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Abstract:Aimingtodecreasethevibrationofwinginducedbydual-rotorcivilturbofanengines,thedynamicmod-
elsofasingle-degreeoffreedom(DOF)linearmainoscillatorcoupledwithsingle-DOFandtwo-DOFnonlinearen-
ergysink(NES)areestablished.Accordingtotherelatedenergycriteriafortheoptimizationofthedynamicvibra-
tionabsorber,focusingontheeffectsofexternalexcitationonthekineticenergyoftheprimarymassandtotalsys-
temenergy,thevibrationsuppressioneffectsofsingle-DOF,two-DOFserialandparallelNESonthemainoscilla-
torsystemarestudied.Undertheconditionthatthecharacteristicparametersofthemainoscillatorsystemandad-
ditionaltotalmassofthevibrationabsorberremainunchanged,resultsshowthatthetwo-DOFparallelNEShas
thebestvibrationenergysuppressioneffects,whichcanprovidedatareferencefortheoptimaldesignofNESvibra-
tionsuppressionunderdual-frequencyexcitation.
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0 Introduction

Vibrationsuppressiondesignofmoderncivil
turbofanenginesplaysanimportantroleinaero-
nauticalengineering.Relatedresearchshowsthat
evenforthe mostadvancedcivilturbofanair-
crafts,thefailureproblemscausedbyenginevi-
bration,suchasthelocalstructuralcracks,pipe-
lineleaksandlooseningoffasteners,stilloccur
frequently.Atpresent,mostcivilturbofanen-
ginesadoptadual-rotorlayout,whichintroduces
atypicaldual-frequencyexcitationintothedy-
namicmodels[1-3].Besides,inotherengineering
areas,thedual-frequencyexcitationcanbetter
predicttherealseaconditionsandthestabilityof
deep-searisers,andtheestablishmentofthesys-
temdynamicmodelwithcertainstochasticexcita-
tioncharacteristicsbasedondual-frequencyexci-
tationhasbeenprovedtobefeasible[4-5].Thevi-
brationreductionofcivilturbofanengineshasal-

waysbeenamajorissueinthemodernaviation
field.Inordertostudythevibrationsuppression
withtypicaldual-frequencyexcitationcharacteris-
ticsandthesystems,inthispaper,thenonlinear
energysink(NES)isintroducedintothenonlin-
eardynamicsanalysis.

NEShastheadvantagesofwidevibrationab-
sorptionfrequencybandandhighenergydissipa-
tionrate.Comparedwithtraditionaldynamicvi-
brationabsorber(DVA),themechanismofener-
gytransferanddissipationofNESismorecom-
plicatedduetotheinfluencesofnonlinearfactors.
Inrecentyears,moreandmoreresearchershave
focusedonthetheoreticalresearchandapplica-
tionsofNES.Gendelmanetal.[6,7]analyzedthe
attractorproblemsoftunedforcedlinearsystem
withNES.Theresultsshowedthatundercertain
dampingandfrequencyrangesettings,NEScould
havebetterenergyabsorptioneffectsthantradi-



tionallinearDVA,andthenaparameteroptimi-
zationdesignmethodofNESwasproposed.Sta-
rosvetskyetal.[8,9]studiedtheeffectsoftwo-de-
greeoffreedom(DOF)linearsystemNESonthe
internalresonanceproblems,andtheresponse
mechanismofthesystemwithNESunder1∶1∶
1internalresonancequasi-periodicforcingand
randomexcitation.Andtheyprovedthatthepa-
rametersofNEScouldbetunedtoeffectivelyre-
ducethevibrationcausedbyquasi-periodicande-
venrandomexcitation.

