
i=2,4

gR
iei·UR

τ (16)

ρUn|Uτ|2=∑
4

i=1
finterfacei ei·|Uτ|2=

∑
i=1,3

gL
iei·|UL

τ|2+∑
i=2,4

gR
iei·|UR

τ|2 (17)

Overall,the basicsolution procedureofthis
LBFScanbesummarizedbelow:

(1)Atfirst,weneedtochoosea1DLB
modelsuchasnon-freeparameterD1Q4model.
TheLBmodelprovidesexpressionsforequilibri-
umdistributionfunctionsandlatticevelocities.

(2)Fortheconsideredcellinterfacewithu-
nitnormalvectorn=(nx,ny,nz),obtainflow
variables (density,pressure,velocitycompo-
nents)attheleftandrightsidesofinterfacefrom
twoneighbouringcellcenters(MUSCLinterpola-
tion withlimiter maybeusedforhigh-order
schemes).ThenuseEqs.(3,5)tocalculatethe
normalandtangentialvelocitiesattheleftand
rightsidesofinterface.

(3)UseEq.(9)tocalculategL
1,gL

3,gR
2,gR

4by
usingdensity,pressureandnormalvelocity.

(4)Computethedensity,normalvelocity,

pressureandtangentialvelocityatthecellinter-
facebyusingEqs.(12—13),andthensubstitute
themintoEq.(8)tocalculatenumericalfluxFn.
Alternatively,useEqs.(12b),(14—17)tocom-
puteFndirectly(thiswayisrecommendedforhy-
personicflowswithstrongshockwaves).

(5)Oncenumericalfluxesatallcellinter-
facesareobtained,solveordinary differential

equations (6)by using 4-stage Runge-Kutta
scheme.

Forsimulationofviscousflows,onealso
needstouseasmoothfunctiontoapproximate
theviscousflux.

3 Lattice Boltzmann Flux Solver
(LBFS) for Incompressible
Flows

FromC-Eexpansionanalysis[22,32],thein-
compressibleNavier-Stokes(N-S)equations

∂ρ
∂t+∇·(ρu)=0 (18)

∂ρu
∂t =-∇·(ρuu)-∇p+ν∇·

∇ρu+(∇ρu)[ ]T =-∇·Π (19)

canberecoveredbythefollowingLBE
fα(r+eαδt,t+δt)=fα(r,t)+

feqα(r,t)-fα(r,t)
τ

,α=0,1,…,N (20)

whereρisthefluiddensity,utheflowvelocity
andpthepressure.rrepresentsaphysicalloca-
tion,τisthesinglerelaxationparameter;fαis
thedensitydistributionfunctionalongtheαdirec-
tion;feqαisitscorrespondingequilibriumstate;δt

isthestreamingtimestepandeαistheparticle
velocityintheαdirection;Nisthenumberof
discreteparticlevelocities.Therelationshipsbe-
tweenthedensitydistributionfunctionsandflow
variablesaswellasfluxesintheN-Sequations
are

ρ=∑
N

α=0
feqα (21)

ρuγ=∑
N

α=0
eαγfeq

α (22)

Πβγ =∑
N

α=0
eαβeαγ feqα + 1-12
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è
ç

ö

ø
÷

τεf(1)é

ë
êê

ù

û
úúα (23)

whereβandγrepresentthespacecoordinatedi-
rections,andeαβisthecomponentofthelattice
velocityvectoreαintheβ-coordinatedirection.As
showninRef.[22,32],torecoverN-Sequations
byEq.(20),εf(1)

α canbeapproximatedby

fneq
α ≈εf ( )1

α =-τδt
∂
∂t+eα·æ

è
ç

ö

ø
÷∇ feqα (24)

SubstitutingEq.(24)intoEq.(23)gives
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Πβγ =∑
N

