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Abstract; The multilevel characteristic basis function method (MLCBFM) with the adaptive cross approximation
(ACA) algorithm for accelerated solution of electrically large scattering problems is studied in this paper. In the
conventional MLCBFM based on Foldy-Lax multiple scattering equations, the improvement is only made in the
generation of characteristic basis functions (CBFs). However, it does not provide a change in impedance matrix
filling and reducing matrix calculation procedure, which is time-consuming. In reality, all the impedance and re-
duced matrix of each level of the MLCBFM have low-rank property and can be calculated efficiently. Therefore,
ACA is used for the efficient generation of two-level CBFs and the fast calculation of reduced matrix in this study.
Numerical results are given to demonstrate the accuracy and efficiency of the method.
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0 Introduction

The method of moments (MoMs) has been
widely used in solving electrically large radiation
and scattering problems. And it is notoriously ex-
pensive in terms of computation time and storage
requirements because a dense matrix equation
needs to be solved. In recent years, many itera-
tive solvers to mitigate this problem have been
presented, allowing for ever faster solution of ev-
er larger problems.

A few examples of this approach are the mul-
tilevel fast multipole algorithm (MLFMA)"!,
the adaptive integral method (AIM)', and the
multilevel adaptive cross approximation (MLA-
CAH,

formance of matrix vector production while suf-

These methods achieved excellent per-

fered from the convergence problems of ill-condi-
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tioned matrices which caused by the surface inte-
gral equation formulation.

A common approach is to substitute the
MoM impedance matrix with a much smaller ap-
proximate representation. This category includes
the multilevel matrix decomposition algorithm
(MLMDA)™™ and the adaptive cross approxima-
tion (ACA)™, which compress the matrix using
pure algebraic methods.

Another category has been developed for re-
ducing the number of degrees of freedom (DoFs).
This reduction can be achieved by using the char-
acteristic basis function method (CBFM) . It
divides the target into several blocks, and a set of
high-level basis functions called CBFs are used in
each block. This method has been successfully

applied to a wide variety of problems.
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Nevertheless, for the electrically large scat-
tering problems, it is unfortunate that the num-
ber of unknowns per block is increased in order to
keep low number of blocks. It directly makes the
generation procedure of CBFs increasingly expen-
sive in time and storage consumption. To miti-
gate this problem, a multilevel version to the
CBFM called the multilevel characteristic basis
function method (MLCBFM) was presented in
Ref.[8]. The creative idea is that the CBFs de-
fined in large blocks are expressed as a linear
combination of the previously generated low-level
CBFs defined in the relatively small blocks. It
makes the MLLCBFM achieve a high compression
rate of the unknowns. Meanwhile, the ACA al-
gorithm is employed to accelerate the interactions
between the first-level CBFs. Considering the
further compression, the solution of efficiently
calculating the interactions between high-level
CBFs is given in Ref.[9]. Refs. [8-9] are based
on the CBFM with a singular value decomposition
(CBFM-SVD),

calculation precision, these methods need to ex-

However, for ensuring the

cite each block by using multiple plane waves
(PWs) incident from different angles and consid-
ering two polarization modes to construct CBFs
for each block. This condition leads to increasing
the number of CBFs. Therefore, the limitations
of time and storage caused by large number of
CBFs and large dimension of reduced matrix are
still exist.

For the above reasons, another MLCBFM
based on Foldy-Lax multiple scattering equations
is presented in Ref. [11]. These CBFs are con-
structed differently by using PWs incident from
single angle, in which mutual coupling effects
among all scatterers can be included systematical-
ly. The CBFs do not need to be regenerated anew
for each angle, hence the number of CBFs is re-
duced.