InRefs.[10-13],initialconditionsoftarget
energytransfer (TET)betweenthenonlinear
coupledoscillatorsin NES wereinvestigated,

basedonwhichsuchtypicalparametersascubic
stiffness,dampingandmassratioofNEScould
bedesignedtoobtainbettervibrationreduction
effects.Hubbardetal.[14,15]designedasingle-
DOFNESonthewingtipforthevibrationsup-
pressionresearchbyexperiments,anddescribed
thedesignprocessofNESindetail.Intheparal-
lelNESoptimizationdesign,Borosonetal.[16]

consideredtheuncertaintyoftheNESefficiency
causedbytheloadingconditionsorthedisturb-
ancesofthedesignparameters,andprovedthe
effectivenessofthemethodthroughcomparative
analysis.InRefs.[17-18],basedonthenonlin-
earoutputfrequencyresponsefunction,avibra-
tiontransmissibilityexpression ofsingle-and
multi-DOFsystemswithcoupledNESwasput
forward,whichcanbeemployedtoanalyzethe
vibrationsuppressioneffectsofNES.

ItcanbeseenthatNEShasbeenwidelyap-
pliedinengineeringvibrationsuppression.How-
ever,thevibrationsuppressioneffectsofdifferent
configurationsofNESunderdual-frequencystill
remainunknown.Themainresearchgoalisto
studythevibrationsuppressioneffectsofsingle-
DOF,two-DOFserialandparallelNESonthe
mainoscillatorsystemusingtheenergycriteria
fortheDVAoptimization.

1 DescriptionofDynamicModels

  Inthissection,fourdynamic modelsare

presentedinordertocomparethevibrationsup-
pressioneffectsoffourdifferentabsorbers.The
wingvibrationperformsmainlywiththefirst-or-
dertorsionalmode[19,20].Forexample,atypeof
aircrafthasthewingsymmetricfirst-ordertor-
sionalnaturalfrequencyof21Hz,onwhichthe
engine’sdualrotorsrotaterespectivelyatabout
57Hzand270Hz,inthecruisephase.There-
fore,thefrequencyratiobetweenthemainoscil-
latorsystemandthetwoexcitationsinthedy-
namicmodelsissetto1∶2.67∶12.66according
totheengineeringpractice.

1.1 Dynamicmodelofthesystem withsingle-
DOFNES

  Fig.1showsasinglelinearmainoscillator
system coupled withsingle-DOF NES,whose
basicphysicalanddynamicmodelcanbefoundin
Ref.[6],andherethedynamicmodelingprocess
takesintoaccountthedefinedfrequencyratiobe-
tweenthemainoscillatorsystemandthetwoex-
citations.Thedynamicequationsaftertimescale
transformationcanbeexpressedas
ẍ1+x1+2.67ελ0(̇x1-̇x2)+7.14kn0(x1-x2)3=
  7.14ε(A1cos(ω1t)+A2cos(ω2t))

ε̈x2+2.67ελ0(̇x2-̇x1)+7.14kn0(x2-x1)3

ì

î

í

ï
ï

ïï =0
(1)

wheretheparametershavebeentreatedwithout
dimension.x1andx2arethedisplacementsofthe
linearmainoscillatorandNES,respectively.The
massandnaturalfrequencyoflinearmainoscilla-
toraretakenasequaltounity.ω1andω2aretwo
excitationfrequencies,andthefrequencyratiois
definedasγ=ω2/ω1.εrepresentsthemassratio
betweentheNESandthemainoscillatorbeing
usedasthesmallparameter,anditcanalsoscale
thecouplingbetweentwooscillators,thedamp-

Fig.1 Schematicdiagramofdynamicmodelofthe

systemcoupledwithsingle-DOFNES
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ingforcesandamplitudesofthedual-frequency
excitation.λ0isthedampingtermandελ=2.67
ελ0isthedampingcoefficientofNES.Tosimplify
theanalysis,thestiffnessterm[6,21]ofNESkn0

equalsto4/3ε,whichmeansthatthenonlinear
stiffnessiskn=7.14kn0.Inaddition,7.14εA1

(ε≪1)and7.14εA2aretheamplitudesofthedu-
al-frequencyexcitation,respectively.

