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Abstract: The command tracking problem of formation flight control system (FFCS) for multiple unmanned aerial

vehicles (UAVs) with sensor faults is discussed. And the objective of the addressed control problem is to design a

robust fault tolerant tracking controller such that, for the disturbances and sensor faults, the closed-loop system is

asymptotically stable with a given disturbance attenuation level. A robust fault tolerant tracking control scheme,

combining an observer with H.. performance, is proposed. Furthermore, it is proved that the designed controller

can guarantee asymptotic stability of FFCS despite sensor faults. Finally, a simulation of two UAV formations is

employed to demonstrate the effectiveness of the proposed approach.
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0 Introduction

An unmanned aerial vehicle (UAV) is an air-
craft without a human pilot aboard. The flying of
UAV, which depends on the flight control system
(FCS) including actuator, sensor and so on, is
controlled either autonomously by on board com-
puters or by the remote control of a pilot'"®. The
UAV not only has many potential military and
civil applications but also has great scientific sig-
nificance in academic research. One of the inter-
esting topics is the cooperative control of UAV in
formation flight, in which a group of UAVs fly in

[6-10]

a desired graph formation There are reasons

to believe that the efficiency of group performance
is higher than that of single UAV. There have
been significant researches in the area of coopera-
tive control of multiple vehicles system in recent
years. For examples, the authors mainly focused
on the motion consensus and formation control of

UAV swarm in Ref. [11], and a novel formation
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control algorithm suitable for both leaders and
followers was designed, in which leaders can be
influenced by feedback from their teammates. A
normal PID control law was studied for the closed
formation of UAVs in Ref. [12], and the bound
condition of a safe distance was given. In Ref.
[137], the authors respectively proposed central-
ized and decentralized event-triggered control
laws, which achieved the the circle formation.
The fault of single UAV or agent will influence
the entire formation and even safe, so it is neces-
sary to study the fault tolerant control (FTC)
problem of the formation'"). Several approaches
have been exploited to solve the problem about
accomplishing a certain formation for faulty UA-
Vs. A mathematical model using dual quaternion
is employed to describe the spacecraft formation.
The effectiveness of the proposed control method
is further demonstrated in the presence of actua-
tor fault, disturbance and parameter uncertainty

as well. Moreover, the finite-time stability of the
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closed-loop system is guaranteed by the adaptive
feedback FTC law'®!. The authors investigate
the time varying fault tolerant control formation
problem for high-order multi-agent systems with
actuator failure in Ref. [16]. Using the adaptive
online updating strategies, the bounds of actuator
failures can be unknown. Then an algorithm is
proposed to determine the control parameters of
the FTC, where an approach to expand the feasi-
ble formation set and the formation feasible con-
ditions is given. A fault tolerant formation con-
trol scheme of UAV based on Kalman filter is
presented, which can deal with both GPS sensor
failure and wireless communication packet losses
in Ref. [17]. A centralized null space based ap-
proach is introduced to compose a complex mis-
sion for swarms. Bernulli model and Extended
Gilbert model are employed to value the impact of
the main packet loss in wireless networks*!. The
works mentioned above perform effectively in the
design of formation controller, but the sensor
faults in multi-UAV formation are not studied se-
riously. Once the attitude, velocity or position
sensor of a UAV fails, the formation flight con-
trol system (FFCS) will be influenced, which
motivates us to study further"'**",

Motivated by the above discussion, the ro-
bust fault tolerant tracking control design is dis-
cussed in this paper for FFCS of multi-UAV in
which sensor faults happen to a single UAV. The
dynamics model of UAV formation including sen-
sor faults and disturbances is established. Then
an observer-based feedback control approach is
employed. Finally, a simulation example is given
to illustrate the validity of the proposed ap-

proach.

1 Problem Statement

In this study, the typical leader and wing-
man formation patterns are adopted, and a typi-
cal triangle formation of UAV is shown in
Fig. 15%2),

The aerodynamic coupling effects are ignored
for the simplicity, and then a linear state space

model for the FFCS of UAV is obtained H%
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where x, u, y and w, are respectively state vec-
tor, control input, output vector and process dis-
turbance vector. x, y and z are the separation
distances between leader and follower with re-
spect to the wing UAV. V,, Vy are the leader
and the follower velocities. ¢, ¢w are the leader

and the follower heading angles. CE€ R"*° is a di-
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agonal constant matrix, and m is a given positive
constant. More parameters refer to Ref. [127].