α=0
eαβeαγ feqα + 1-12
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Theequilibriumdistributionfunctionfeqα depends
onthelatticevelocitymodelused.Forexample,

whenthefollowingtwo-dimensionalD2Q9lattice
velocitymodel
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isused,feqαcanbegivenby

feqα r,( )t =ρwα 1+eα·u
c2s + eα·( )u 2- cs( )u 2

2c
é

ë
êê

ù

û
úú4

s

(27)

wherec=δx/δt,δxisthelatticespacing.Forthe
caseofδx=δt,whichisoftenusedinthelitera-
tureandalsoadoptedinthiswork,cistakenas
1.Thecoefficientswαandthesoundspeedcsare
givenas:w0=4/,w1=w2=w3=w4=1/9and

w5=w6=w7=w8=1/36.cs=c/3.Therelaxa-
tionparameterτislinkedtothekinematicviscos-
ityoffluidthroughC-Eexpansionanalysisbythe
followingrelationship

υ= τ-æ

è
ç

ö

ø
÷

1
2 c2sδt (28)

  Thepressurecanbecalculatedfromthe
equationofstateby

p=ρc2s (29)

UsingEqs.(22)and (23),forthetwo-dimen-
sionalcase,Eqs.(18)and(19)canberewritten
as

∂W
∂t+∂E∂x+∂F∂y=0 (30)

where

W =
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Px =∑
N

α=0
eαxfeq

α (32a)

Py =∑
N

α=0
eαyfeq

α (32b)

Πxx =∑
N

α=0
eαxeαx feqα + 1-12
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  Whenacell-centeredFVMisappliedtosolve
Eq.(30),theflowpropertiesρandρuatthecell
centercanbeobtainedbymarchingintime.The
fluxesatthecellinterfacecanbeevaluatedbylo-
calreconstructionofLBMsolution.Byintegra-
tingEq.(30)overacontrolvolumeΩi,wehave

dWi

dt =- 1
ΔVi∑k RkΔSk

Rk= nxE+ny( )F k

(34)

whereΔViisthevolumeofΩi,andΔSkisthear-
eaofthekthcontrolsurfaceenclosingΩi.nxand
nyarethexandycomponentsoftheunitoutward
normalvectoronthekthcontrolsurface.Obvi-
ously,oncethefluxesatallcellinterfacesare
known,Eq.(34)canbesolvedbywellestab-
lishednumericalschemessuchasthe4-stage
Runge-Kuttamethod.Thus,theevaluationof
fluxRkatthecellinterfaceisthekeyinthesolu-
tionprocess.ThedetailedexpressionofRkde-
pendsonthelatticevelocitymodel.Bydefining
f*

α as

f*
α =feqα + 1-12

æ

è
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ø
÷

τfneq
α (35)

WhentheD2Q9latticevelocitymodelisused,Rk

canbewrittenindetailasfollows
Rk=
nx feq1 -feq3 +feq5 -feq6 -feq7 +feq( )8 +ny feq2 -feq4 +feq5 +feq6 -feq7 -feq( )8

nx f*1 +f*3 +f*5 +f*6 +f*7 +f*( )8 +ny f*5 -f*6 +f*7 -f*( )8

nx f*5 -f*6 +f*7 -f*( )8 +ny f*2 +f*4 +f*5 +f*6 +f*7 +f*( )

æ

è

ç
ç
ç
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ø
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8 k

(36)

Obviously,thekeyissueintheevaluationofthe
fluxRkistoperformanaccurateevaluationoffeqα
andf*

α atthecellinterface.Inthefollowing,we
willshowthedetailedcalculationoffeqαandf*

α at
thecellinterface.

Consideracellinterfacebetweentwocontrol
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cellsΩiandΩi+1asshowninFig.4.Itisassumed
thatthephysicallocationforthetwocellcenters
andtheirinterfaceisri,ri+1andrrespectively.

Fig.4 LocalreconstructionofLBMsolutionatacell

interface

UsingTaylorseriesexpansion,wehave

feqα(r,t)-feqα(r-eαδt,t-δt)=

δt
∂
∂t+eα·æ

è
ç

ö

ø
÷∇ feqα +O(δ2t) (37)

FromEqs.(37)and(24),wecangetthefollow-
ingform

fneq
α (r,t)=fneq

α (r-eαδt,t-δt)=

-τfeqα(r,t)-feqα(r-eαδt,t-δt[ ])+O(δ2t)
(38)

