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Abstract; A fast and accurate algorithm is established in this paper to increase the precision of ballistic trajectory
prediction. The algorithm is based on the six-degree-of-freedom (6DOF) trajectory equations, to estimate the pro-
jectile attitude angles in every measuring time. Hereby, the algorithm utilizes the Davidon-Fletcher-Powell (DFP)
method to solve nonlinear equations and Doppler radar trajectory test information containing only position coordi-
nates of the projectile to reconstruct the angular information. The "position coordinates by the test” and "angular
displacements by reconstruction” at the end phase of the radar measurement are used as an initial value for the traj-
ectory computation to extrapolate the trajectory impact point. The numerical simulations validate the proposed
method and demonstrate that the estimated impact point agrees very well with the real one. Morover, other artil-
lery trajectory can be predicted by the algorithm, and other trajectory models, such as 4DOF and 5DOF models,
can also be incorporated into the proposed algorithm.
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0 Introduction

Artillery weapons have drawn great attention
from many countries since they are praised as the
"god of war” and plays a very important role in
land battles'’’. The trajectory prediction, which
is tantamount to acquire the position of the origin
or impact point of a trajectory using the radar da-
ta, is extremely significant for a artillery combat
chain?. The accurate prediction of the impact
point can be beneficial to the power of artillery,
and can improve the accuracy of shooting and its
amending™’. To predict the impact point of bal-
listic projectiles is a very critical and relevant
problem which has applications in area defense .

One of the earliest studies of trajectory pre-
diction and determination was conducted by Jo-

hann Heinrich Lambert (1728—1779 ). His
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method was used for spacecraft trajectory predic-
tion in order to solve an orbital boundary value
problem. Although this research effort focused
on the prediction of ballistic trajectories, Lam-
bert’s theorem is helpful to calculate the elliptical
parameters of the trajectory to generate an esti-
mate. Utilizing this method, the transfer trajec-
tory between two points can be calculated given a
transfer time. The technique is based upon an it-
erative solution that converges on the semi-major
axis of the transfer ellipse and is relevant to the
problem considered in this study since it provides
a methodology for estimating a trajectory as a so-
lution to a two-point boundary value problem™’.
Isaacson and Vaughan™ described a method
of estimating and predicting ballistic trajectories
using a Kalman filter. A template was developed

using missile range and altitude data by modeling

How to cite this article: Zha Qicheng. Rui Xiaoting, Yu Hailong.et al. An algorithm for determination of projectile attitude

angles in projectile trajectory prediction[J]. Trans. Nanjing Univ. Aero. Astro., 2018,35(2):361-370.

http: //dx. doi. org/10. 16356 /j. 1005-1120. 2018, 02. 361



362 Transactions of Nanjing University of Aeronautics and Astronautics

Vol. 35

the ballistic missile flight over a spherical, non-
rotating Earth. The trajectory was used as a
baseline from which perturbations of the actual
trajectory were calculated. The missile trajectory
was obsened using a pair of geosynchronous satel-
lites. The method was used to determine uncer-
tainties in the missile launch point and missile po-
sition during flight.

Danis'™? developed a method for estimating
ballistic missile launch parameters using a single
pair of angle measurements taken from two satel-
lites, or utilizing both measurements taken from
a single satellite. Using a priori information about
the trajectory and launch time, the launch loca-
tion and missile heading were calculated from the
geometric relationship between the missile and
satellite position. If sufficient measurements were
taken during the missile flight, a Kalman filter
was used to assess measurement errors and refine
the launch parameter estimation.

Eric et al.™ used the three-degree-of-free-
dom trajectory equations for trajectory predic-
tion. Khalil et al. ' established the modified
point mass model for projectile trajectory based
on the discrete time transfer matrix method, and
further reconstructed the repose angle at any
measuring time instant. Wu et al. ™" used the
ADS-B fusion algorithm for trajectory prediction.
No matter what the method was, the purpose was
to rapidly obtain an accurate impact point. It
should be mentioned that different ballistic mod-
els have different calculation precisions.

