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Abstract: The problem of two-dimensional (2D) direction of arrival (DOA) estimation for double parallel uniform
linear arrays is investigated in this paper. A real-valued DOA estimation algorithm of noncircular (NC) signal is
proposed., which combines the Euler transformation and rotational invariance (RI) property between subarrays. In
this work, the effective array aperture is doubled by exploiting the noncircularity of signals. The complex arithme-
tic is converted to real arithmetic via Euler transformation. The main contribution of this work is not only exten-
ding the NC-Euler-ESPRIT algorithm from uniform linear array to double parallel uniform linear arrays, but also
constructing a new 2D rotational invariance property between subarrays, which is more complex than that in NC-
Euler-ESPRIT algorithm. The proposed 2D NC-Euler-RI algorithm has much lower computational complexity than
2D NC-ESPRIT algorithm. The proposed algorithm has better angle estimation performance than 2D ESPRIT al-
gorithm and 2D NC-PM algorithm for double parallel uniform linear arrays, and is very close to that of 2D NC-ES-
PRIT algorithm. The elevation angles and azimuth angles can be obtained with automatically pairing. The pro-
posed algorithm can estimate up to 2(M—1) sources, which is two times that of 2D ESPRIT algorithm. Cramer-
Rao bound (CRB) of noncircular signal is derived for the proposed algorithm. Computational complexity compari-
son is also analyzed. Finally, simulation results are presented to illustrate the effectiveness and usefulness of the
proposed algorithm.
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0 Introduction

The problem of estimating the direction-of-
arrival (DOA) of multiple sources in the field of
array signal processing has received considerable
attention for decades" ™. Various DOA estima-
tion algorithms have been developed and applied
in many fields, including mobile communication

system, radio astronomy, sonar and radar""®.

Although the maximum likelihood estimator!”*
provides the optimum parameter estimation per-

formance, its computational complexity is ex-
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tremely high. Suboptimal but simpler solutions
can be achieved by subspace based approaches,
which rely on the decomposition of observation
space into signal subspace and noise subspace.
For example, both multiple signal classification
(MUSIC) method™ and estimation of signal pa-
rameters via rotational invariance technique (ES-
PRIT) “° are well-known subspace based direc-
tions of arrival estimation algorithm for their
good angle estimation performance.

Noncircular signals have received considera-
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ble attention in the field of spatial spectrum esti-
mation"""”. The amplitude modulation (AM) and
binary phase shift keying (BPSK) modulated sig-
nals frequently used in communication systems

(12 " The noncircular-

are noncircular (NC) signals
ity of signal is investigated to enhance the per-
formance of angle estimation algorithm by com-
bing array output and its conjugated counterpart.
Some noncircular DOA estimation methods of
multiple signals have been reported, such as NC-
MUSIC algorithm™*, NC-ESPRIT algorithm"*!,
NC-propagator methods (NC-PM)*'%) and NC-
parallel factor ( NC-PARAFAC) algorithm"™",
These noncircular DOA estimation algorithms
have better angle estimation performance and can
estimate more sources.

However, the arithmetic of the above men-
tioned DOA estimation algorithms is operated in
complex field. Thus the corresponding computa-
tional complexity is very high. Huarng and Yeh
have proposed real-valued MUSIC algorithm'*
and real-valued ESPRIT algorithm'® by unitary
transformation, respectively. A real-valued non-
circular ESPRIT algorithm for uniform linear ar-
ray has been proposed in Ref. [20], which has
lower computational complexity than NC-ES-
PRITM algorithm. Then this method is extended
to PM algorithm for two-dimensional (2D) angle
estimation by Zhang™!.

