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Abstract: Modeling experiences of traditional grey-Markov show that the prediction results are not accurate when
analyzed data are rare and fluctuated. So it is necessary to revise or improve the original modeling procedure of the
grey-Markov (GM) model. Therefore, a new idea is brought forward that the Markov theory is used twice, where
the first time is to extend the original data and the second to calculate and estimate the residual errors. Then by
comparing the original data sequence from a fault prediction case with the simulation sequence produced by the use
of GM(1,1) and the new GM method, results are conforming to the original data. Finally, an assumption of GM
model is put forward as the future work.
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0 Introduction

In 1982, Prof. Deng, a Chinese scholar, cre-
ated grey system theory to the uncertain system
with less data and poor information. Nowadays.,
grey theory is widely applied to different fields,
and accepted as one kind of maturational theory
since it shows better accuracy in its application
scope.

GM(1,1) is the basic model of grey theory,
especially the GM (1,1) mean model, but there
are some shortcomings for GM(1,1) model. (1)
When the original data of GM (1, 1) model are
less, fluctuated and random, the prediction accu-
racy is rough; (2) GM(1,1) model requires that
accumulated generating sequence has an exponen-
tial feature, so that it can be fitted by differential
equations; (3) If the residual value is non-nega-
tive or not one accumulated generating operation
(1-AGO ) and could not increase monotonically,
residual sequences are not suitable to be identified
and predicted™ .

So grey combination models were put for-
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ward, which combine grey theory models and
other traditional theory models, and grey-Markov
model is one of them. In fact, grey-Markov mod-
el overcomes those shortcomings of grey predic-
tion and Markov prediction, and improves the ac-
curacy, thus attaining more reliable, scientific
and useful results. Among these, it is common
that Markov theory is applied to the GM (1, 1)
model residuals prediction, where the prediction
accuracy is largely improved™*J.

These are the procedure of grey-Markov
modeling :

(1) Acquire the simulation sequence;

(2) Count residuals or relative residuals be-
tween simulation sequences and original se-
quences;

(3) Divide residuals or relative residuals into
several state intervals;

(4) Count state transferring condition of
simulation sequences;

(5) Build up state transferring probability
matrix;

(6) Predict residuals state of target time;
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(7) Improve prediction values of simulation
sequences.

A lot of previous experiences have been ac-
quired since grey-Markov model was widely de-
ployed, featuring the grey-Markov model as fol-
lows ™ ;

(1) Make sure the advantage of high short-
term prediction accuracy and improve the long-
term prediction accuracy;

(2) More data, more authentic for the pre-
diction results;

(3) More scientific and practical in predicting
big random and fluctuated data.

Although grey-Markov model is widely
adopted, it has a shortcoming, that is, when
treating less data, it is not good for directly im-
proving the sequence from GM (1, 1) model by

Lo-12]  As a matter of

using the Markov theory
fact, the data quantities are also rare after the use
of Markov theory, and it is difficult to show the

whole regularity of residual sequence .

1 Improved Method of Grey-Markov
Model

Considering this shortcoming, a new im-
proved grey-Markov model is presented™, First-
ly, data application of GM(1,1) model is tested.
If data do not conform to the condition of quasi
smooth sequence, they need to be improved by
average weakening buffer operator (AWBO) to

acquire the new sequence X', Then X' should

be calculated through 1-AGO, after that, simula-
tion sequence (k) can be obtained by the use

of GM(1,1) mean model and = (k) is calculated
via accumulated reduction operation. So the rela-

tive residuals need to be tested by the formulae=

x— x|

X 100%. If the tested results are too

big, it will be insignificant to use the Markov the-
ory. However, at this time, the Markov theory
would be applied to extending the sequence in or-
der to increase the data quantities of GM (1, 1)

modeling. Finally, the Markov theory would be

applied to improve the residuals of GM (1, 1)
model to acquire the final simulation sequence.

It can be easily found that the new improved
grey-Markov model adopts the Markov theory
twice: the first is to revise original data, and the
second is to revise residuals.

The flow diagram of the new model is shown

in Fig. 1 with more details.
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Fig.1 Flow chart of new improved grey-Markov model

2 Application and Discussion of Im-
proved Grey-Markov model

2.1 Fault data application test of grey-Markov

model

With the generators’ fault data of B737 air-
craft in a certain airlines company fleet between
2004 and 2008, the statistical table of fault num-
bers is established in Table 1.