Eq.(38)showsthatoncewehavetheequilibrium

distributionfunctionsfeqα (r,t),feqα (r-eαδt,t-

δt)atthecellinterfaceanditssurrounding

points,wecanhavethefullinformationofdistri-
butionfunctionattheinterface.Notethattheap-
proximationforEq.(38)isthesecondorderof

accuracyinδt.UsingEq.(27),theequilibrium

distributionfunctionfeqα canbecomputedfrom
thefluiddensityρandflowvelocityu.Withthe

givendensityandvelocityatthecellcenter,the
respectivedensityandvelocityatlocation (r-
eαδt)canbeeasilyobtainedbyinterpolation.One

ofinterpolationformscanbewrittenas

ρ(r-eαδt)=

ρ(ri)+(r-eαδt-ri)·∇ρ(ri),

whenr-eαδtisinthecellΩi

ρ(ri+1)+(r-eαδt-ri+1)·∇ρ(ri+1),

whenr-eαδtisinthecellΩi

ì

î

í

ï
ïï

ï
ïï

+1

(39)

u(r-eαδt)=

u(ri)+(r-eαδt-ri)·∇u(ri),

whenr-eαδtisinthecellΩi

u(ri+1)+(r-eαδt-ri+1)·∇u(ri+1),

when r-eαδtisinthecellΩ

ì

î

í

ï
ïï

ï
ïï

i+1

(40)

Withcomputedρ(r-eαδt)andu(r-eαδt)by
Eqs.(39,40),feqα(r-eαδt,t-δt)canbecalculat-
edbyEq.(27).Now,weareonlylefttodeter-
minefeqα(r,t)asshowninEq.(38).Again,with
Eq.(27),thecalculationoffeqα(r,t)isequivalent
tocomputingρ(r,t)andu(r,t).UsingEqs.(21,

22),theconservativevariablesρandρucanbe
computedby

ρ(r,t)=∑
N

α=0
fα(r,t) (41)

ρ(r,t)u(r,t)=∑
N

α=0
fα(r,t)eα (42)

Sincefαcanbewrittenasfeqα+fneq
α ,applicationof

Eq.(20)atthecellinterfaceleadsto

fα(r,t)=feqα(r-eαδt,t-δt)+

1-1æ

è
ç

ö

ø
÷

τ fneq
α (r-eαδt,t-δt) (43)

Furthermore,by substituting Eq.(38)into
Eq.(43),weobtain

fα(r,t)=(1-τ)feqα(r,t)+τfeq
α(r-eαδt,t-δt)

(44)

Equation(44)isactuallyequivalenttofα(r,t)=

feqα (r,t)+fneq
α (r,t).Finally,Summationof

Eq.(44)overαandapplyingthecompatibility
conditiongives

ρ(r,t)=∑
N

α=0
feqα(r-eαδt,t-δt) (45)

ρ(r,t)u(r,t)=∑
N

α=0
feqα(r-eαδt,t-δt)eα(46)

wherefeqα(r-eαδt,t-δt)hasalreadybeencalcu-
latedpreviously.Oncefeqα (r-eαδt,t-δt)and

feqα(r,t)areobtained,fneq
α canbeapproximated

usingEq.(38),andf*
α canbeeasilycomputed

fromEq.(35).
Eqs.(45,46)showthattheconservative

flowvariablesatthecellinterfacearefullydeter-
minedfromtheequilibriumdistributionfunctions
atthesurroundingpoints.Asequilibriumdistri-
butionfunctionsonlydependonthemacroscopic
flowvariables,thereisnoneedtostorethedensi-
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tydistributionfunctionsforallthetimelevels.In
fact,atanytimestep,welocallyreconstructa
LBMsolutionateachcellinterfaceindependent-
ly.Thereconstructionprocessisappliedlocally
andrepeatedfromonetimeleveltoanothertime
level.Overall,thebasicsolutionprocedureof
LBFScanbesummarizedbelow:

(1)Atbeginning,weneedtochoosealattice
velocitymodelsuchasD2Q9 model.Thenwe
needtospecifyastreamingtimestepδt.The
choiceofδtshouldsatisfytheconstraintthatthe
locationof(r-eαδt)mustbewithineitherthe
cellΩiorthecellΩi+1.NotethataslocalLBM
solutionisreconstructedateachcellinterface,

differentinterfacescouldusedifferentδt.This

providesagreatflexibilityforapplicationifwe
usenon-uniform meshorsolveproblemswitha
curvedboundary.Onceδtischosen,thesingle
relaxationparameterτinLBFSiscalculatedby
Eq.(28).