In this paper, a computationally efficient 2D
angle estimation algorithm of noncircular signal
for double parallel uniform linear arrays via Euler
transformation and rotational invariance property
between subarrays (2D NC-Euler-RI) is pro-
posed. The complex arithmetic in this work is
converted to real arithmetic by Euler transforma-
tion. The main contribution of this work is not

NC-Euler-ESPRIT

rithm™®! from uniform linear array to double par-

only extending the algo-
allel uniform linear arrays, but also constructing
a new 2D rotational invariance property between
subarrays, which is more complex than that in
NC-Euler-ESPRIT
proposed 2D NC-Euler-RI algorithm needs to con-

algorithm. Moreover, the

sider matching problem between elevation angles

and azimuth angles. We also analyze the compu-
tational complexity of the proposed algorithm and
derive the CRB of noncircular signal for double
parallel uniform linear arrays.

The proposed algorithm has the following
advantages: (1) It has lower computational com-
plexity than 2D ESPRIT!M algorithm and 2D NC-
ESPRIT algorithm™* for double parallel uniform
linear arrays. (2) It can estimate up to 2(M—1)
sources, which is two times that of NC-Euler-ES-
PRIT algorithm. (3) It can achieve automatically
paired elevation angles and azimuth angles. (4) It
has better angle estimation performance than that
of 2D ESPRIT algorithm™, 2D NC-PM algo-
rithm'™ for double parallel uniform linear array,
and close to that of 2D NC-ESPRIT algorithm"'’.

Notations: C « )7 ', Co )", C+ DT, (D,
( + )7 denote inverse, conjugate, transpose, con-
jugate-transpose and pseudo-inverse operations,
respectively. diag {v} stands for a diagonal ma-
trix, whose diagonal elements are the elements in
vector v. I is a KX K identity matrix. E( * ) is
the expectation operator. angle( * ) means to get
the phase. Re[ ¢ ] and Im[ ¢ ] mean to get the
real part and imaginary part of complex number,

respectively.

1 Data Model

Assume that there are K uncorrelated nar-
rowband sources impinging on double parallel u-
niform linear arrays, and each uniform linear sub-
array equipped with M sensors is shown in Fig. 1.
The distance d between adjacent sensors is equiv-
alent to half of the wavelength A. The sources are
far away from the subarrays, thus the incoming
waves over the sensors are essentially planes.
The noise is additive independent identically dis-
tributed Gaussian with zero mean and variance ¢°,
which is uncorrelated with the signal. We denote
the 2D DOAs of kth source as @, = [0is ¢ s
where 0, and ¢, denote elevation angle and azi-
muth angle, respectively, and £=1,--,K.

The output signals of subarrays along X axis

at time ¢ can be modeled ast**!
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x, (1) =As(t) +n, (1)
x, (1) =ADys (1) + n, (1)

where x; (£) ,x, (£) € CM*! are the received signals

(@Y

of each subarray; A=[a,,**,a,,*,ax |EC" ¥ is
the steering matrix, a, = [ 1, ==+, & Pl wee
SM VT, ¢, =2nd + cos(g)sin(0) /Asm=1,
<, M;s(1) €CK'5 and @y is a diagonal matrix
ety e 0
0 eer ek

where 7, =2ndsin(g,)sin(,) /A.

@ Sensor

Fig.1 Array geometry””

A brief definition of noncircular signal is giv-
en in the following™*. Let s(¢) be a complex ran-
dom process with zero mean. The second order
statistics of s (¢) are defined as the covariance
E{s(t)s” (t)} and conjugate covariance E{s*(z)},
respectively., The relationship between these two
covariance measures is

E{s* ()} =pe’E{s(D)s" (1)} (3)
where ¢ is the noncircular phase and p(p€[0,1])
denotes the noncircular rate. It is defined that
s(2) is circular when p=0 and is noncircular when
O<‘0<1.

Only the signals of maximum noncircular
rate p=1 are considered in this work. The noncir-
cular signals s(t) with maximum noncircular rate
can be expressed as

s(2) =Ws, (1) €Y)
where s, (z) € RE*!, and
e e
p=|: " (5
0 e oidk
where ¢, is the noncircular phase of kth signal and

is assumed to be in the range of [0,x].