Further, the precision of the initial value has
a great influence on the calculation precision of all

021 The com-

kinds of external ballistic equations
mon models used for the motion of a projectile in-
clude: Point mass trajectory model (the 3DOF
model, herein, DOF is the degree-of-freedom),
modified point mass trajectory model (the 4DOF
model), and rigid body trajectory model (the
6DOF model). These models are different {rom
each other in their preliminaries, physical as-
sumptions, aerodynamic parameters involved,
computational speeds and accuracies. Therefore,

one should make a reasonable choice according to

a specific situation. The 3DOF model is only con-
cerned with three position coordinates of a projec-
tile, and used to rapidly estimate the approximate
impact point of a relatively poor precision. The
4DOF model further considers the repose angle of
a projectile’™ ,and is generally used when the fir-
ing angle is less than 50°, or when the ascent
stage of the anti-aircraft gun and the navy gun are
against air targets'’’. The 6DOF model not only
considers the projectile’s position using three co-
ordinates, but also its orientation using three an-
gular displacements. The 6DOF model has the
best accuracy when the initial values of the inte-
gral variables are precisely known. The difficulty
of applying 6DOF model lies in the acquisition of
these initial values. A possible way is to utilize
the trajectory radar which can measure position
and velocity of a projectile. However, the infor-
mation of orientation and angular velocity is not
included.

It is well known that the Kalman filter is
widely used in parameter estimation for predictive

target tracking"

15171 However, if there are posi-

tion coordinates by the radar test, instead of an-
gle measurements, the projectile attitude angles
can not be estimated by the Kalman filter.

In order to improve the precision of ballistic
trajectory prediction, we propose an algorithm to
estimate the projectile attitude angles based on
the 6DOF trajectory model. Hereby, the algo-
rithm utilizes the Davidon-Fletcher-Powell (DFP)
method in solving nonlinear equations and radar
trajectory test information containing only posi-
tion coordinates of the projectile to reconstruct
the angular displacements.

The DFP formula finds the solution to the
secant equation that is the closest to the current
estimate and satisfies the curvature condition. It
was the first quasi-Newton method to generalize
the secant method to a multi-dimensional prob-
lem. This update maintains the symmetry and
positive definiteness of the Hessian matrix"'®l.

Due to the particularity of the artillery, and
missile environment of high temperature and high

pressure, high overload, high speed rotation, and
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space and the deficiency of the sensor is expen-
sive, installed the sensor on the projectile is diffi-
cult. Fewer people are choosing to install sensors
on ordinary projectiles. In this paper, an algo-
rithm based on the six-degree-of-freedom (6 DOF)
trajectory equations is developed and presented to
estimate the projectile attitude angles in every
measuring time. The proposed method is proved
by experiment and the experiment demonstrates
that the algorithm has good prediction effect
using the 6DOF trajectory model.

The passive trajectory of other artillery or

use other trajectory models such as 4DOF and

5DOF models can also be incorporated into the

centric and gust of wind, the equations of motion
of the ordinary projectile can be written as

de_  dy_ o de_
TR TR TR
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dz m v, msing,
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where x,y,2 are the coordinates of the projectile
geometry center in the ground coordinate system;
v, »v,,v. the components of the velocity of the
projectile geometry center in the ground coordi-
nate system; m is the mass of the projectile, A the
equatorial rotational inertia of the projectile, C the
polar moment of inertia of the projectile, g the
gravitational acceleration, v, the relative atmos-
pheric velocity, w, the velocity of the longitudinal
wind, w. the the velocity of the cross wind, v, the
relative acceleration, R, the drag force, R, the lift
force, R, the Magnus force, ¢, the relative deflec-
tion angle, 0, the relative ballistic inclination an-
gle, ¢, the relative angle of attack, 8, the projec-
tion of the relative angle of attack on the vertical