(2)Fortheconsideredinterfacepositionr,i-
dentifyitssurroundingpositions(r-eαδt),and
thenuseEqs.(39,40)tocomputethemacro-
scopicflowvariablesatthosepositions.

(3)UseEq.(27)tocalculatetheequilibrium
densitydistributionfunctionfeqα(r-eαδt,t-δt).

(4)Computethemacroscopicflowvariables
atthecellinterfacebyusingEqs.(45)and(46),

andfurthercalculatefeqα(r,t)byEq.(27).
(5)Calculatefneq

α (r,t)byusingEq.(38).
(6)Computethefluxesatthecellinterface

byEq.(36).
(7)Oncefluxesatallcellinterfacesareob-

tained,solveordinarydifferentialEq.(34)by
using4-stageRunge-Kuttascheme.

ItisindicatedthatthepresentLBFScanbe
usedto simulate bothincompressible viscous
flowsandincompressibleinviscidflows.Forthe
inviscidflow,wejustsimplysetτ=0.5.Anoth-
erpointtonoteisthatthetimemarchingstep
usedinsolvingEq.(34)andthestreamingtime
stepδtusedinLBFSareindependent.δtcanbe
selecteddifferentlyatdifferentinterfaceanddif-

ferenttimelevel.Numericalexperimentsshow
thatδthasnoeffectonthesolutionaccuracy.

4 NumericalExamplesandDiscus-
sion

Inthissection,thedevelopedLBFSisvalida-
tedbyitsapplicationtosolvesometestprob-
lems.Inallfollowingsimulations,thenon-free

parameterD1Q4model[33-34]isusedforsimulation
ofcompressibleinviscidflows,andtheD2Q9lat-
ticevelocity modelisappliedforsimulationof
two-dimensionalincompressibleviscousflows.

4.1 Simulationoftwo-dimensionalcompressible
inviscidflows

Atfirst,theLBFSdevelopedinSection2
willbeappliedtosimulatethreetwo-dimensional
compressibleinviscidflows.Theyaretheflowa-
roundaNACA0012airfoil,theflowaroundafor-
wardfacingstep,andtheflowaroundacircular
cylinder.FortheflowaroundtheNACA0012air-
foil,thefree-streamMachnumberistakenas0.8
andtheangleofattackischosenas1.25°.Un-
structuredgridwith10382cellsisusedfornu-
mericalcomputation.BothLBFSandRoescheme
areappliedtosolvethisproblem onthesame
computationalmesh.Itwasfoundthatthepres-
surecoefficientdistributionsobtainedbyLBFS
andRoeschemeareclosetoeachother.Thelift
anddragcoefficients (ClandCd)obtainedby
LBFSarerespectively0.3041and0.0237,

whichagreewellwiththeresultsgivenfromRoe
scheme(Cl=0.2836,Cd=0.0215)andthoseof

StolcisandJohnston[35](Cl=0.3397,Cd =
0.0228).Fig.5showsthepressurecontours
aroundtheairfoil.Ascanbeseenclearly,the
shockwaveontheuppersurfaceiswellcaptured
bypresentsolver.Thesecondtestexamplein
thispartisastationaryflow (Mach number
equals3)hittingarectangularstep.Thisproblem
hasbeenwellstudiedby WoodwardandColel-
la[36],andisoftenusedtoinvestigateperform-
anceofnewnumericalmethodsforcapturingthe
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shock waves.Inourcomputation,auniform
meshsizeof300×100isused.Fig.6showsthe
densitycontourscomputedbypresentsolver.
Ourresultsareingoodagreementwiththosein
Ref.[36].Itisnotedthatnospecialtreatment
aroundstepcornerismadeinthepresentcompu-
tation,whichisoftenneededbyconventional
schemes.Tofurtherexplorethecapabilityof
presentsolverforsimulationofhypersonicflows
withstrongshockwaves,theflowaroundacircu-
larcylinderissimulated.Forthiscase,auniform
meshsizeof160×40inthecylindricalcoordinate
systemisused.Itiswellknownthatforthis
problem,conventionalnumericalschemessuchas
Roeschememayencounterthe″carbunclephe-
nomenon″infrontofcylinder whenthefree
stream Machnumberishigh.The″carbuncle
phenomenon″maybeduetounsatisfyingofentro-
pyconditionandnegativevalueofdensityinthe
localregion.Wehaveuseddifferentfree-stream
Machnumberstotestsimulationofthisproblem
byLBFS.Forallthecasestested (free-stream
Machnumberupto100),no″carbunclephenom-