Ref. [11] only concern dielectric scattering prob-

However, the results presented in
lems, where the domains associated with CBFs
are confined to single objects (cubes) in multiple-
object and the electrical size is very small. On the

other hand, although the method in Ref. [11] im-

proves the computational efficiency, it does not
use any accelerated processing technology, thus
the impedance matrix filling is so time-consuming
that the advantages of the MLLCBFM is concealed.
To mitigate this problem, electrically large scat-
tering problems are considered in this paper. In
addition, the ACA is used in calculating all the
interactions among the blocks, with the exception
of the diagonal blocks and the interaction between

adjacent blocks.

1 Characteristic Basis Function Method

The MoM formulation yields the following

matrix equation
Z+J=E (D

Assuming that the target is dividing into M
blocks, each block is subdivided into n cells.
Eq. (1) can be transformed as follows

Z, 2, Z - Zu Ji E,

Z, Z Loy o Loy J: E,

e
N

Zvi ZLyy Zys v Zuu| |Iu Ey
where Z,; (i =1,2,3,-,M;;=1,2,3,-,M) re-
present the interaction impedance and self-imped-
ance matrix;J; and E; are the induced surface cur-
rent density and incident field of the i-th block.
The CBFs are obtained by the Foldy-Lax multiple
scattering equations™'®. It indicates that the final
exciting field of the i-th block is equal to the ini-
tial incident field plus scattered fields from all
other blocks. The primary CBFs for each block
only correspond to the incident field, and the sec-
ondary CBFs for one block state the mutual cou-
pling effects with other blocks. The unknown in-
duced current can be computed as follows.

(1) The primary CBFs J*

Z.J! =E, (3)
where Z; and E; are the self-impedance and inci-
dent field of the i-th block, :=1,2,3,+-,M.

(2) The secondary CBFs J*i ,J%

The first-order secondary CBFs J% of the i-
th block are computed by the scattered fields due
to primary CBF's on all other scattered field. Sim-
ilarly, we can calculate the additional secondary

CBFs.
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M
ZJS =— > Z,J7 D
J=1G#D
M
ZJ5=— > Z,J% (5)
i=1G#D

where i1=1,2,3,++,M.

(3) The final current J*

Assuming that the secondary CBFs are only
computed to J%, the final current of the i-th
block is represent as

Ji=alJd! +0J.5 4 cJ> (6)
where :=1,2,3,-,M. The primary and second-
ary CBF's can be derived easily using conventional
matrix inversion after Z; are factorized. When J;
is replaced by J!, the matrix size in Eq. (2) is
now substantially reduced. The number of the
unknowns in each scatterer is equal to the number
of the coefficients which are employed in Eq. (6).
The new matrix elements are in the form of
JP3)TZ2,J° with superscript T stands for the
transpose operation. Then the coefficients of the
final induced current a,;, 6, and ¢; (i =1,2,3, *-,

M) can be obtained.

2 Multilevel Characteristic Basis
Function Method

The conventional CBFM based on Foldy-Lax
multiple scattering equations provides more effi-
cient solution of scattering problems, unfortu-
nately the impedance matrix filling, the CBFs
generation and the reduced matrix calculation are
still time and storage consuming. The number of
DoFs grows with the electrical size of the blocks.
This constitutes the main limitation of the CBFM
for electrically large problems. To overcome this
limitation, the MLCBFM is presented. In the
MLCBFM, the target is firstly divided into M
blocks, and then each block is subdivided into N
subdomains. For instance, Fig. 1 shows an exam-
ple of analysis of a target using a two-level strate-
gy. The target is divided into four (M=4) blocks
and each of them is subdivided into the other nine
(N=9) subdomains. For the solid dot in Fig. 1,
3{2} is used in representing the second subdomain
of the third block.

Assuming only the first-order secondary

Fig. 1 Multilevel analysis of a target

CBFs and the second-order secondary CBFs are
generated, the unknown induced currents are cal-
culated as follows.

(1) The primary CBFs J*

In Eq. (6), the final current J! for the i-th
block obtained by the CBFM mentioned in Section
1 is used as the primary CBFs of the i-th block in
the MLCBFM. The incident field in the k-th sub-

domain of the i-th block is denoted as E;, .