plane, ¢,, the projection of the relative angle of at-

tack on the lateral plane, 9[;,, the relative declina-
tion angle velocity, 8 the trajectory inclination an-
gle velocity, a, the relative aiming angle, k., the
polar damping moment coefficient, k., the equator
torque damping coefficient, M. the Magnus mo-
ment, and M. the stable moment. ‘BD” and BD: are
the projections of dynamic unbalance angle 8, in
axis pand ¢ of the o, &) » respectively, L,,,7 and L,,,:

the projections of mass eccentricity L, in axis 7

and § of the 0,&p¢ » respectively.

2 Determination Algorithm for Pro-
jectile Attitude Angles
When computing the 6DOF trajectory mod-

el, one needs to provide 12 independent initial

values including (&, 35250, 50, sV s Vs @u s @237 su s
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gbz). On one hand, however, only the first 6
quantities, namely (x,y,2,v,,v,,v.), can be ob-
tained from radar test data; on the other hand,
the initial value of the spin angle ¥ may not influ-
ence the motion of the projectile since it does not
explicitly appear in the motion equations, Egs.
(7)—(12). Consequently, how to obtain the an-
gular velocity of spinning, two angles of oscilla-
tion, and two angular velocities of oscillation (y,
@u s @2 »@as@2) » will be studied in this paper.

If the radar data at time instant ¢; and ¢;,; are
known, one can expand the positions of a projec-

tile using a second-order Taylor series at ¢; as
Xy =X, + Va4 LA (8)

where X; and X,,, are the position coordinates of
the projectile at ¢; and t,4, , respectively; V, is the
velocities of the projectile at ¢;,At =1t;,; — ¢; the
difference between ¢; and t,.,,» A, is the accelera-
tions of the projectile at ¢, .

Further, it can be deduced that A, =

é(X,H —X, —V,;At) . Moreover, A, can also be

d;; d(;%) , where the (x,y,

25U, 9'Uy7'Uz)i at ¢; and (I,yaz,vmvy s ) at i

expressed as (

can be obtained from radar measurement. On the
right side of Egs. (7)—(9), only the angular ve-
locity of spinning and the two angles of oscillation

(}.’,gpu »¢:); are unknown and independent, there-

dv, dv, dv. .
fore, (*’ 2 f“) can be considered as a non-

dt T dr T de

linear function with respect to ()",gpu,gog),- at t¢;,

namely F,(V,@,,¢,) = A, — é(xm - X, —

V,At). By solving ()'/,goquoz),v , the problem is
transformed into solving a ternary nonlinear equa-
tions as follows
Fou(¥s@urg) =0
F,(Ysgusg) =0 (9
Fo(Ysqus@2) =0
Solving nonlinear equations have a wide
range of applications. Typically, the nonlinear
equation is numerically solved by iteration meth-
ods. Common methods include the fixed point it-

eration method, Newton iterative method and

Quasi Newton iterative method.

DPF method avoids obtaining inverse matrix
in its iteration formula, thus increases the speed
of calculation*].

Given a function f(x) , its gradient (7 f) ,
and positive definite Hessian matrix B , the Tay-

lor series is

FCxe b5 = flx) + 5 f(x) s, + %s}Bsk

(10)
and the Taylor series of the gradient itself (secant
equation)

NV flx, +s)=vf(x,) + Bs, (1D
is used to update B. The DFP formula finds a so-
lution that is symmetric, positive definite and clo-
sest to the current approximate value of B,

B, = U—yys)B.T—y5,30) +7yye (12)
where

ye = f(x, +s8.)— v flx) (13)
1

Visi

and B, is a symmetric and positive definite ma-

7k 149

trix. The corresponding update to the inverse
Hessian approximation H, =B, is given by
Hluyluy;I"H/J S&SE
yiH,y, Vis,

B is assumed to be positive definite, and the vec-

H,,=H, — (15

tors s; and y must satisfy the curvature condition
siy, =siBs, >0 (16)
We solve (j’,goa s¢2); based on the DFP meth-

od.
In a similar way, known the radar data at¢,.,
and ¢,., » one can calculate ()",gou,goz),u . Here-
by, the (gba ,gbz), att;, can be approximately evalua-

ted by

(Qu ) A (90“@3: :ff”“wx an

The schematic diagram for a cycle is shown
in Fig. 1.