Fig.5 PressurecontoursaroundNACA0012airfoil

Fig.6 Densitycontoursforflowaroundaforwardfa-
cingstep

enon″wasfoundinthepresentresults.Thiscan
beseenclearlyfromFig.7,whichshowspressure
contoursofMa=3and100.Bothresultsshow
regularpressuredistributionaroundthecylinder.

Fig.7 Pressurecontoursforflowaroundacircular

cylinder

4.2 Simulationofcompressibleinviscidflows
aroundONERAM6wing

ToinvestigatethecapabilityofpresentLBFS
forsolvingpracticalflow problems,thethree-
dimensional(3D)transonic flow around the
ONERA M6wingissimulated.Thisisalsoa
standardtestcasefor3D computations.For
numericalsimulation,thefree-streamMachnum-
beristakenas0.8395andtheangleofattackis
chosenas3.06°.Thepartofcomputationalmesh
isshowninFig.8,whichhas294912cells.The
pressurecontoursobtainedbypresentsolverare

 Fig.8 Partialviewofcomputationalmeshforflow
aroundONERAM6wing
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displayedinFig.9.The″λ″shapeshockwaveon
theuppersurfaceofthewingcanbeseenclearly
inFig.9,whichisinlinewiththeresultin
Ref.[37].Thepressurecoefficientdistributionat
asectionofz/b=0.65isshowninFig.10.Also
includedinFig.10aretheexperimentaldatagiven
inRef.[38].Ascanbeenclearly,thepresentre-
sultsquantitativelycompareverywellwiththe
experimentaldata.

Fig.9 PressurecontoursaroundONERAM6wing

Fig.10 Pressurecoefficientdistributionatsectionof
z/b=0.65onM6wing

4.3 Simulationofincompressiblelid-drivenflow
inasquarecavity

Thelid-drivenflowinasquarecavityisa
standardtestcaseforvalidatingnewnumerical
methodsinsimulationofincompressibleviscous
flows.Theflowpatternofthisproblemisgov-
ernedbytheReynoldsnumberdefinedbyRe=
UL/ν,whereUisthelidspeed,Listhelengthof
thecavity,andνisthekinematicviscosityofflu-
id.Twocasesofthisproblematmoderateand

highReynoldsnumbersof3200and7500are
consideredinthiswork.LBFSintroducedinSec-
tion3willbeappliedtosolvethisproblemand
thefollowingproblems.

Toconductnumericalsimulations,thenon-
uniformgridisgeneratedaccordingtothefollow-
ingformulation

xi=12 1-cosi-1
N-1

æ

è
ç

ö

ø
÷

é

ë
êê

ù

û
úúπ , i=1,2,…,N

(47a)

yj=12 1-cosj-1
M-1

æ

è
ç

ö

ø
÷

é

ë
êê

ù

û
úúπ , j=1,2,…,M

(47b)

whereN andM arethetotalnumberofmesh
pointsinthexandydirectionsrespectively.With
Eq.(47),thenon-uniformgridsof101×101for
Re=3200and121×121forRe=7500areused
respectively.Inthepresentstudy,wesetU=0.1
andL=1.Theinitialflowfieldisatrest.

Table1comparesthelocationsoftheprima-
ryvortexcentersatRe=3200and7500obtained
byLBFSwiththosegivenbyGhiaetal[39].As
canbeseen,themaximumrelativeerrorbetween
presentresultsandthoseofGhiaetal[39]isless
than1.1%.Fig.11displaysu-velocityprofile
alongthehorizontalcenterlineandv-velocitypro-
filealongtheverticalcenterlineoftheconsidered
twocases.Ascanbeseenfromthisfigure,the
presentresultsagreeverywellwiththoseofGhia
etal[39].Fig.12showsthestreamlinesofRe=
3200,7500.Themoststrikingaspectofthis
figureisthattheReynoldsnumberapparentlyhas
uniqueeffectonflow patterns.Secondaryand
tertiaryvorticesappearandevolveintolarger
onesasRebecomeslarge.Theseresultsandob-
servationsareingoodagreementwiththoseof
Ghiaetal[39].
Table1 Locationsofprimaryvortexcentersat

differentReynoldsnumbers

Re
Vortexcenter(x,y)