1.2 Dynamicmodelofthesystem withsingle-
DOFlinearDVA

  Toanalyzethevibrationsuppressioneffects
ofNES,thedynamicmodelofthesinglelinear
mainoscillatorsystemcoupledwithsingle-DOF
linearDVAisestablished.A DVAoscillatoris
usedtosubstitutetheNESoscillatorinEq.(1),

andtherelateddynamicequationsaftertimescale
transformationcanbewrittenas
ẍ1+x1+2.67ελ0(̇x1-̇x2)+7.14kLin0(x1-x2)=
 7.14ε(A1cos(ω1t)+A2cos(ω2t))

ε̈x2+2.67ελ0(̇x2-̇x1)+7.14kLin0(x2-x1)

ì

î

í

ï
ï

ïï =0
(2)

wherekLin=7.14kLin0isthelinearstiffnessof
DVA,andthelinearstiffnesstermkLin0equalsto
4/3εforcomparison.ελ=2.67ελ0isthedamping
coefficientofDVA,andtheotherparametersand
thedual-frequencyexcitationareconsistentwith
thoseinEq.(1).

1.3 Dynamicmodelofthesystemwithtwo-DOF
serialNES

  Fig.2showsasinglelinearmainoscillator
systemcoupledwithtwo-DOFserialNES.The
couplingrelationshipsamongthemainoscillator
andtheabsorbersshouldbeconsideredinthedy-
namicmodeling.Therelateddynamicequations
aftertimescaletransformationcanbeexpressed
as
ẍ1+x1+2.67ελ0(̇x1-̇x2)+7.14kn0(x1-x2)3=
  7.14ε(A1cos(ω1t)+A2cos(ω2t))

ε1̈x2+2.67ελ0(̇x2-̇x1)+2.67ελ0(̇x2-̇x3)+
  7.14kn0(x2-x1)3+7.14kn0(x2-x3)3=0
ε2̈x3+2.67ελ0(̇x3-̇x2)+7.14kn0(x3-x2)3

ì

î

í

ï
ï
ïï

ï
ï
ïï =0

(3)

whereε1andε2aredimensionlessmassesoftwo
serialNES,respectively,x2andx3thedisplace-

mentsoftwoNES,respectively,andtheother
characteristicparametersremain thesame as
thoseinthesystemwithsingle-DOFNES.

Fig.2 Schematicdiagramofdynamicmodelofthe
systemcoupledwithtwo-DOFserialNES

1.4 Dynamicmodelofthesystemwithtwo-DOF
parallelNES

  Fig.3showsasinglelinearmainoscillator
systemcoupledwithtwo-DOFparallelNES.The
dynamicmodelingshouldconsiderthecoupling
relationshipbetweenthemainoscillatorandeach
absorber,andtherelateddynamicequationsafter
timescaletransformationcanalsobeexpressedas
ẍ1+x1+2.67ελ0(̇x1-̇x2)+7.14kn0(x1-x2)3+
 2.67ελ0(̇x1-̇x3)+7.14kn0(x1-x3)3=
 7.14ε(A1cos(ω1t)+A2cos(ω2t))

ε1̈x2+2.67ελ0(̇x2-̇x1)+7.14kn0(x2-x1)3=0
ε2̈x3+2.67ελ0(̇x3-̇x1)+7.14kn0(x3-x1)3

ì

î

í

ï
ï
ïï

ï
ï
ïï =0

(4)

whereε1andε2arethedimensionlessmassesof
twoparallelNESrespectively,x2andx3thedis-
placementsoftwo NESs,respectivelyandthe
otherparametersstillremainthesameasthosein
thesystemwithsingle-DOFNES.