Specific steps are as follows:

Step 1  Acquire the radar data from the
measurement on the coordinates and velocities of
the projectile at #;z;., and t;, » namely (X,V),,
(X5V) i s (X5 V)i 5

Step 2 Use (X,V); and (X,V),, to calcu-

late (j/,gaa s¢;); by DFP method;
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DFP DFP
|(}", P P2)i |(;", @ Pisa

Different quotient

(¢ @2):

Fig. 1

Calculating diagram within a loop

Step 3 Use (X,V),, and (X,V),, to calcu-
late (j’,gpa »@2):11 by DFP method;
Step 4 Use (¢, s¢:); and (g, s¢2) 1 to calcu-

late (g‘oa ,gbz),- by difference quotient.

Up to now, (j’,gol,,gog ,gbu,gbz), has been ob-
tained. Its basic idea is to use three consecutive
test data of position and velocity of the projectile
to solve the angles on the first point. Along with
the position and velocity data by radar measure-
ment, the initial values (x,y,z,v, ,vy,v:,)'/,gou i
©: 9g.0(,9§.02)1 of exterior ballistic equations are all
known. Further, the 6DOF trajectory model can
be solved, and the impact point can be computed.
The cycle stops when n is the last point of radar
test data.

The flow chart of the algorithm is shown in
Fig. 2.

i=1

Start Input radar data Calculate Solve equations
X)X D) F(7,9.,9) F=0
N l
N .
i+1>n i=i+1 i>1 Get(7,9.,9,)
Calculat:
- alculate v
((Pa, (02)
Trajectory
parameters Projecti]e
The ond of 6DOF mode impact point End
radar data

Fig. 2 Flow chart of 6DOF trajectory prediction method

3 Smulation and Experimental Veri-
fication

3.1 Simulation verification of the projectile’s an-

gles and angular velocities

Since the radar test data does not contain an-
gles information, a simulation method is adopted
to verify the calculation precision of the angles.
Hereby, a 155 mm spin-stabilized projectile is
studied for ballistic simulation. The mass of the
projectile is 45. 678 kg; its equator moment of in-
ertia is 1.785 kg *m®, polar moment of inertia
0.164 3 kg em?,
0.141 260 16, length of rifling 6. 41 m. The at-

mospheric density,

twist rate of rib rifling
the variation of speed of
sound, and aerodynamic coefficient can be re-
ferred to Ref. [1].

The ballistic data can be generated by using
the 6DOF trajectory model as "the simulated ra-
dar data”.

First of all, the trajectory simulation is car-

ried out based on three elevation angles including
35°, 49°, 65°(low, common, high), and direction

angle 0°. Basic parameters are shown in the Table 1.

Table 1 Simulation data of the ballistic
Case Caliber/ Vi/llglcziztlye/ Elevaticin angl?gilarlzlte/
mm (m e s1) angle/ (%) (rad s 1)
1 155 980. 57 35 1663.97
2 155 980. 57 49 1 663.97
3 155 980. 57 65 1663.97

Assume the simulated trajectory as a "simu-
lated radar data”, and take the results of the sim-
ulation from 1 to 2 s after launch, the time step is
set to be 0. 01 s. Thereby, total 100 positions and
velocity coordinates, as well as orientation angles
and their time derivatives will be generated at the
100 time instant. By substituting these 100 "sim-
ulated radar data” of position and velocity coordi-
nates into the proposed attitude angles determina-
tion algorithm, one can finally compare the calcu-

lated results with the "simulated radar data” of at-
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titude angles and their time derivatives.

