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Abstract: The theoretical solutions are obtained for the three-dimensional (3-D) stress field in an infinite isotropic

elastic plate with a through-the-thickness circular hole subjected to shear load at far field by using Kane and Mind-

lin's assumption based on the stress function method. Based on the present solutions, the characteristics of 3-D

stress field are analyzed and the emphasis is placed on the effects of the plate thickness and Poisson’s ratio on the

deviation of the present 3-D in-plane stress from the related plane stress solutions, the stress concentration and the

out-of-plane constraint. The present solutions show that the stress concentration factor reaches its peak value of a-

bout 8. 9% which is higher than that of the plane stress solutions. As expected, the out-of-plane stress constraint

factor can reach 1 on the surface of the hole when the plate is a very thick one.
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tion; out-of-plane constraint
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1 Introduction

It is well recognized that the stress concen-
tration problem has been a concern for long since
it is a very important phenomenon to cause pre-
mature fracture or failure of materials and struc-
tures. Consequently, knowledge of stress concen-
trations in the vicinity of all kinds of disfigure-
ments, such as cracks, voids, inclusions, delami-
nations and porosities, is frequently required for
an accurate design of structural components and
much attention has been paid to the analysis of
two-dimensional (2-D) and three-dimensional (3-
D) stress fields in the vicinity of a circular hole/
inclusion™®’, a crack™' and a notch™*' based
on theoretical or numerical solutions. However,
because of the difficulty in satisfying boundary
conditions precisely, there are only a few analyti-

cal 3-D solutions available in the literatures for
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relatively simple configurations which have favor-
able conditions of symmetry.

Nearly sixty years ago, Kane, et al. " pro-
vided a method to obtain 3-D stress field, but still
retaining the simplicity of a 2-D model. Yang, et

151 and Jin, et al. ™ used this assumption to

al.
analyze the effect of transverse shear on the stress
field for an elastic plate with a through-thickness
crack. Based on Kane and Mindlin' s assump-
tion'®, Jin, et al. "'" analyzed the interface frac-
ture of an elastic plate bonded to a rigid sub-
strate. Solutions of stresses and deformations
were given for a semi-infinite plate perfectly
bonded to a rigid substrate and subjected to uni-
form in-plane normal tractions at infinity. Using
the same assumption, Krishnaswamy, et al.
investigated the stress concentration in elastic
Cosserat plates with a circular hole undergoing
Kotousov, et

extensional deformations.
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al. [310180 stydied the 3-D stress distribution
around a notch, circular hole and crack in an iso-
tropic elastic plate or a transversally isotropic
elastic plate based on this assumption. However,
to the best knowledge of the authors, the 3-D
stress solutions to a plate subjected to far field
shear load have not been obtained in an explicit
form yet. On the other hand, this work is valua-
ble for analyzing the safety problem of engineer-

Lz = such as stress

ing structures and systems
concentrations and fatigue behavior in air plane,
ship, and so on.

The purpose of this work is to present exact
3-D solutions for the stress field in an infinite
plate holding a through-the-thickness circular
hole subjected to remote shear load based on Kane
and Mindlin's assumption. Based on the present
theoretical solutions, the character of the in-plane
stressed and stress concentration and the empha-
sis has been placed on the effect of the plate

. . / .
thickness and Poisson’s ratio on the stress behav-

1ors.

2  Governing Equations

Consider an isotropic, elastic, infinite plate
bounded by planes * = + h with a through-the-
thickness circular hole in its center, subjected to
shear loading at infinite, as shown in Fig. 1.
Kane and Mindlin’ s kinematic assumption is
adopted, namely, the displacement field in the

plate has the following forms
u, =ulx,y)u, =vlx,y) u. :hiw(x,y) (D

Eq. (1) implies that lines being normal to the

t \
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Fig. 1 Finite thickness plate with circular hole subjec-

ted to remote loadings

mid-plane of the plate in an un-deformed state are
still normal in a deformed state and that these
lines experience uniform extensional strain w(x,
y)/h along the % direction, where w(x,y) is the
out-of-plane displacement of the plate at = h.
With the displacement field given by Eq. (1), two
out-of-plane shear stress components are linearly
distributed in the thickness (z) direction.
Following the similar procedure illustrated
by Kane, et al. "®! and considering the following

definitions

h

— 1
(O'a,g 902 9/61‘;) - ﬁj—h (O'a,g 90z 720':,3)d2

(2

- 1 h
(Eﬂr‘? PRSP ,E:‘g) - ﬂj‘—h (8049 LXSp 722511@)(:12’

one obtains the following constitutive relations

and equilibrium equations

%Z(&,ﬂ,l,m (3)
O4p.8 =0, K:p.p *; =0 4

where E, v are the Young' s modulus and the
Poisson's ratio of an isotropic material, respec-
tively. aTﬂ, Z, and ;, ;are the mean of stress
components and strain components along plate
thickness. Eand g are the components of "pinc-
hing” shear stress and strain, respectively, which
play a role similar to that of the transverse shear
stress and strain in the corresponding equilibrium
equations of flexible plates.