In order to meet the requirements of actual
following important

conditions, the aspects

should be taken into consideration simultaneous-
ly.

(1) Sensor fault. When the attitude, velocity
or position sensor of a UAV occurs gain fault, the
fault of FFCS will occur, and the measure values
of xs ¥, =5 ¢ws Vy and { will fully or partially be
inflected. Under this condition, the output can be
generally characterized as'*

yr =Fy (2
where yr € R? is the actual measure output of sys-
tem in sensor faulty case, F €& R denotes the
sensor gain fault parameter and satisfies the fol-
lowing inequality constraints: 0<CF = diag{ f/,
I2}<F:diag{f‘1 ,f'2}<F:diag{?1 vjj‘z be fili=
1,2) are the output proportion coefficients of sys-
tem in sensor faulty case.

Here matrices F, and F are given by

F+F
Fodiag{f‘ol’fcz};—

diagjz] th Lt (3)

[ 2 J
~ ) -~ o~ F—F ) j?l —f 1 *le
F =dia s fy) =—— =diagx———, — >
iag{fi.f2} ) Hgl ) ) J
(€9)]

The sensor fault model parameter F can be

turned into
F=F,+ F; =F, + diag{8,,0,} (5)
where 8, < f,(i=1,2) .

(2) Input constraint. In view of the limited
power of actuator, the actual control input force
should be confined into a certain range, which
means that

()], < thma (6)
where .« denotes the maximum control input.

(3) Disturbance. In order to obtain an actual
dynamic performance of FFCS, the disturbance
vector w, which includes process disturbance w,
and outside disturbance w,, is assumed to belong

to a bounded set I defined as Fa {w & a’:|w|<

w} for some constant non-negative values w, that
is, w(2) €3 for all time instants ¢ == 0.
According to the above mentioned sensor
and disturbances, the FFCS model
(Eq. (1)) of UAV can be described by
x =Ax + Bu + @w
{yF =Fy =FCx

faults

D)

where w is a bounded disturbance.
To design the tracking controller, a reference

model is introduced for FFCS

X, —AX +r (8)
where x, € R’ is the reference state, A, is a speci-
fied Hurwitz matrix and r € R® is a bounded refer-
ence input.

Since UAV is a low cost aircraft and state
variables are not all measured exactly, a close-
loop system tracking controller based on an ob-

server is designed as

X =Ax +Bu+L(ys —y (9
y=Cx (10)
u=—K(x, —x) (11)

where x is the estimated value of x. L the gain
matrix of observer to be designed, and K an un-
known control gain matrix with appropriate di-
mension,

The attenuation of external disturbances is
guaranteed considering the H.. performance relat-

ed to the tracking error x, —x ast*"

J" (x, —0)TQx, —x)dt < ﬂ” T wiwde

12)
where Q is a given positive definite weighting ma-
trix, ¢; denotes the final time, and yis a specified
attenuation level. By defining the state estimated
error e, =x 7; , the tracking errore,=x—x,, the
state vector of the global closed-loop system x =
le,.e,.x,]" , then combining the control law
(Eq. (11)), the system (Eq. (7)), and the ob-
servers (Eqgs. (9), (10)), the following closed-
loop system model can be obtained

x —Ax + B (13)

where
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A—IC LU—F)C LU—FC

A= | —BK A + BK A—A,
0 0 A,
® o0
- ~ w
r
0 I

Note that with the state vector x, in-Eq. (12) can
be written with Q=diag{0.Q,0}

| xorar <y | o7gu (14)
where " =r"r+w'w.

The objective is now to compute the gain ma-
trices K, L to ensure the asymptotic stability of
Eq. (13) thus guaranteeing Eq. (14). A straight-
forward result is summarized in the following
theorem.

Theorem 1 If there exists a matrix P=P" >
0 and a positive constant  such that the following
linear matrix inequality (LMI) is satisfied

A'P+PA+1 PS
o <0 (15)
{ STPp — 7,21}
then the asymptotic stability of the closed-loop
formation control system Eq. (13) is ensured and
the H.. tracking control performance Eq. (14) is
guaranteed with an attenuation level 7 .
Proof Consider the following candidate Lya-
punov function
V=x"Px P=P" >0 (16)
The stability of the closed-loop model
(Eq. (13)) is satisfied under the H.. performance
(Eq. (14)) with the attenuation level 7 if
VEx0x — 9 o< 0 an
Eq. (17) leads to
x"[A"P+PA +Qlx +x"PS¢ +
pISPE el <0 (18)
or equivalently
ﬂ FfﬁJrf)A +Q PS } F
1