Table 1 shows that the fault numbers have a
big volatility. However, this paper took the data
between the year 2004 and 2007 as the basic data
of modeling, and the data of 2008 as prediction

accuracy of the model testing.
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Table 1 Statistical table of fault numbers of B737’s generators
2004(1) 2004(2) 2005(1) 2005(2) 2006(1) 2006(2) 2007(1) 2007(2) 2008(1) 2008(2)
Year first second first second first second first second first second
half half half half half half half half half half
Fault
8 9 4 9 7 11 17 10 13
numbers

So setting the fault sequence as X = (8,9,
4,9,6,7,11,17), the smoothness of the sequence
will be tested with the following formula to build
a sequence of smoothness.

oy =—Z ) 5 3 1

D)
i=1
That is,
oCk) = (1.125,0.235,0.429,0. 2,
0.256,0.315) .

There are three determinant criteria to judge

0.194,

whether the sequence is a quasi smooth sequence.

(1)%<1, E=2.3.n—1;

(2) p(k) € [0se]s k=3.4,+.n;

(3) e <C0.5.

Clearly, X is not according to the first cri-
teria, so it is not a quasi smooth sequence.
Hence, If GM(1,1) model is used with X , the

prediction accuracy will not be obtained.
2.2 Fault data revised with a sequence operator

To weaken the volatility of the data se-
quence, here AWBO is adopted as x (k) d.

(k) d = [zB)+x(k+ 1)+ x2() ]

_
n—k+1
k=1,2,,n (2)
By the use of AWBO, the maximum value of
shock sequence will decrease, and the minimum
value will increase. Overall, the sequence volati-
lity will decrease.
So applying AWBO to the sequence
X =(8,9,4,9,6,7,11,17)
a new sequence is established.
X' =(8.875,9,9,10,10. 25,11. 667,14,17)
As above, applying the smoothness formula
to the new sequence, a new smoothness sequence
is established as follows
p(k)=(1.014,0.503,0.372,0. 278,0. 248,
0.238,0.234)

Judging that the new sequence conformed to
the criteria of quasi smooth sequence (In the
smoothness sequence , 0. 503> 0.5, but the devi-
ation is tiny) , the 1-AGO sequence of the data se-

quence has a quasi exponent law , so it is suitable

to the GM(1,1) model.
2.3 GM(1,1) model analysis

The analysis of GM (1, 1) model uses the
fault data from the year 2004 to 2007 as the data
of modeling, then uses the 2008 fault data to test
the accuracy of the model. Applying 1-AGO on
X" to obtain 1-AGO sequence X'

X' =(8.875,17.875,26.875,36.875,47. 125,
58.792,72.792,89.792)

Subsequently, it applies the GM(1,1) mean
model to X'V

XP (k) +azV (k) =b (€D
where the parameters of Eq. (3) are required by
least square method. Then the parameter vector

is established.

a="[a.b]"=(B"B) 'B'Y (4)
—xP(@2 1 2 V(2)
where B = 7Z(l_>(3) 1 s Yy = x(m.(S) )
—P G 1 ()
) = R D k= 1)),
In this case,
Y=[9 9 10 10.25 11.667 14 177",
B=
—13.375 —22.375 — 31,875 — 42 —52.958 5 — 65,792 — 81,2927 T
[ 1 | (S B | | }
Then, the result showed that
R —0.117 7
@ = [a,/J]T(BTB)lBTY[ }
6.351 3

which was applied into the time response formula

U (k)= (1‘(0) (1)7£> e atkD _~_£
- a a
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The solution was
xP (k) =62.836 767 2> 7Y — 53,961 767 2
After that, the simulation sequence can be

figured out.

x® (k) =(8.875,16.724,25.553,35. 485,
46.657,59.225,73. 363,89. 267,
107.157,127. 282)
With the sequence, the reduction sequence is
obtained by applying an inverse accumulation op-

erator.

x (k) =(8.875,7.849,8.829,9.932,11. 172,
12.568,14.138,15.904,17.89,20.125)
In contrast to the original sequence X' ,
the model predictive value of the first half of 2008
was 17. 89, and the predictive value of the second
half of 2008 was 20. 125. In fact, the number of
faults in the first half of 2008 was 10, and the
number in the second half of 2008 was 13.

Hence, it needs to define the relative residu-

als: e = le—=] X 100%. Although the relative
x

residuals of the previous eight simulated data are
small, compared with the actual data. The rela-
tive residuals of the ninth and tenth data are
78.9% and 54. 808%. It can be confirmed that
the referential value of this simulation sequence is
low. At least in this case the effect may last for a
while after £ == 9, the simulation sequence loses
its predictive accuracy and referential value with
two reasons considered:

(1)Simulation sequence and original sequence
have higher accuracy and smaller residuals when
k < 8. But after £ == 9, the accuracy drops and
the residuals begin to increase suddenly. It cannot
be confirmed that the change rate has a steady
trend and the following law of residuals will be
similar as the law of residuals when £ <8.