Ref.[39] Present

3200 (0.5165,0.5469)(0.5186,0.5412)

7500 (0.5117,0.5322)(0.5146,0.5336)
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Fig.11 uandvvelocityprofilesalonghorizontalandverticalcenterlinesforalid-drivencavityflowatRe=3200,7500

Fig.12 Streamlinesofalid-drivencavityflowatRe=
3200,7500

  Notethatforthistestexample,wehavealso
studiedtheeffectofstreamingdistanceinlocal
reconstructionofLBM solution.Itwasfound
thatwhenthestreamingdistanceislessthanhalf
ofmeshspacinginthetwoneighboringcells(this
constraintguaranteesthatonlyinterpolationis
performedineachcell),anyvalueofstreaming
distancewillhavenoeffectontheaccuracyof
solution.Thisisanappealingfeature,whichen-
suresthatLBFScanbeeasilyappliedonnon-uni-
formmesh.

4.4 Simulationofincompressiblepolarcavity
flow

Althoughthecomplexlid-drivencavityflows
havebeensuccessfullysimulatedtovalidatethe
presentsolver,thegeometryofthecavitywhich
onlyinvolvesstraightboundariesisnevertheless
simple.Tofurtherillustratethecapabilityof
LBFSforproblemswithcurvedboundary,apolar
cavityflowissimulatedonbody-fittedmeshes.
Theschematicdiagramandthetypicalnon-uni-
form meshforthis problem are depictedin
Fig.13.AsshowninFig.13,asectorwithanan-
gleofθ=1isboundedbytwostraightwallsand
twocurvedwallswithradiiofRiandRo.Thein-
nercurvedwallrotateswithanazimuthalvelocity
ofUθ.Theflowpatternofthisproblemisgov-
ernedbytheReynoldsnumberdefinedasRe=
UθRi/ν.Inthisstudy,twocasesofRe=60and
1000areconsidered,andthefollowingparame-
tersareapplied:Ri=1.0,Ro=2.0,ρ0=1.0and
Uθ=0.1.Initially,theflowfieldisatrest.
Fig.14showstheradial(ur)andazimuthal(uθ)
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velocityprofilesalongthehorizontallineofθ=
0.5atRe=60and1000.Theexperimentalre-
sultsofFuchsandTillmark[40]andthenumerical
solutionsofShuetal[41]obtainedbyapplying
Taylorseriesexpansion-andleast-square-based
LBM (TLLBM)arealsoincludedforcompari-
son.NotethatthepresentresultsandTLLBM
resultsarebothobtainedonthesamenon-uni-
formgrids,i.e.,61×61forRe=60and81×81
forRe=1000.Itcanbeseenthatgoodagree-
mentshavebeenachievedbetweenthepresentre-
sultsandthoseofFuchsandTillmark[40]andShu
etal[41],whichvalidatethereliabilityofthepres-
entsolverforproblemswithcurvedboundaryand
useofnon-uniform grid.Thestreamlinesare
showninFig.15.Ascanbeseen,withincrease
ofthe Reynoldsnumber,theprimaryvortex
movesupwardandreducesitssize.Atthesame
time,thetwosecondaryvorticesattheupper-
rightandlower-rightcornersenlargetheirsize.
Theseobservationsagree well with those of
FuchsandTillmark[40].