2  Angle Estimation Algorithm

2.1 Euler transformation of array output

According to Eq. (1), define the real-valued
subarray output via Euler transformation™’ as
follows
x (0 =[x, () +x7 (D]/2=A,5,() +n,. (1)
be(¢> =[x () —x7 (O ]/(2)) =A,s,) +n, ()
lxz((t) =[x, () +x; (D]/2=Ass, () + (D)
X, (1) =[x, (1) — x5 (1) ]/(2j) =A,5,(t) +n,, (1)

(6)
where A, A, Ay, A,y € RWK, p (1) =
Re[n, ()], ny, (t) = Im [ny ()], n, (t) =
Reln, () ] n, () =TIm[n, (1) ].

Construct the extended real-valued array out-

put as
x, (1) =A,5,(0) +n, () D)
with L snapshots can be written as
X, =AS, +N, €))

where X, €ER™ ", § € R, N, € R"™"",

2.2 2D NC-Euler-RI algorithm

Define
1 1 0 0 0
0 1 1 0 .ee 0
L=\, . . . . . (9
0 o o0 1 1
1 —1 0 0 0
0 1 —1 0 cee 0
T2 — . . . . . . (10)
0 o o0 1 —1
where T, and T, € R™ V"M,
Let
T, 0
0 T 0 0
Ji= ()
0 0 T, 0
0 0 o0 T
0 - Tz 0 0
T, 0 0 0
Je = (12)

0 0 0
o 0 T. 0
where J, ,J, € RIM DX
Combining Eq. (7) and Egs. (11),(12), we

have

JlA,Dl :JzA,. (13)



440 Transactions of Nanjing University of Aeronautics and Astronautics

Vol. 35

where
tan(f’%'l) 0
D, = : : (14)
0 tan(T"Z'K>

where D, € RE*F,
Define the covariance matrix of x,(z) as
R, =E[x,(0)x! (1) | =AR,A! +5°1,y (15)
where R, ER™MM R =FE[s,(t)sf (¢)]€E RE*K,
R, can be rewritten via Eigen value decompo-
sition (EVD) as
R, =UXU'+UX,US (16)
Where U_\ 6 RU\/IXK , U“ 6 R/H\/IX(MVI K) , 2.\ 6 RKXK ,
X € RN

For U, and A, can span the same signal sub-

[25]

space, it can be obtained that
UII, =A, 17
where II, is a nonsingular matrix, and II, &
RE*K
Combine Eq. (13) and Eq. (17), and we have
J U, LD II) =J,U, (18)
Define
P, =, U)" J.U, (19
where P, € RF*K,
According to Egs. (18),(19), we have
P, =II, D\ II" (20)
Perform the EVD of P,, which can be ex-
pressed as
P, =VAV? @2
Y, e 0
where VERF* ¥, A= | , ¥ is the kth
0 o 7
diagonal element of A.

Combine Eq. (14) and Egs. (20),(21), and

we have

yk:tan(%> 22)

Then reconstruct the extended real-valued
array output data along Y axis as
y.(t) =B,s,(t) +n,() (23)
where y. (£),n, (1) €R"™M', B, &€ R"™*¥, and
B, =[B|..B} .*.B, B, .+ .By By ]"
Qo
cos(d,,.k + i)
cos(D,,.x + ¢« J
(25)

me

cos(d,.. + ¢1)
cos(D,,.; + ¢1)

B {sin(d,,,,l + ¢) sin(d,,.x Jrsllx)}

sin(D,,.; + ¢1) sin(D,, x + ¢x)
(26)
where d,,,=(m—Dz,,» D, =d,.t1,4.
Define
T,=[1 1] @27
T,=[1 —1] (28)
Let
T, 0
0, = L) Tj 29
0 —T,
Q= {Tl 0 } (30)