(2)When £ = 9, the simulation sequence lo-
ses its predictive accuracy seriously. And the ab-
solute value of the residuals abruptly gets larger.
So it could be judged that the simulation sequence

loses its referential value.

Obviously, there is no practical significance
by applying Markov theory based on residuals to
improve the predictive results of the simulation
sequence. That means Markov theory should be
used to mine information of the original sequence

furtherly.

2.4 Improvement of GM (1,1) model based on
Markov theory

Starting with the adjacent data in the original
sequence, the regularity of original data sequence
can be obtained. Since the eighth data of original
data sequence, 17, the data of the second half of
2007, have an excessive growth, compared with
the seventh data 11, and it exists in the end of the
sequence, It is hard to require its transferred
state. So the eighth data 17 would be considered
as an abnormal data, and it will be deleted flexi-
bly. Based on the above assumption, variation se-
quence is established.

YO =(+1,—5,4+5,—3,+1,+4)
where y (b)) =2 (k+1)— 2 (k).

According to the observation of the original
sequence variation law, the variation states are di-
vided into three states: State 1 with variation
range [+4,+5], State 2 with variation range
{+1}, State 3 with variation range [—5,—3].

As above, Markov state chain of the original
sequence can be established; 2—>3—>1—>3—>2—>1,
Then the state transition probability matrixes are

also built.

0 0 1 01 0
P(1)= 0.5 0 0.5, P(2)=1]1 0 0 |,
0.50.5 0 0.500.5
1 0 0
PGE)=|10 0 1
0 1 0

With those, the original sequence will be ex-
tended. When extending, the variation of State
1, State 2, and State 3 is the midpoint of each in-
terval, i.e., 4.5, 1 and —4, respectively. When
the state cannot be judged by 1-step state transi-
tion probability matrix P(1) , then 2-step and 3-

step state transition probability matrixes can be
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taken into consideration.

General steps of extension are as follows:
The upper row is the developing process of varia-
tion state, and the lower row is the data of the
extended sequence.

2—->3—->1-3->2—->1->3—>2—>1—>3—>
2—>1->3—>2—>1->3—>2—>

8 9 4 9 6 7 11 7 8 12.5 8.5
9.5 14 10 11 15.5 11.5 12.5

Observing of the developing process of the
transferring states, it is not hard to find the rule.
So this paper judges that the extended sequence
shows the regularity of the original sequence. Fi-
nally, the extended sequence is established.

X" =(8,9,4,9,6,7,11,7,8,12.5,8.5,9. 5,14,
10,11,15.5)

And the 1-AGO sequence of the extended se-
quence is also established.

X* = (8,17,21,30,36,43,54,61,69,81. 5,
90,99.5,113.5,123.5,134.5,150).

Applying GM (1,1) mean model, the equa-

tion of time response formula is

x@ (k) =119. 831e™%24 1 — 111, 831

Then the 1-AGO simulation sequence is

x© (k)=1(8,14.396,21.134,28.231,35. 707,
43.581,51. 877,60. 615,69. 819,79. 515)
With inverse accumulated reduction, the

simulation sequence is established.

x” (k)= (8,6.396,6.738,7.097,7. 476,
7.874,8.296,8.738,9.204,9.696)
Compared to the first 10 items between the
extended sequence and the simulation sequence,
the residuals sequence and relative residuals se-
quence are obtained.
6=(0,—2.604,2.738, —1.903,1.476,0. 874,
—2.704,1.738,1.204, — 2.804)
£=1(0,28.93%.68.45%,21.14%.24. 6%,
12.49%,24.58%,24.83%,15.05% ,22. 43%)
Considering the relative residuals, the errors
are relatively big , but they have a trend that er-
rors become close to 24 % to 25% with the devel-
opment of the sequence. Since that, this paper

will apply the Markov theory on residuals states

to modify the prediction of GM (1,1) again.

In addition, the practical sense of the fault
number prediction is to provide the predictive val-
ue of the B737's generators’ fault number in a
certain period of time in the future. Then it will
be convenient for the relevant staffs to prepare
materials, personnel, time, and so on. Further-
more, the fault numbers are mostly single digit
or just tens digit, which means the data have a
strong volatility. But the residuals of the forecast
data are about 2 to 3. As a matter of fact, in the
aircraft maintenance field, it is thought that the
residuals are acceptable, and the prediction re-
sults are of certain referential significance.

In order to achieve better accuracy, the re-
siduals states are subdivided into six types:

State 1: Residuals interval of [—3,—2);

State 2: Residuals interval of [—2,—1);

State 3: Residuals interval of [—1,0);

State 4: Residuals interval of [0,1);

State 5: Residuals interval of [1,2);

State 6: Residuals interval of [2,3).