Figs. 3—11 show the comparison between
the "simulated radar data” and estimated results
by the algorithm in the case of 35° low elevation
angle, 49° common elevation angle and 65° high
elevation angle, respectively. It can be seen that
the estimated angles and their time derivatives
using the algorithm 6DOF (6 degree of freedom
estimated) are in good agreement with the simu-
lated radar data, which validates the algorithm in
the case of the common, high and low elevation

angles, respectively.

o~ 1500¢ — Simulation data
z **+* 6DOF estimated
B
£ 1000
2
8
g L
g 500
N
0 1 1 1 1
1.0 1.2 1.4 1.6 1.8 2.0
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Fig. 3 The spin rate versus time for comparison in the

case of 35° elevation angle
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Fig. 4 The pitch angle versus time for comparison in the

case of 35° elevation angle
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Fig. 5 The yaw angle versus time for comparison in the

case of 35° elevation angle
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*+** 6DOF estimated
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case of 49° elevation angle

0.90
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080
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0.00
-0.02
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-0.04
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1.

— Simulation data
**+* 6DOF estimated
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t/s

of 49° elevation angle

F .. —— Simulation data
"+ 6DOF esftimated

0 1.2 1.4 1.6 1.8
t/s

2.0

The spin rate versus time for comparison in the

2.0

The pitch angle versus time for comparison in the

2.0

Fig. 8 The yaw angle versus time for comparison in the

case of 49° elevation angle
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2
&
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2
57
0 h A i A
1.0 1.2 1.4 1.6 1.8 2.0
t/s
Fig.9 The spin rate versus time for comparison in the

case of 65° elevation angle
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the case of 65° elevation angle

3.2 Results of ballistic test

In order to further verify the algorithm in
this article,some firing tests have been implemen-

ted with an elevation angle of 45° and a direction

Fig. 11

case of 65° elevation angle

Hereby impact points of four projectiles are
shown in Table 2.
In the aforementioned table, the first 10th

measuring filtered points from Doppler radar test

angle of 0°, for the first projectile are shown in Table 3.
Table 2 Four impact points of projectiles in the firing test
Data Time/s  Range/m Drift/m x/(me+s™ 1) y/(m e+ s ) z/(me+s 1)
Real radar data 1 92.38 29 315. 46 2 396.732 155.168 8 —339.926 26,671 41
Real radar data 2 92.27 29 440. 45 2 531.825 155.689 0 —346. 295 35.883 63
Real radar data 3 92.47 29 312. 44 2 501.725 154.551 2 — 344,767 31.865 45
Real radar data 4 93. 47 30 162.98 2 345. 485 159.034 1 —349. 352 26.590 59

Table 3 The first 10th measuring filtered points of the first projectile from Doppler radar test

Time/s  Range/m Drift/m Altitude/m x/(mes 1) y/(mes ') z/(mes )
2.00 1177.284 1 165. 469 14.774 47 566.740 7 551.030 1 7.467 21
2.01 1 182.956 1 170.983 14. 849 22 566.558 4 550.752 4 7.467 66
2.02 1 188.626 1 176. 495 14.923 97 566.372 2 550.470 8 7.468 05
2.03 1194, 287 1 181.996 14.998 63 566.182 4 550.185 9 7.468 39
2.04 1 199. 949 1 187.498 15.073 33 565.995 1 549.903 2 7.468 75
2.05 1 205.612 1 193.000 15. 148 07 565.809 0 549.622 1 7.469 12
2.06 1 211.277 1 198. 501 15.222 85 565.625 6 549. 343 4 7.469 51
2.07 1 216.935 1 203.997 15.297 59 565.439 9 549.062 7 7.469 87
2.08 1222.589 1 209. 487 15.372 30 565.250 7 548.778 4 7.470 17
2.09 1 228. 240 1214.972 15.446 99 565.059 0 548.491 8 7.470 43

3.3 Test verification on projectile’s position and

velocity coordinates

Substituting the Doppler radar test data in
Table 3 into the trajectory prediction algorithm
and computing the impact point using the 6DOF
trajectory model with the estimated initial values,
one can compare the actual test data (Real radar
data) with the simulation data (6DOF esti-

mated) , as shown in Figs. 12—16.