Combine Egs. (29), (30) and construct J;,

J. as follows

0. 0

Jo=1]1 31
L0 Q:
0, 0

Jo=1]1 T (32)
L0 Q.

where J, .J, € R2M*M
Combine Eq. (23) and Egs. (31),(32), and

we have
JSBV’DZ :J1Br (33)
where D, € RE*K | and
D, = (34)
Ty.K
0 m( 2 )

Define the covariance matrix of y, (¢) ast**
,=E[y.(Oy ()]=B,R,Bf +"Ly (35)
where R, € R*™MM,
R, can be rewritten via EVD as
R,=BAB+BAB, (36)
where B, € R"™* K, B, € RV UM A ¢ RFYKF,
e
For B, and B, can span the same signal sub-
space, it can be obtained that
BII, =B, 37)
where IT, € R**F is a noncircular matrix.
Combine Eq. (33) and Eq. (37), and we have
J:B.(L,D.ITI,") =J ., B, (38)
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Define
P,=J;B,)" J.B, (39)
where P, € RE“K,
According to Eqgs. (38),(39), we have
P, =IL.D.II,' (40)
Perform the EVD of P,. which can be re-
written as
P, =HQH" 4D
w0
where HE R K, Q= , w, 1s the
0+ wx
kth diagonal element of Q.
Combining Eqs. (40), (41), it can be ob-

tained that

w,\,:tan<r"2"k) (42)

Note that the EVDs of P, and P, are per-
formed, respectively. We should consider the col-
umn ambiguity and scale fuzzy between A and £
DOAs.
Eqgs. (7),(23), y,(¢) can be obtained by row ele-

before estimating the According to
mentary transformation of x, (), so B, can be
achieved as follow
B, =J,U, 43
where J, is the row elementary transformation
matrix.
Then replace IT, in Eq. (40) with

T, =I1.1I, (44)
The column ambiguity and scale fuzzy between A
and  can be solved.

Define that

e = cos (g, ) sin(0;) (45)
'r];Q :Sin(gpk)sin(ek) (46)
Thus the estimates of y; and 7 are
/:z;, =) » arctan ﬁ 47)
;]k = « arctan ;% (48)

Therefore, the azimuth angles and elevation

angles can be estimated as follows

g}ak =arctan</%> (49)

0, =arcsin«/;]§ +/}Z (50)

2.3 Algorithm description

The implementation of the proposed algo-
rithm with finite array output data is summarized
in this section. The sampled covariance matrices

R, with L snapshots are defined as™*"
L
Ro—=1 7% )xl (1) 1)
<=1

The procedure of the proposed 2D NC-Euler-
RI algorithm for double parallel uniform linear ar-
rays is presented in the following.

(1) Initialize the sampled array output data
of subarrays X, ,X,. and define the matrices J, ,
N RN FRY PRV P

(2) Construct the extended real-valued array
output X, via Euler transformation.

(3) Compute the corresponding sampled co-
variance matrix R, » and perform the EVD of R,.

(4) Extract the signal subspace U,, and re-
construct U, to get B, via Eq. (43).

(5) Compute the matrices P, and P,, and
perform the EVD of P, and P, . respectively.

(6) Estimate the elevation angles and azi-
muth angles via Eqgs. (49), (50).

Remark 1 It is assumed that the number of
sources is pre-known, or it can be estimated by
some methods shown in Refs. [27-29].