PP __
Liyicey Jitey = Eigy (N
N
PS, __ PP
Liwiw Jih =— E Liryiin Jicn) (8)
h=1Chw#k)
N
Ps, __ Ps
Zi{k)if/s‘rJ,'(/gi*i 2 Zi{k}i%h,“]i{hl‘/ 9
h=1Ch=#k)

Jiw =aw I o J5) tewdiy (10)
where :1=1,2,3,+,M; ksh=1,2,3,--,N.

(2) The secondary CBFs J5t,J*

The initial exciting field of the £-th subdoma-
in in the i-th block is equal to scattered field de-
rived from the primary CBFs on all blocks except
the i-th block. The total current for the i-th

block is used as the first-order secondary CBF of
the i-th block

M
s, P __ P
Ziyundily =— E : ZiwiJ; (1)
J=10GF#D
N
S;S S, P
Zf'k;‘u’k‘/ i = E : Zn’/wiq/z‘,Ju'm (12)
h=1Chsh)
N
Liwiw it =— 2 ZLiwin I (13)

h=1Chk)
Jiy =aundy Tound ey towdin: (A4

Similarly, we can get J73,
M

Zw:»:(/e‘/J}jZkF;:* E Zp:k«,Jfl (15)

J=1G#D

N
Zﬁm;am.],f;,;l - § Zi«(/m(/wJ;{ZM (16)

h=1Ch#k)
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Z;rk:uu\»‘,J,'(Z/g)" - E Z;:k;;(mJ,'f/l;' 17

h=1Cb

I =ann I3l 0 IS e B (18)
where Z;, ;4 is the impedance matrix between the
k-th and h-th subdomain in the i-th block; Z;,
represent the interaction between the k-th subdo-
main in the i-th block and the j-th block; i=1,2,
3y, M;k,h=1,2,3, -+, N. At last, J! in
Eq. (6) can be calculated by using JT ,J;Sl ,J’?Z that
obtained by Eqgs. (10),(14),(18).

3 Adaptive Cross Approximation Al-
gorithm

Although the MLCBFM can save much time
in generating the CBFs, it is still time consuming
because there are numerous vector-matrix-vector
products (VMVPs) in the reduced matrix calcula-
tion procedure for electrically large scattering
problems. And filling the impedance matrices
Ziwin and Z;,,; used in Eqgs. (8)—(17) is compu-
tationally expensive. To solve this problem, a
linear algebra algorithm called ACA is used for
accelerating matrix-vector products. The imped-
ance matrix that represents the interaction among
non-contacting subdomains is also of low rank and
can be compressed by using the ACA algorithm.
For example, the impedance matrix Z;;,, can be
well approximated with this algorithm into a
product of two full rank matrices, that is

A A /“Z;\a(?fi“(ff\;’”“ =Zyw Ly N (19)
where N, » N;, are the original block dimen-
sions and #<< N » Ny, . r is the rank of the ap-

proximation. The iterative threshold ¢ is intro-

duced to control the iterative process to achieve

the ACA goal

| RNitw N || = Z;‘Y'iki}‘j»\:"/"‘ 721\4"2}“1';«(7;\?}”‘7 | <
el Z;‘?"Mkﬁ{\:'”‘ l (20)
where RYiw “Niw {s the error matrix, and | « ||

stands for the Frobenius norm. Thus, the memo-
ry requirement decreased from N;,, X N;, entries

to r (N + N;) entries. Then, the impedance

XN .
i can be compressed in the same

matrix Z)j4
way. After that, the reduced matrix calculation

become fast by using ZYuw "Zy7Vuw  and

2y 2y N instead of Ziin L.
4 Numerical Results

The performance of the proposed MLLCBFM-
ACA with a threshold of 10™° will be discussed in
this section. It is applied in several different test
examples for calculating the bistatic RCS. The
results have been compared with that obtained by
the FEKO software, CBFM-ACA, and MLCBFM
without using the ACA algorithm. Simulation are
performed on a personal computer equipped with
the Intel (R) Core (TM). i7-3820 CPU with
3.6 GHz and 64 GB RAM. All the exciting fields
are the uniform plane wave incident along the =
axis direction, only have the E. component.