In Egs. (2—4), and throughout the remains
of this paper, Greek letters indice range 1 and 2.
Introduce function ¢, similar to the Airy stress-

resultant function, and ¢, together with

Oup =V 40y — bups  Keg =@ (5

Thus, the first equation of Eq. (4) is auto-

matically satisfied, and the second equation of
Eq. (4) can be simplified as

6. =V'g (6)

Inserting Eqgs. (3,5, 6) into the deformed
harmonious equations yields

Vie=AV’igp (7a)

wWig=V’p—Asp (7b)

where V? and V* are the 2-D Laplacian and bi-

harmonic operators, respectively, and
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AZZLJ;V)’ AiAi (8)
h 1=

With the introduction of polar coordinates

(r,0), the formulae of stress components hold

5 =121 u 2
" r dr 0 % r
1ot 10
o = r (7r(70+rz a0 9
— do — 1 9
*V 90’ or JQ IC;{):75‘(§

Consider an infinite plate containing a circu-
lar hole of radius R. The plate is loaded in far-
field shear loading. In the polar coordinate sys-
tems, the boundary conditions can be expressed
as follows

o, :fgsinZ(?, O

=r7,c0s20 when r—> o0
;:O, 69 =0, Z:O when r=R
(10)

3 Solution Procedure

Keeping in mind the boundary conditions
Eq. (10), one seeks solutions to Eq. (7) in the
form of
$(r,0) = ¢, (r)sin2f (11a)
o(r,@ (11b)
Inserting Eq. (11b) into Eq. (7a) produces
o(r ) = (i, I, (AP + s Ko (VAP +
et e ) osin20 a2
where I, (x) and K, (x) are the modified Bessel

functions of order n, in which n is an integer.

= ¢, (r)sin2f

Since all stress components must remain bounded
at infinity, Eq. (12) can be simplified as
o(r,0) = (e K, (VAP + conr? Fcior 2o sin20
(13)
Substituting Eq. (13) into Eq. (7) gives
¢ (r.0) =1osing *
A — AZCZQKZ (\/KT) -
Ay
Az(g) 1 A) :|
12, " + 14>
Then, inserting Eqgs. (13,14) into Eq. (9)

[dlzrz -+ (1227'72 -+

yields all stress components, namely

i 2
== sin 6(«/ ArK, (VAP + 6K, (VAR)) *
(A —A,)cy — sin20 M — sin20 6d}7
yr
(15a)

oy s1n20

(K (VAP + 2K, (WAr) + K, (V/Ar))

(A - Ag )sz + Sin2(9

—r* Ay ey + 20d s 4+ sin20 65,
1
v r

(15b)
T 2(VArK , (VAr) + 3K, (W/Ar)) *

) cosZ@

To
(A—A)es, +§§;2‘9<AA (Fle + ) —
AP ) + 6d SO (150)
%= — Acy, K, (VA r)sin20 (15d)
To
T“'O’:sin%[ f‘“(K (VAR + K, (JAr) +

2(‘4’)
2reg; — —
-

g __ 2cos2f
r'i

To

(15e)

(rPesn Ky (WAP) +r'csy +cir)
(150)

Note that the stress components must remain
bounded at infinity. Substituting Egs. 15(a—c,e)
into the boundary conditions Eq. (10) and solving
the subsequent equations for the coefficients give

1

dy, =— 2

Cs2 =0,
S8Ry
4VAK, +RA, (2K, +/ARK,)

2AR'v(K, + K3)
4AK, + A, (2./ARK, + AR*K,)

Copy = —

Cy2 =

dyy =—

2R? [—4A3/2RK3 +4, (ﬂR(4+AR2)K1 +2(8+ARZ)K2) ]
164K, +1AALR (2K, ++/ARK )

(16)
where K, denotes K, (V/AR), the modified Bessel

functions of order n, here n is an integer.

4 Results and Discussion

It should be noted that, in this paper, the
values of 6,5 /0, at r/R=1.000 1 is replaced by
those at r/R=1. 0 for analytic simplification. The
effect of the plate thickness on distributions of the
three normalized in-plane stresses is shown in
Fig. 2. Curves of 6,/0, are decreasing monoton-
ously with r/R. Solutions show that for each

curve of K=g¢,/0,, there exists a minimum value,
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and the position where K reaches its minimal is
farther and farther away from the hole when the
h/R increases. Generally speaking, the maximum
deviation of the present in-plane stresses from the
related plane stress solutions is at the root of the
hole, and the present in-plane stress solutions
agree well with the plane stress ones except for
those of the locations near the hole.