Remark 2 The column ambiguity and scale
fuzzy between A and £ are solved via Eqs. (47),
(48). Thus the elevation angles and azimuth an-

gles can be obtained with automatic pairing.
2.4 Analysis of complexity

Regarding the computational complexity,
only matrix multiplication operations are consid-
ered. The complexities of 2D ESPRIT algo-
rithm™®, 2D NC-ESPRIT algorithm™" and the
proposed 2D NC-Euler-RI algorithm for double
parallel uniform linear arrays are analyzed in
Table 1. Fig. 2 is the simulation results of com-
putational complexity comparison among 2D ES-
PRIT algorithm, 2D NC-ESPRIT algorithm and
2D NC-Euler-RI algorithm with different num-
bers of snapshots L and sensors M. It can be seen

that the proposed 2D NC-Euler-RI algorithm has
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Table 1

Computational complexity of three methods for double parallel uniform linear arrays

Algorithm

Computational complexity

2D-ESPRIT
2D-NC-ESPRIT
2D-NC-Euler-RI

4M? L+8M° +3K* (3M—2) +2K?

16(5M? —8M+4)L+6K* (5M—4)+2K?®
3
/1MZL+161\/F+3K2(5M*/1)+K7+4ML

29
£ ¢| —+—2D-ESPRIT f
8 —&— 2D-NC-ESPRIT
& 7f —©—2D-NC-Euler-ESPRIT
E 6
N
E 5
2 4
5
=3
2
g @
8 0 4 hadd ha )
50 100 150 200
L / Snapshot

18

16l —+ 2D-ESPRIT

—&— 2D-NC-ESPRIT

14+ —e— 2D-NC-Euler-ESPRIT

Complexity /10° (Matrix multiplication)

5 10 15
M / Antenna

Fig. 2 Simulation results of complexity comparison with different values of L and M

much lower computational complexity of than
that of 2D NC-ESPRIT algorithm, and close to
that of 2D ESPRIT algorithm.

Note that the dimension of array output data
is doubled by exploiting the noncircularity of sig-
nal. The effective array aperture of the proposed
algorithm is 2M, which is two times that of ES-
PRIT algorithm. Thus the proposed algorithm

can estimate up to 2(M—1) sources.

3 Cramer-Rao Bound

We derive the CRB of noncircular signals for
double uniform linear arrays in this section.
There are some differences between the CRB of
noncircular signals DOA estimation and that of

[17]

circular signals DOA estimation The parame-

ters needed to estimate can be defined as
. .
~ [9'11"... ,(9,(’;901 e ,SDK;SR([] )2,...’} o
SR (2D a8t (2) s ys1 (2) w0
where sz (£,) and s;(¢,) denote the real and imagi-
nary parts of s(z,), respectively.

According to Eq. (1), the sampled array out-

put with L snapshots can be rewritten as

2= [2" () o2 () 2 () e 2 () ] T

(53)

Where z(l;):[xlT(l‘/) 9x§(l‘/)]T s X (t[) and X (t[)

are the samples of x,(z,) and x,(z,) at #;, respec-
tively.
The mean p and covariance I of z are

[ Ks(tl)

p=1 (54)

r=|: ", i (55)
0 e |
where A=[A" ,@JA"]".
From Ref. [30], the (i,;j) element of the
CRB matrix P can be expressed as
(P']), =u[I'r'r'r;J+2Re[p, I 'y)]
(56)
where yf and I', denote the first-order derivative
of p and I'" with respect to the ith element of ¢,
respectively.

For the covariance matrix I' is just related to
o°» the first term of Eq. (56) can be ignored. The
(i,j) element of CRB matrix P can be simplified
as

[P '], =2Re[u. T 'u;] (57)
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According to Egs. (52,54), we have

aAs(tl)

a0, _
! . rdgk.\'k(tl)
A :
o 20" | |y
20, |aA" . Cldy s (D)
a@ks (t]) )
. Ldﬁl Sk (tl‘)_
aA S‘([L)
L 90, J
;As(t])
o fd, 50 (1) ]
A :
3&_ agDIS([L) B d%sk(l‘l,)
I |OAT | (dasi )
(’]90’\' .
o 7d;ﬁ82 (ZL),
AT
L dn i

where s,(z;) is the kth element of s(#,), and

~ da,
dgk Jﬁk

Jda,

— I
where a, is the kth column vector of A.
Define

ke

S(tl)

S(l‘],)