- . , N}<O 19
[0} N -7 (1)

The goal is now to obtain a tractable LMI
problem that allows searching the gain matrices
(both the control matrix K and the observer gain
matrix L) to prove the closed-loop stability (find-

ing P™>0 to ensure the prescribed attenuation lev-

el .
Remark Most of former results just consid-
er the wireless communication or GPS fault of the

multiple aircrafts formation"'"'"’,

but few at-
tempts have been made towards solving the con-
troller design problem with sensor faults. Thus,
the novelty of model (Eq. (13)) with respect to
existing results is that the sensor fault of FFCS is

taken into consideration.

2 Fault Tolerant Control Design

In this section, the fault tolerant formation
controller design problem of multiple UAVs is in-
vestigated. The design requirements mentioned
above are analyzed separately, and the obtained
results are utilized for the tracking controller de-
sign.

Lemma 1! For real matrices X, Y and §=
S§T>0 with appropriate dimensions and a positive
constant ¥, the following inequalities hold

XY HY'X < )X'X+ 7YY (20)
XY4+Y'X<X'S'X+Y'SY @D
Lemma 2% For real matrices A,B,W.,Y,Z

and a regular matrix Q with appropriate dimen-

sions, one has

Y+B'QO'B w?
< 0=>
w Z +AQAT
Y W' + BTA"
<0 22)
W + AB Z

L7 Let a matrix <0, a matrix X

Lemma 3
with appropriate dimension such that X*EX<0,
and a scalar «, the following inequality holds

X'EX <o X"+ X) —d'E"

Lemmas 1—3 formulate the conditions under
which the inequality meets the negative definite.
Based on these propositions, the following theo-
rem presents a controller design method via con-
vex optimization.

Theorem 2 When the sensor fault parameter
matrix F of closed-loop system (Eq. (13)) is un-
known and satisfies Eqs. (3)—(5), if there exist
positive symmetric matrices P, = P{ > 0,P; = PJ >
0,N=N">0, §=S" >0, real matrices Y and Z,
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a positive constant n, such that the following LLMI conditions are satisfied
T 0 L PO 0 Z 0 0 Z 0 ]
x I 0 0 0 0 NQ I 0 NC"
o I 0 0.5P, 0 0 0 0 0
* * *x  —0 57]21 0 0 0 0 0 0
x %% % —0.57°I 0 0 0 0 0 <0 23
* * * * * —1 0 0 0 0
£ % x % x x  —20 0 0 0
x % % * % % % x —SF* 0
| * % % * * % % % * — SF |
where I'l, =0. 5[PLA—ZC+ (PLA—ZO)"].T, = T, =0.5(P;A, +AP,) +C'SC, Iy =N"C" (I—
ZU—F)C, I'';=0. 5[AN+BY+ (AN+BY)" |, F)'.
T 1 0 0 0 0 0 0]
*  —2N 0 0 0 0 0 Y’
* % I, A—A, 0 —1 N'Q 0
* * * I 0 0.5P; 0 0 0 o0
* * * * —0 51]21 0 0 0
oxx x x  —0.570 0 0
x x * % * % —20 0
| * * * * * * —1
where I't, =0.5[ P, A—ZC+ (P, A—ZC)" ], I'}, = plified as
0.5[AN+BY+ (AN+BY)" ]+BB",I',=0.5 - Ir'+r-<o
(P;A, +ATP.). Then the asymptotic stability of where
the closed-loop formation control system (Eq. r=
(13)) is ensured and the H.. tracking control per- T, P,LAd—FC P, LU—FC P,® 0 ]
formance (Eq. (14)) is guaranteed with an atten- * I 0 0 0
uation level . Moreover, if a solution exists, the * * 0.5(P;A, +ATP,) 0 0.5P,
gains K and L are obtained using K=YN ! and * * * —0.571 0
L=P 'Z. | * % % *  —0.541
Proof Assuming that P=diag{P,,P,,P,} ‘=
and P, =P; >0, in-Eq. (19) can be rewritten as %, K'B'P, 0 0 0
I, I1,, P,LU—F)C PO 0 ] * I’ P,(A—A) P.@ —P,
* I, P, (A—A) P, —P, * * 0.5(P;A, +AlP;) 0 0.5P;
* x  PA, +AP, 0 P, | <0 * * * —0.571 0
* * * — 7]2 I 0 | * * * * —0. 5,]2 1]
E * * =L Ity =0.5[P,(A—LO+(A—LCO)"'P,].I},=0.5 »
(25) [P,(A+BK)+ (A+BK)"'P,+Q1,I, =0. 5[ P, (A—
where LO)+ (A—LC)'P, ]. T3, =0.5[P, (A+ BK) +