Then the transition state probability matrix

is
0 0 0 0 0.5 0.5]
0O 0 0 O 1 0
O 0 0 0 o0 0
P(l)=
1 0 0 O 0 0
0 0 0 1 0 0
0o 1 00 0 0

So the residuals state of the first half of 2008
is State 4, and the residuals state of the second
half of 2008 is State 1. Then taking the midpoint
of the interval (0.5, —2.5) as residuals correc-

tion value, the simulation correction values are
2 (9 =2(9)—0.5=9.204 —0.5=8.704
2 (10) =2(10)+2.5=9.696 +2.5=12.196

Finally, the predictive sequence modified by

the Markov theory is acquired.

2@ (k) =(7.5,8.896.4.238.8.597.5. 976,
7.374,10.796,7.238,8.704,12.196)
Table 2 lists the prediction contrast of
GM (1,1) model and the grey-Markov model.



454 Transactions of Nanjing University of Aeronautics and Astronautics Vol. 34

Table 2 Prediction contrast of GM (1,1) model and grey-Markov model

GM (1,1) model grey-Markov model

Serial Extendéd Predictive value  Relative Average relative Predictive value  Relative Average relative
number  data X
‘;W (k) error/ % error/ % _;m by’ error/ % error/ %
1 8 8 0 7.5 6.25
2 9 6.396 28.93 8. 896 1. 16
3 4 6.738 68.45 4.238 5. 95
4 9 7.097 21.14 8. 597 4.48
5 6 7.476 24.6 5.976 2.4
6 7 7.874 12. 49 24.25 7.374 5.34 4.2
7 11 8.296 24.58 10. 796 1. 85
8 7 8.738 24. 83 7.238 3.4
9 8 9.204 15.05 8. 704 8.8
10 12.5 9.696 22.43 12. 196 2.43

From Table 2, to = (9)’ = 8. 704 and

z (10) " =12.196 compared with the original val-
ue x(9) =10 and x(10) = 13, their residuals and
relative residuals are §(9) =— 1.296, §(10) =
—0.804, e(9) =12.96% ,and e(10) =6.185%,
respectively.

Comparison of simulation results are shown

in Fig. 2.

Original data corrected by Markov
theory (extended data)
Predictive value of GM(1,1) model

Predictive value of Grey-Markov model

2004(1) (2) 2005(1) (2) 2006(1) (2) 2007(1) (2) 2008(1)

2]
=
o
o
=1
g
=1
=
-
=
<
—

Fig. 2 Comparison of simulation results

From Table 2 and Fig. 2, the predictive value
of the grey-Markov model agrees with the original
data corrected by the Markov theory better than
the predictive value of GM (1, 1) model, which
clearly shows that, compared with the prediction
results of GM(1,1) model, the correction effect
of the improved Markov theory is obviously im-
proved with an average relative error of 4. 2%.

Here, the
GM(1,1) model and the Markov theory has the

virtue of high short-term prediction accuracy of

grey-Markov model combines

GM(1,1) model, and the advantageous of han-
dling high random and fluctuated data as well.
The Markov theory is used twice in this

case, namely, the first time to dig sequence rules

and extend the data sequence, and the second
time to estimate the residual error state and cor-
rect simulation sequence. Finally, the prediction
results conform to the real data. However, the
data extension must vary with the actual condi-
tions, and the original data could not be ground-

lessly corrected, because that would make the re-

sults distorted.

3 Conclusions

Traditional grey-Markov model is simply re-
vised or improved by a new idea, which is certifi-
cated with a case in detail with satisfying results.
The new idea for the grey-Markov model mainly
includes the following aspects:

(1) When data are rare, the data sequence
shows no rule or no obvious regularity, even the
sequence is fluctuated, which means that it is dif-
ficult to be modeling and acquire good results. To
solve this problem, the data quantities are ex-
tended with Markov theory.

(2) The residual errors are calculated and es-
timated with Markov theory after simulation se-
quences are acquired, which will correct the rele-
vant simulation sequences.

Further, an assumption to the grey-Markov
model could be put forward. The original data are
divided into several segments, then in every seg-
ment, GM(1,1) model is deployed to acquire the
simulation sequence so as to show the virtue of
GM(1,1) model short-term prediction. Simulta-

neously, segmental prediction will also transfer
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big fluctuated sequences into several weak fluctu-
ated sequences so as to avoid the weakness of
GM(1,1) model in the aspect of predicting big
fluctuated sequences. However, segmental work
will increase the calculating jobs, but it is not a
problem with computer technologies now.

In a word, this kind of assumption transfers
the complicate sequences into several simple sub-
sequences. And the future work will certificate

the assumption.
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