BN
<

0O - A
A — [A() aAS;]
where
kdgl Sl(tl) dngK(tl)
;dol Sl(tl‘) d(}KSK(Z‘L)

7d¢1 Sl(fl) b d \‘K(tl)

K"

_dq;] SI(IL) d#’KSK(tI')

Then we have

P
Tl PO
w_[C
ISk G’

(58)

(59)

(60)

61

(62)

(63

64)

(65)

(66)

E G
l“—[{ . } (67)
I8 — G’

Combining Eq. (52) and Egs. (62)—(67),

the first-order derivative of p with respect to § is

( A G iG 0
ﬂ%{ S } (68)
26 AT G —iG 0

Combine Eq. (55) with Eq. (68), and
Eq. (57)can be rewritten as
au” d J 0
2Re| B }: (69)
e[ ag I {0 0}

where

J AII AT
A G G 1
J*%Re G" G' { : }
o

[ier ol o 6]
Let
B2 (G"G)'G"A 70)
1 0 0
Fa |[—By I 0 7D
—B, 0 I

where By and B are the real and imaginary parts
of B, respectively.
According to Egs. (69)—(71), we have

[A G JGIF=[II!A G iG] (72)
(A G —iG"JF=[II}- A" G —iG" ]
(73)

where ITe =I—G(G"G) 'G", G"II. =0.

Thus, it can be demonstrated that

J At oA A G G l
F"‘JF=%Re F"| G" G" [ : }F =
o

[y J

: AT, A'IT, IA G G 1
L —iG" jGT '
AT, A 0 0 l
;%Re 0 G'G  iG'G (74)
0 —iG"G G"G (

Only the elements related to the angles are

considered. According to Eq. (74),J ' can be ex-
pressed as
J'=F(F"JF) 'F' =
I 00] [Re(A"IT.A) 00 I 00
§_BRIO 0 kK| |~ B 10 =
—B, 01 0 kx| |— B 01
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2
UZ [Re(A"ITo A ] ' kK

(75)
K K K

K K K
where k denotes the parts unrelated to the eleva-
tion angles and azimuth angles.

Thus, the CRB matrix can be obtained as
2
CRBz%[Re(A“HéA)]’] (76)

After further simplification, the CRB matrix

can be rewritten as

2

CRBzzL{Re[D”II,%D@P}"]}’I 77
where D = [ﬁal y oo ,aaK ,Hal yoee ,HaK} .o’ is the
90, 0k " g, dex

power of noise, ® denotes the Hadamard prod-

uct, Il = Iy — A (A"A) '"A", and P, = %

L

E S(f[)s([[)H.

4 Simulation Results

The Monte Carlo simulations are adopted to
evaluate the angle estimation performance of the
proposed algorithm. The rootmean square error

(RMSE) is defined as™"

K N
1 1<, - )
RMSE:?Z{ \/NZ (@, —a)’ (78

n=1

where a;., is the estimate of 0:/¢r of the nth
Monte Carlo trial. N=300 is the number of sim-
ulation loops. Assume that all sources have the
same symbol duration and the same input signal-
to-noise ratio (SNR). The signals are all BPSK
modulated. The distance between adjacent sen-
sors is equivalent to half of the wavelength, d =
A/2. Simulation results are shown in Figs. 3—8.

In the following simulation results except
Figs. 4,7, 8, we assume that there are K =3
sources located at angles of (6, ,6,,0,)=(15°,35°,
55°) and (¢ s @25 ;) = (10°,30°,50%). The non-
circular phases are (¢ » o » ¢p3) = (20°,40°, 60°),
respectively.

Fig. 3 presents angle estimation result of ele-
vation angles and azimuth angles of the proposed

algorithm. M=8 and L=2300 are used in the sim-

55+ r'
°
H
o 35+ -
R=1
s
5
&)

15+ -

10 30 50
Azimuth angle / (°)

Fig. 3 Angle estimation result over Monte Carlo simu-

lations

ulations, while SNR=10 dB. From Fig. 3, the
elevation angles and azimuth angles can be clearly
observed.