I, =P, (A—ILC)+((A—LC)'P, .II,, =P, L(I —
F)C+K'B'P, ,II., = P,(A+BK) +(A+BK)'P, +
0

For a convenient design, in-Eq. (19) is sim-

(A+BK)'P,+Q].
Then in-Eq. (25) holds, if I'" << 0 and I'*<<0.
Using the well-known property in Lemma 1,

the following inequality can be deduced
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elP,L(1—F)Ce,+e,C"(I—F)L"P e, <
e, P, L(P,L)"e, +e,C"(I—F)"(I1—F)Ce,

Based on the above, I'"<<0 is equivalent to

P

1
* I's,

* %

L* *

0

*

*

[ al
Fll

*

*

T, 0 P, LU—F)C

¥ % 0.5(P;A, +ATP,)

PO 0
0 0
0 0.5P, |<<0
— 0.5 0
*  —0.59"1]
(26)
0 ZUO—F)C PO
I 0 0
* I 0
* * —0.59°1
* M x
* * *
* M x
* * *

where I, =0.5[P,A—ZC+(P,A—ZC)"].I'l,=

0.5[AN+BY+ (AN-+BY)" ], I''; =0. 5(P;A, +

[T, | 0 0
* —2N 0 0
* x I A—A,

. * * *  0.5(P;A, +AP,)

% M * %
* M * *
* * M M
% M * %

where I'Y, =0. 5(P,A—ZC) +0. 5(P,A—ZC)",
Ii;=0.5[AN+BY+(AN-+BY)" |+BB".
Using Egs. (3)—(5), in-Eq. (27) can be re-

0

T}
*
*
*
*
*

*

L*

1

0
I
*
*
*
*
*

*

where I'l, = 0. 5[ P, (A+ BK) + (A + BK)'P, +
Ql+C"(I—F)"(I—F)C, I, =0. 5[ P, (A —
LO)+(A—LO)'P, ]+P, L(P,L)".

Then, one proceeds a bijective change of var-
iables followed by a pre-post multiply of the in-
Eq. (26) by diag{I,N,I,I,I} with Z=P,L,N=

P;! and KP;'=KN=Y, and obtains

0 VA 0 0]
0 0 N'Q Iy
0.5P; 0 0 0
’ ‘ ’ 0 0 <0 27)
—0 57721 0 0 0
* — 1 0 0
% *  —20 O
* * * — 1

ATP), I's=N'C"(U—F)".
Similarly, I'"<Z0 can be turned into

0 0 0 0]

0 0 oy

o} —1 N'Q o0

0 0. 5P, 00 _ 0 e
—0.57°1 0 0 0

* —0.5¢1 0 0

* x —20 0

* * x  —1|

written as

M' =M; + EEB" + BEE" + pFv' +vFEp’ <0

29)

ZU—F)C P,0O 0 VA 0 0

0 0 0 0 N'Q I

I 0 0. 5P, 0 0 0

* —0.59°1 0 0 0 0

% * — 0.5/ 0 0 0

M * ¥ —1 0 0

% % x x —20 0

* * * * x  —1]

where éE=[—Z",0,0,0,0,0,0,0]",p=[0,0.C,
0,0,0,0,0]", Is=N'"C"(U—F,)", v=[0,0,0,
0,0,0,0,I]" and p=[0,—CN,0,0,0,0,0,0]".

For Lemma 1 and S=8" >0, in-Eq. (29) is
equivalent to

Ml <M(]) +§S IF2§’1'+ ﬁsﬂ]+lls lﬁ2”’1‘+t§v’l‘
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Applying Schur complement theorem on the
above inequalities, the in-Eq. (23) is deduced,
then Theorem 3 is proved. When sensor fault of
FFCS is unknown and satisfies conditions (Egs.
(3)—(5)), the asymptotic stability of the close-
loop FFCS (Eq. (13)) is ensured.