The effect of Poisson’s ratio on distributions
of the three normalized in-plane stresses is shown
in Fig. 3. It can be found that the bigger the val-
ue of Poisson’s ratio, the heavier the maximum
deviation of the present solutions from the related
plane stress solutions. From Figs. 2,3, it can be
found that the influence of Poisson's ratio on the
distributions of the in-plane stress is stronger
than that of the plate thickness. Furthermore,
only the in-plane stresses near the hole depend on

plate thickness and Poisson’s ratio. Outside this
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Fig. 2 Distributions of three in-plane stress ratios with
r/R for different h/R with the Poisson’s ratio
v=1/3
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Fig. 3 Distributions of three in-plane stress ratios with

r/R for different v with h/R=1. 22

region, the effect of plate thickness and Poisson’s
ratio on the distributions of in-plane stresses can
be neglected. Some numerical results are obtained
based on finite element (FE) analysis software
Abaqus for the value of K on the section at §=
3n/4 in Fig. 2(b). It can be found that although
there are differences between the present solu-
tions and FE results, these differences are negli-
gible in terms of numerical value in fact. Thus
the present solutions are consistent with those
using finite element methods (FEM) from a nu-
merical standpoint.

Fig. 4 shows the variations of the stress con-
centration K, at the root of the hole with the
semi-thickness ratio 7/R and 8= 3xn/4 for differ-
ent Poisson’s ratio v. It is seen that K, increases
with the increase of v. K, rises rapidly when the
plate is thin and reaches its peak values 4. 011 77
at y=0.1 and h/R==1.1; 4. 048 06 at y=0. 2 and
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Fig. 4  Variations of stress concentration factor K, at
root of circular hole with semi-thickness ratio

h/R for different Poisson's ratio v with 6=23x/4

h/R==1.2; 4.112 31 at y=0. 3 and h/R==1. 2;
4.140 92 at y=1/3 and h/R==1. 2; 4. 210 94 at
v=0.4 and h/R==1. 3; and 4. 356 51 at y=0.5
and h/R==1. 3, respectively. Outside this region,
K, decreases with the increase of A/R and approa-
ches its limit value 4. 0. It is clearly seen that the
increase of the stress concentration factor for an
infinite plate with a through-the-thickness hole
subjected to shear loading can reach up to 8. 9%
approximately.

Variations of the out-of-plane stress con-

. Oee .
straint factor T.=——="— at the root of circular
v (o, o)
hole with semi-thickness ratio A/R for different

Poisson’s ratio v are plotted in Fig. 5. It shows
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0.6 -
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Fig.5 Variations of out-of-plane stress constraint fac-
tor T. at root of circular hole with semi-thick-
ness ratio h/R for different Poisson’ s ratio

with 0=3n/4 .

that the out-of-plane stress constraint factor T.
can reach 0. 985 at h/R=10, and that the out-of-
plane constraint is nearly independent of the Pois-
son's ratio on the section at §= 3x/4. Further-
more, based on the present solutions of all stress
components, Eq. (15), it can be found that the
variations of the out-of-plane stress constraint
factor T. are independent of the section of § at the

root of circular hole.

5 Conclusions

By using Kane and Mindlin's assumption and
the stress function method, theoretical solutions
to the 3-D stress field are obtained for an isotropic
infinite plate of arbitrary thickness holding a
through-the-thickness circular hole subjected to
remote shear load. Based on the present solu-
tions, an analysis is performed on the characteris-
tics of 3-D stress field and the emphasis has been
placed on the effects of plate thickness and Pois-
son's ratio on the stress behaviors. It is found
that the influence of Poisson's ratio on the devia-
tion of the present in-plane stresses from the re-
lated plane stress solutions is stronger than that
of plate thickness, and that only near the hole the
deviation of the present in-plane stresses depends
on plate thickness and Poisson's ratio for the case
of far field shear loadings. When the plate is
thin, the stress concentration factor rises rapidly
and reaches its peak value. Then it decreases with
the increase of plate thickness and approaches its
limit value 4. 0. It can be found that the increase
of the stress concentration factor for an infinite
plate with a through-the-thickness hole subjected
to shear loading can reach 8. 9% approximately.
Moreover, the out-of-plane stress constraint fac-
tor T, can reach 0. 985 at h/R=10, and the out-
of-plane constraint is nearly independent of the
Poisson’s ratio.
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