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Abstract: The linear equilibrium theory of thermoelasticity with microtemperatures for microstretch solids is con-

sidered. The basic internal and external boundary value problems (BVPs) are formulated and uniqueness theorems

are given. The single-layer and double-layer thermoelastic potentials are constructed and their basic properties are

established. The integral representation of general solutions is obtained. The existence of regular solutions of the

BVPs is proved by means of the potential method (boundary integral method) and the theory of singular integral e-

quations.
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1 Introduction

In the last decades several continuum theo-
ries with microstructures have been formula-
tedH

with microtemperatures for materials with inner

The linear theory of thermoelasticity

structure whose particles, in addition to the clas-
sical displacement and temperature fields, possess
microtemperatures was presented in Ref. [3]. In
the recent years this theory has been intensively
studied. The fundamental solutions in the theory
of thermoelasticity with microtemperatures were
constructed™’. The representations of Galerkin
type and general solutions of equations of motion
and steady vibrations in this theory were ob-
tained™™. The exponential stability of solution of
equations of the theory of thermoelasticity with
The basic

theorems in the linear equilibrium theory of ther-

microtemperatures was constructed-®,
moelasticity ~ with  microtemperatures  were
proved™. The basic three-dimensional (3D) in-
ternal and external BVPs of steady vibrations
were investigated using the potential method and
the theory of singular integral equations™'), The

boundary value problems (BVPs) in the dynami-
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cal theory of thermoelasticity with microtempera-
tures were studied’. The behavior of shock
waves in a thermoelastic body with inner struc-
ture and microtemperatures was established™?.
Singular surfaces and plane harmonic waves in
thermoelastic solid with microtemperatures were
studied in Refs. [13-157.

The uniqueness and existence theorems for
the 2D BVPs in the theory of thermoelasticity
with microtemperatures were proved®, The
hirarchical models for elastic prismatic shells with
microtemperatures were considered™’?,

The theory thermoelasticity with micro-
temperatures for microstretch elastic solids was
formulated in Ref. [18]. The fundamental solu-
tions of equations of this theory were construc-

ted™*.

um theory of thermoelasticity with microstruc-

The uniqueness theorems in the equilibri-

tures for microstretch solids were proved in Ref.
[20]. Recently, the representation of Galerkin
type solution for the system of equations of stead-
y vibrations in the linear theory of thermoelastici-
ty with microstructures for microstretch solids

has been obtained™" .
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The theory of micropolar thermoelasticity
with  microtemperatures was presented in
Ref. [22]. The existence and asymptotic behavior
of the solutions in this theory were proved™.
The linear theory of thermoelastic bodies with
microstructure and microtemperatures which per-
mits the transmission of heat as thermal waves at

2. The uniqueness

finite speed was constructed'
theorems in the theory of thermoelasticity of por-
ous media with microtemperatures are presen-
ted",
in the microcontinuum field theories are given in

Refs. [1,2].

In this paper, authors consider the linear

An extensive review and the basic results

equilibrium theory of thermoelasticity with mi-
crotemperatures for microstretch solids™™!. The
basic internal and external BVPs are formulated
and uniqueness theorems are given. The single-
layer and double-layer thermoelastic potentials are
constructed and their basic properties are estab-
lished. The integral representation of general so-
lutions is obtained. The existence of regular solu-
tions of the BVPs by means of the potential meth-
od and the theory of singular integral equations

are proved.

2 Basic Equations

Let x=(x,,x,,x3) be the point of the Eu-
clidean 3D space. An isotropic and homogeneous
microstretch elastic solid is considered. The sys-
tem of homogenous equations of the linear equi-
librium theory of thermoelasticity with microtem-
peratures for such material can be written as"*

pAu~+ (QQ+ ) graddive — pgradd + bgradg =0

ks Aw—+ (b, + k;)graddivw — ks gradd — k,w =0

EAO~+ ki divw =0

A — bdivu — ddivw + mf — g =0 (1
where u= (uy su, »u;) is the displacement vector,
w= (w, ,w, ,w;) the microtemperature vector; 0
the temperature measured from the constant ab-
solute temperature T;; ¢ the microdilatation
function. AspsfBs7s&sbsdsmyks ki ks, e kg are
the constitutive coefficients and A is the Laplacian

operator.

It is assumed that the constitutive coeffi-
cients satisfy the following conditions'*’
p >0, 3 +24 >0, 7>0, k>0
ks ks >0, 3k, + ks +k; >0

(3A+ 2,06 > 3%, (ky + Toks)? << AT, kk,
3 BVP Uniqueness Theorems

In this section, the internal and external
BVPs of the linear equilibrium theory of ther-
moelasticity with microtemperatures for isotropic
and homogeneous microstretch solids are formu-
lated.

Let S be a closed surface surrounding the fi-
nite domain Q" in E*, QT =0"US, Q0 =E°\
0.0 =0 US.SeC*, 0<v<l.

A vector function U= (u,w,¢,0) = (U, ,U,,
-+, Uy) is called regular in Q" , if U, €C*(Q" )N
C'(Q2"), and U is called regular in Q , if
U,eCC@HNC @ H. U;x)=0x|""H,

LU, o=0Cx| 1), j=1.2,.8; 1=1.2.,3
(’)1'[

for |x|>1.

The basic internal and external BVPs of the
linear equilibrium theory of thermoelasticity with
microtemperatures for microstretch solid are for-
mulated as follows.