First we consider 16 conducting plates uni-
formly distributed on the same floor, each of
them with the electrical size 3. 331 X 3. 331 at
1 GHz. And the distance between two adjacent
plates is 3. 33A. The target is split into four
blocks and 16 subdomains which are divided into
30 912 triangular patches, and the number of
RWG basis functions is 45 472. The bistatic H-
plane RCS is presented in Fig. 2 for the FEKO,
CBFM-ACA, MLCBFM and the presented meth-
od. It is found that the results are in good agree-

ment.
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Fig.2 H-plane bistatic RCS of the discrete PEC plates

at 1 GHz

Then we consider the RCS of 16 discrete con-
ducting cubes, each of them with the electrical
size 1A X 1A X 1A at the frequency of 300 MHz.
And the distance between two adjacent cubes is
1A. The cubes are split into four blocks and 16

subdomains which are divided into 16 576 triangu-
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lar patches and 24 864 RWG basis functions. The
bistatic RCSs calculated by the FEKO software,
CBFM-ACA, MLCBFM and the present method
are shown in Fig. 3. It is found that the results
obtained by the MLCBFM-ACA are more accu-
rate than that obtained by the CBFM-ACA.
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Fig. 3 H-plane bistatic RCS of the PEC discrete cubes

at 300 MHz

At last several random discrete targets are
considered at the frequency of 300 MHz, which
requires 17 160 RWG elements. The radius of
each sphere is 0. 51, the base radius and height of
each cone are 0. 54 and 1A, respectively, the radi-
us and height of each cylinder are 0. 51 and 1A,
respectively, and the electrical size of each cube is
1AX 1A X 1. The distance between two adjacent
targets is 1A too. These discrete geometries are

split into four blocks and 16 subdomains. The

RCS calculated by FEKO
CBFM-ACA, MLCBFM and the presented meth-

od are shown in Fig. 4.
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Fig. 4

The CPU time of the CBFM-ACA, ML-
CBFM and MLCBFM-ACA are shown in Table 1.
The calculating time concerns two-level CBFs
generation, reduced matrix filling, solving matrix
and RCS. MLCBFM and MLCBFM-ACA are
more efficient than the conventional CBFM-ACA
according to the calculating time. But in the im-
MLCBFM

without using any accelerate technique is compu-

pedance matrix filling procedure,
tationally expensive, thus belying its advantage.
As shown in Table 1, the presented method has
solved this problem and enhanced the perform-
ance of MLCBFM.

Table 1 CPU time of CBFM-ACA, MLCBFM and the presented method
Problem Method Calculating time/s Flrl:antgrl;mt?;id/iw Total time/s

CBFM-ACA 16 974 12 338 29 312

1 MLCBFM 6 338 32 651 38 989
MLCBFM-ACA 4 783 14 672 19 455
CBFM-ACA 50 04 3136 8 140

2 MLCBFM 1 145 9 564 10 709
MLCBFM-ACA 957 2 854 3 811
CBFM-ACA 1 359 1782 3 141

3 MLCBFM 487 4 560 5047
MLCBFM-ACA 436 2 260 2 696

. the conventional CBFM for large structures. But
5 Conclusions

it will lead to the growth of the impedance matrix

The MLCBFM-ACA has been studied for the
analysis of electrically large scattering problems.
MLCBFM can achieve a higher compression rate

of the unknowns and become more efficient than

filling time. The MLCBFM-ACA gives a perfect
solution of this problem, and then enhances the
performance of MLLCBFM. The results in previ-

ous section are given to demonstrate the accuracy
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and efficiency of the MLCBFM-ACA. It can be
seen that the MLCBFM-ACA shows more advan-

tage for very large scattering problems.
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