3.4 Test verification on the prediction of projec-
tile's impact point
The error of projectile’s impact point can be
defined as

€:estlmated*real><100 (18)

real

where ESTIMATED is the impact point of esti-
mated by the proposed algorithm, and REAL the

real radar date.
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Fig. 14  Velocity x versus time for comparison in the

case of 45° elevation angle

Table 4 shows the error analysis of the pre

diction of the projectile’s impact point with an
proj p p

600
— Real radar data
*++* 6DOF estimated
400
T 200 \
£ \
s o
-200
~400 -
0 20 40 60 80 100
t/s
Fig. 15  Velocity y versus time for comparison in the

case of 45° elevation angle

50
40
T 30
g
N 20
10
— Real radar data
*+** 6DOF estimated
00 20 40 60 80 100
t/s

Fig. 16 Velocity z versus time for comparison in the case

of 45° elevation angle

elevation angle of 45°, The error between the al-
gorithm results and real data is small, with a
slight deviation in the Z direction. From the me-
teorological conditions of the test, the high alti-
tude wind speed, which can reach 62—77 m/s in
the vertex height,is very large. In such case, high
altitude wind measurement error will be relatively
large. However, the accuracy of the prediction is
acceptable in engineering scale. This deviation
may be caused due to two reasons:One is measur-
ing error of meteorological conditions; the other
is the poor state of the artillery used,resulting in
a relatively large initial disturbance.

The experiment validates that the algorithm

Table 4 Error analysis of the prediction impact point of 45° elevation angle

Result Time/s Range/m Drift/m x/(me s ) y/(me+s ) z/(m=+s ')
Real radar data 92.38 29 315.46 2 396.732 155.168 8 —339.926 26.671 41
6DOF estimated 93.245 8 29 527.828 5 2 265.235 7 159. 810 9 —322.667 7 27.200 7
Error/ % 0.937 215 848 0.724 424 928 —5.486 483 261 2.991 645 228 —5.077 075 599 1.984 484 51
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has good prediction effect using the 6DOF trajec-

tory model.

4 Conclusions

In this paper, a determination algorithm used
DFP method to solve nonlinear equations is ap-
plied to estimate projectile’s attitude angles at the
end phase of the radar data of the projectile trajec-
tory test. We established the determination algo-
rithm of the projectile’s attitude angles for trajec-
tory prediction, and extrapolated the impact
point. In order to verify the proposed method,
the trajectory simulation was implemented based
on three elevation angles, 35°, 49°, 65° as the ”
simulated radar data”. By substituting 100 "simu-
lated radar data” of position and velocity coordi-
nates into the proposed attitude angles determina-
tion algorithm, one can compare the estimated re-
sults with the "simulated radar data” of attitude
angles and their time derivatives. Good agree-
ment has been achieved in the result. The firing
test is carried out and the real radar data are sub-
stituted into the algorithm for trajectory predic-
tion. The prediction and the actual curves agree
very well, and the error is acceptable within engi-
neering scope.

Not only the projectile but also the other ar-
tillery trajectory can be predicted by the algo-
rithm. The proposed algorithm can also be ex-
tended to trajectory prediction using other trajec-
tory models such as 4DOF and 5DOF models.
This article provides a novel technical foundation
for evaluating the dynamic performance and im-
proving the accuracy of artillery trajectory predic-

tion.
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