Problem (I); : Find a regular solution to
system (1) in Q" that satisfies the boundary con-
dition

lim Ux) ={U)} =f() (2

0" €x>z€S

Problem (II)/ . Find a regular solution to

system (1) in Q7 that satisfies the boundary con-
dition

lim PU(x) = {PU(x)}"T=f(2)

o exrz€8

Problem (I); . Find a regular solution to

system (1) in Q" that satisfies the boundary con-
dition

lim Ux) = {U)} =f(2)

2 €x>=z€8S

Problem (II); . Find a regular solution to

system (1) in 2~ that satisfies the boundary con-
dition

lim PU(x) = {PU(2)} =f(2).

2 €x>=z€8S

where P is the stress operator in the linear theory
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of thermoelasticity with microtemperatures for
microstretch solid™® and f the eight-component
known vector function on S.

We have the following results*,
The internal BVP (I); admits

at most one regular solution.

Theorem 1

Theorem 2 Any two regular solutions of the
internal BVP (ID)} differ only by an additive vec-
tor U= (u,w,¢,0) where
u(x)=a +[d"Xx]+d x, wix)=0,
o(x)=d,, 0(x)=c,
for x€Q' , a' and a” being arbitrary real constant
three-component vectors, c¢; an arbitrary real con-

stant

g o= pg=bm (A 2wm 30
LoGazwe—3 T Btz

Theorem 3 The external BVP (K); admits

at most one regular solution, where K=1,11I,

4 Thermoelastic Potentials and Sin-

gular Integral Operator

In this section authors present the basic
properties of the thermoelastic potentials. In the

sequel the following notations are used

(D Z(“(.r,g):JSF(x—y)g(y)dyS (3)
ZV is a single-layer potential;

(2) 77 (2.g) = J JPI (e— 71" g(»d,S

)
Z* is a double-layer potential, where the matrix
I'=(I"; )sxs is the fundamental solution of system
(L), P= (15,j Jsxs 1s the first-order matrix differ-
ential operator, and g is the eight-component
vector function.

In Ref. [19], the matrix I' is constructed in
terms of elementary functions and basic proper-
ties are established.

On the basis of Egs. (3,4) it can obtain the
following formulae of integral representations of
regular vector (Somigliana type formulae) in the
equilibrium theory of thermoelasticity with mi-
crotemperatures for microstretch solid

UCx) =27 (2. AU} —Z7 (2, (PU}T)
for x€Q" . and

Ulx)=—ZP (2, U} ) +ZPV (2, {PU})
forx€0 .

We have the following results:

Theorem 4 If g€ C'1 (S), 0<y, <y<1,
then
(a) ZV («,g) €C (E) N C™ (QF) N
C" (02 );

(b) Z'V (x,g) is a solution of the system (1);
(¢) PZ'V (z,g) is a singular integral for z€ S;

(d) {PZV (z,9)}7 :jr%g(z)—FPZ“)(z,g).

Theorem 5 If g€ C'1 (S), 0<Ty, <y<1,
then

() ZP (e ,)eC™ (@ HNC Q7 );

(b) Z (x,g) is a solution of the system (1);

(c) Z” (z,g) is a singular integral for z€ S;
(D) (27 (2.g)) " =T Lg()+Z7 (2.9,

Theorems 4 and 5 can be proved similarly to
the corresponding theorems in the classical theory
of thermoelasticity (for details see Ref. [ 26 ],
Chapter X).

Here introduce the notation
Mg () =Lg(o) + 27 (z.g) for =€ S

Theorem 6 The singular integral operator M
is of the normal type with an index equal to zero,
i. e. Fredholm's theorems are valid for the fol-
lowing singular integral equation

Mg(2) =f(2) forze S (5)

For the definitions of a normal type singular

integral operator, the symbol and the index of op-

erators see, e. g. » Ref.[26], Chapter IV.

5 Existence Theorem

The existence theorem of regular solution of
the problems (I)} is proved by means of the po-
tential method and the theory of singular integral
equations.

In this paper, authors seek a regular solution
of Problems (1—3) in the form of double-layer
potential

U(x)=2%(x,g) forx € Q" (6)
By virtue of Theorem 5 and the boundary condi-

tion Eq. (2), from Eq. (6) singular integral equa-



172 Transactions of Nanjing University of Aeronautics and Astronautics

tion (5) is obtained. On the basis of Theorem 6,
Fredholm's theorems are valid for the integral e-
quation (5).

In addition, the homogeneous adjoint singu-
lar integral equation of Eq. (5) has the following

form
%h(z) L PZO (s =0 forz €S (T)

where h is the eight-component vector function on
S. Eq. (7) has only a trivial solution h(z)=0.
Hence, the integral equation (5) is always solva-
ble for an arbitrary vector f and the following
theorem is proved.

Theorem 7 A regular solution of the Prob-
lem (I); exists, which is unique and can be re-
presented by double-layer potential Eq. (6). Here
in Eq. (6) g is a solution of the singular integral
equation (5) which is always solvable for an arbi-
trary vector f.

The existence theorems for the BVPs (1)} ,

(D . and (II); are proved similarly.

6 Conclusions

(1) By the method developed in this paper, it
is possible to investigate the steady vibrations and
dynamical BVPs in the linear theory of ther-
moelasticity with microtemperatures for mi-
crostretch solids.

(2) By the above mentioned method, it is
possible to prove the existence and uniqueness
theorems in the modern linear theories of elastic-
ity and thermoelasticity for materials with micro-
structure.

(3) On the basis of results of this paper, it is
possible to obtain numerical solutions of the
BVPs of the linear theory in thermoelasticity with
solids by

microtemperatures for microstretch

using of the boundary element method.
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