Fig.13 Schematicdiagramandatypicalbody-fitted
meshforflowinapolarlid-drivencavity

4.5 Simulationofflowinducedbyanimpulsively
startedcylinder

Inthispart,LBFSisappliedtosimulatethe
unsteadyflowinducedbyanimpulsivelystarted
circularcylinder.TheReynoldsnumberofthis
flowisdefinedasRe=UD/ν,whereUisthefree-
streamvelocityandDisthediameterofcylinder.
AwiderangeofReynoldsnumbersfrom102to
104areconsideredinthisstudytofurtherdemon-
stratethecapabilityofLBFSforeffectivesimula-

Fig.14 Comparisonofradial(ur)andazimuthal(uθ)

velocityprofilesalongthehorizontallineof
θ=0.5forthepolarcavityflow

Fig.15 StreamlinesforthepolarcavityflowatRe=
60and1000

tionofunsteadyflowsathighReynoldsnumbers.
Inthe presentsimulation,forflows at

Re=550and3000,ameshsizeof301×201is
usedandtheouterboundaryisplacedat15diam-
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etersawayfromthecylindercenter.Fortheflow
atRe=9950,thecomputationalmeshissetas
301×351andtheouterboundaryissetas4diam-
etersawayfromthecylindercenter.Theflowpa-
rametersaresetas:ρ=1.0,U=0.1anda=0.5.
Initially,theflowfieldisatrest.

Forincompressibleflowsaroundthecircular
cylinderathighReynoldsnumber,apairofpri-
marysymmetricvorticeswillbedevelopedatthe
rearofcylinderinitially.Withincreaseofthe
Reynoldsnumber,thesizeofthetwovorticesis
decreased.Astimeincreases,theprimaryvorti-
ceswillmoveawayanddetachfromtherearof
cylinder.Inthemeantime,apairofsecondary
symmetricvorticesappearsandbecomeslarger
andstronger.Thevortexstructuresexhibitthe
so-called″α″and″β″patterns.Allthesefeatures
havebeenwellcapturedinpresentsimulation.To
savethespace,theseresultsarenotdisplayedin
thispaper.Fig.16showsaquantitativecompari-
sonofthetimeevolutionofthevortexlength
with experimental data of Bouard and Cou-
tanceau[42].Obviously,goodagreementhasbeen
achieved.ForRe=550,thevortexlengthalmost
growslinearly withrespecttotime.Forhigh
Reynoldsnumbers(Re=3000and9500),aslow
increaseinvortexlength,whichcorrespondsto
the″fore-wake″region,canbeobservedwhent<
3.0s.Whent>3s,afastgrowthofthevortex
lengthcanbeseenduetodestructionofthe″fore-

Fig.16 Comparisonofthevortexlengthforflowin-
ducedbyimpulsivelystartedcylinderatdif-
ferentReynoldsnumbers

wake″.Fig.17furthercomparestheradialveloci-
tyalongthesymmetricaxisatRe=3000withex-
perimentaldataofBouardandCoutanceau[42]and
numericalresultsofNiuetal[43].Onceagain,

goodagreementisachieved.

Fig.17 Comparisonoftheradialvelocityalongsym-
metricaxisforflowinducedbyimpulsively
startedcylinderatRe=3000

5 Conclusions

Inthispaper,theLBFSispresentedforsim-
ulationofcompressibleandincompressibleflows.
Thesolverisbasedonnumericaldiscretizationof
FVM to the governing differentialequations
(Navier-StokesequationsorEulerequations).
Specifically,theconservativeflow variablesat
cellcentersaregivenfromthesolutionofdiscrete
governingequationsbutnumericalfluxesatcell
interfacesareevaluatedbylocalreconstructionof
LBEsolutionfromflowvariablesatcellcenters.
TwoversionsofLBFSarepresentedinthispa-
per.Oneistolocallyapply1DcompressibleLB
modelalongthenormaldirectiontothecellinter-
faceforsimulationofcompressibleinviscidflows.
TheotheristolocallyapplyincompressibleLB
modelatthecellinterfaceforsimulationofin-
compressibleviscousflows.

ThepresentLBFSiswellvalidatedbyitsap-
plicationtosimulatesometwo-andthree-dimen-
sionalcompressibleinviscid flows,and two-
dimensionalincompressibleviscousflows.Nu-
mericalresultsshowthatthecompressiblever-
sionofLBFScanwellsimulatecompressiblein-
viscidflowswithstrongshockwaves,anditsin-
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compressibleversioncanaccuratelysimulatein-
compressibleviscousflowswithcurvedboundary
andnon-uniformmesh.Itremovesthedrawbacks
ofconventionalLBMsuchaslimitationtotheu-
niformmesh,tie-upofmeshspacingandtimein-
terval.ItisbelievedthatLBFShasagreatpoten-
tialforsolvingvariousflowproblemsinpractice.
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