3 Simulation Results

Simulations are performed for FFCS consis-
ting of two UAVs. The expected formation ge-
ometries are specified by x.=20 m, y.=20 m and

z,=0 m, respectively. The initial state of leader

UAV are set as: V, =30 m/s,¢, =107, h; =
1 000 m. The initial state of follower UAV are
set as: Vi, =20 m/s.¢w, =20, hy, =1 010 m.
The initial formation geometries are defined as:
x0=35 m,y, =35 m and 2, =—10 m. The dy-
namic matrices A and B are valuated for the data
listed as™; The velocity time constant Tv, =5 S,
the heading time constant 7, =0. 75 s, the alti-
tude time constant z, =0.3 s, 7, =3. 85 s. Out-
side disturbance is assumed as: w, =0. 02 « [ 2sint,
cos0. 5¢,3sint—cost|" . Furthermore, the param-

eter matrix of the reference model is given by

[0.5637 —1.068 3 2.877 4 —9.422 0 0
— 8.450 3 0.202 7 0 0 0.629 6 0
0 0 —2.9534 —6.8129 0 0
A 0 0 —0.6912 —3.1775 0 0
0 —1.328 4 0 0 4,153 2 1.007 8
—0.735 9 0 0 0 0.630 4 —6.182 4
The resulting design is simulated in Matlab’s . 4512 [~
Simulink package by the mathworks. To verify ® ‘3‘2 - . . . . .
the superiority of the control approach, it is as- = e 8 IR 20 el
sumed that unknown sensor faults occur in the T:" g(s) L
sensor channels of x,Vy and y, respectively. It is % %(5) [ . . : . .
_ ~ 0 5 10 15 20 25 30
assumed that F=0. 1 diag{1,1,1},F=0.9 -« 35
diag(1,1,1). £
In the following, different simulation results 24 0 5 10 15 20 25 30
are given using a robust controller without FTC tls
and an observer-based FTC scheme developed in Fig. 2 State evolution of FFCS using controller without
this study, respectively. First of all, a robust e
tracking controller without FTC is adopted. As :: 388
shown in Figs. 2,3, the robust controller without :E; 108 :\/—.— L ; : :
FTC cannot guarantee the state and control input f 50 0 ’ e
of FFCS having a satisfactory dynamic perform- E;; 0F
ance. For example, the evolution of x cannot as- =0 0 5 0 15 20 25 30
ymptotically track command x.. s 142188 ;\/
Correspondingly, according to the linear ma- & 1288 L : . : : :
trix inequality in Theorem 3, one can deduce the 0 5 10 15 20 25 30
fault tolerant tracking controller matrix K and ob- s
Fig. 3 Control input evolution of FFCS using controller

server gain matrix L as

without FTC

0.3578 —7.1436 —2.247 3
K= 0.0487 —0.0057 2.2459
—0.0889 0.410 4 — 0.003

7.138 7 13.648 1 14.378 7
—9.7714 —0.0001 —0.0001
0.1804 —13.6884 —14.4836
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5.540 5 6.179 6 —9.290 5]

5.5182 6.2120 —9.300 2

~15.4071 6.0587 —09.0407
L=10°-

5.7957 6.5002 —9.871 1

5.6223 6.3028 —9.4959

5.618 7 6.2989 —09.492 5]

By utilizing the robust fault tolerant control-
ler obtained in Theorem 3, it can be seen from
Fig. 4 that the unknown sensor fault can be well
regulated. Both x and y asymptotically track the
specified commands x. and y. within 6 s. Moreo-
ver, as shown in Fig. 5, the robust fault tolerant
tracking controller developed in this paper, makes
that control input responses of the close-loop FF-
CS have a satisfactory dynamic performance in
spite of the sensor fault, which demonstrates the

efficiency of the proposed approach.

60
40
20 [~

0 . \ . . .

x/m

50
a0 IN_
30 f
20 ; : ; . :

Vy/(m * s™)

35

30
25
20 g .

0 5 10 15 20 25 30
tls

y/m

Fig.4 State evolution of FFCS using robust fault tolerant

controller

0 5 10 15 20 25 30
tls
Fig.5 Control input evolution of FFCS using robust fault

tolerant controller

4 Conclusions

In this study, a novel fault tolerant tracking
control design approach is proposed for a class of

multiple UAVs formation control systems with

sensor faults using both LMI technique and Lya-
punov stability approach, which guarantees that
the faulty UAVs formation has the good fault tol-

erant capability. Firstly, a formation control

model of multiple UAVs considering the disturb-
ances and sensor faults is introduced and a sensor
gain fault model is also given. Then a robust fault
tolerant tracking controller is designed in un-
known sensor faulty case by means of a general-
ized observer. Finally, the simulation results are
shown to exhibit the effectiveness of designed
FTC approach.
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