Fig. 4 shows the angle estimation perform-
ance comparison among the proposed algorithm,
2D ESPRIT algorithm™, 2D NC-ESPRIT algo-
rithm ™', 2D NC-PM algorithmrm , and CRB of
noncircular signals for double parallel uniform
linear arrays. M=6, K=2 and L =300 are used
in the simulations. From Fig. 4, it is indicated
that the angle estimation performance of the pro-
posed algorithm is close to that of 2D NC-ES-
PRIT algorithm and better than that of the other
2D angle estimation algorithms, since the effec-
tive array aperture is doubled by exploiting the
noncircularity of signals.

Fig. 5 shows angle estimation performance of
the proposed algorithm with L=300 and different
values of M. From Fig. 5, it can be seen that the
increasing of M will lead to the improvement of
angle estimation performance of the proposed al-
gorithm.

Fig. 6 depicts angle estimation performance
of the proposed algorithm with M=8 and differ-
ent values of L. From Fig. 6, the angle estima-
tion performance of the proposed algorithm is en-
hanced with the number of snapshots increasing.

Fig. 7 presents angle estimation performance
of the proposed algorithm with M =8, L = 300
and different values of K. From Fig. 7, it can be
found that the angle estimation performance of
the proposed algorithm degrades with the number

of source increasing.
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Fig. 8 displays the simulation result of the

proposed algorithm with two closely spaced

sources. In Fig. 8, we assume that the two closely
spaced sources are located at angles of (6,,0,) =

(30%,32%) and (gys¢,) = (10°,12°). The corre-

3
10 —O—ESPRIT
, —+—NC-ESPRIT
10 —8—NC-Euler-ESPRIT

—+—NC-PM
—>—CRB

sponding noncircular phases are (¢, ¢, ) = (20°,
40°), respectively. M =10, L =500 and SNR=
20 dB are used in the simulation. Fig. 8 implies
that the proposed algorithm works well when two

sources are closely spaced.
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5 Conclusions

In this paper, we have proposed a real-valued
2D NC-Euler-RI algorithm of noncircular signals
for double parallel uniform linear arrays. The
proposed algorithm has the following advantages:

(1) Tt has much lower computational com-
plexity than that of 2D NC-ESPRIT algorithm"'*
for double parallel uniform linear arrays.

(2) It has better angle estimation perform-
ance than that of 2D ESPRIT algorithm™* and 2D
NC-PM algorithm™ for double parallel uniform
linear arrays, and very close to that of 2D NC-ES-
PRIT algorithm"" for double parallel uniform
linear arrays.

(3) It can estimate elevation angles and azi-
muth angles with automatically pairing.

(4) The maximum number of source esti-
mated by the proposed algorithm is two times
that of 2D ESPRIT algorithm, for the effective

array aperture is doubled via utilizing the noncir-
cularity of signal.

We also analyze the computational complexi-
ty of the proposed algorithm. The CRB of noncir-
cular signals for double parallel uniform linear ar-
rays are also derived. It is well known that CRB
expresses a lower bound on the variance of an un-
biased estimator, which can be used to compare
the angle performance of different algorithms.
From Fig. 4, it can be seen that the RMSE of the
proposed 2D NC-Euler-RI algorithm is much clos-
er to CRB compared with that of 2D ESPRIT al-
gorithm and 2D NC-PM algorithm. It is also
clearly indicated that the angle estimation per-
formance of our algorithm is better than that of
2D ESPRIT algorithm and 2D NC-PM algorithm.
Finally, the angle estimation performance and
computational complexity of the proposed algo-
rithm are evaluated by numerical simulations.
Simulation results illustrate the effectiveness of
the proposed algorithm in a variety of scenarios,

even when the sources are closely spaced.
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