Fig.3 Schematicdiagramofdynamicmodelofthe
systemcoupledwithtwo-DOFparallelNES

Tocomparethevibrationsuppressioneffects
ofdifferentsystemsabove,accordingtotherelat-
edenergycriteriaproposedinRef.[21],thevi-
brationsuppressionoptimizationofDVAshould
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mainlyconsidersuchfactorsasthemainoscillator
kineticenergy,totalsystemenergyandtotalarea
occupiedbythetotalsystemenergycurve.Here
themainoscillatorkineticenergyofeachsystem
canbesetas

Ekin=ẋ21
2

(5)

  Totalsystemenergyofthesystemwithsin-
gle-DOFlinearDVAcanbeexpressedas

Etot_Lin=ẋ21
2+εẋ

2
2

2+x21
2+kLin

(x1-x2)2
2

(6)

Inthesimilarway,totalsystemenergyof
thesystemwithsingle-DOFNES,two-DOFseri-
alandparallelNESscanbegivenas

Etot_single-DOFNES=
ẋ21
2+ε

ẋ2
2

2+
x21
2+kn

(x1-x2)4
4

(7)

Etot_two-DOFserialNES=
ẋ21
2+ε1

ẋ22
2+ε2

ẋ23
2+

x21
2+

  kn
(x1-x2)4
4 +kn

(x2-x3)4
4

(8)

Etot_two-DOFparallelNES=
ẋ21
2+ε1

ẋ22
2+ε2

ẋ23
2+

x21
2+

  kn
(x1-x2)4
4 +kn

(x1-x3)4
4

(9)

2 NumericalAnalysisinComparison
withtheCaseofSingle-DOFLine-
arDVA

  InEqs.(1)and(2),tocomparethevibra-
tionsuppressioneffectsofthesystemswithsin-
gle-DOFNESandlinearDVA,wesetε=0.01,

λ0=0.2,A1=1.3,A2=0.1.Thestiffnessterms
ofNESandlinearDVAarekn0=klin0=4/3ε.
Basedonthefourth-order Runge-Kuttaalgo-
rithm,andtheinitialdisplacementandvelocityof
eachoscillatoraresettozero.

Typicaldual-rotorcivilturbofanenginesare
takenasthemainengineeringbackgroundsinthis
paper,andthemaximumfrequencyratiobetween
twoexcitersinthecruisephaseislessthan7.
Therefore,whenω1isfixedto2.67asdefinedin
Section1,thefrequencyratioγismonotonically
increasedfrom1to8,makingtherangeofwhich
coverthecharacteristicfrequencycorresponding
tothetargetaircraftcruisephase(γ=4.74).The
comparisonresultsofmainoscillatorkineticener-

gyandtotalsystemenergycurvesareshownin
Fig.4.

Fig.4 Comparisonofeffectsofγonmainoscillator
kineticenergyandtotalsystemenergyofthe
systemcoupledwithlinearDVA

TheabovenumericresultsindicatethatNES
hasbettervibrationsuppressioneffectsthanline-
arDVA,whichisvalidwhenthefrequencyratio
increasesfrom1to20afternumericalsweeping,

andthusNESispromisingfortheapplicationin
civilturbofanenginevibrationreduction.

3 NumericalAnalysisinComparison
withtheCaseofTwo-DOFSerial/
ParallelNES

  Toachievethevibrationsuppressionoptimi-
zationofNES,acomparisonwithtwo-DOFserial
andparallelNESsiscarriedout.InEqs.(3),
(4),ε1andε2arerespectively0.009and0.001,

theinitialdisplacementandvelocityofeachoscil-
latorare0,andtheothercharacteristicparame-
tersstillremainthesameasthoseinEq.(1).
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Hereω1equalsto2.67,andthenumericsimula-
tionresultscanbeobtainedasFig.5.

Fig.5 Comparisonofeffectsofγonmainoscillator
kineticenergyandtotalsystemenergyofthe
systemcoupledwithtwo-DOFserial/parallel
NES

Thecomparisonresultscanshowthatwhen
thecharacteristicparametersofthemainoscilla-
torsystemandadditionaltotalmassofthevibra-
tionabsorberremainunchanged,two-DOFparal-
lelNEShasthebestvibrationenergysuppression
effects.Accordingtotheenergycriteriadescribed
inSection1,thisconclusionisvalidwhenthefre-
quencyratioisincreasedfrom1to20afternu-
mericalsweeping.

4 Conclusions

  Thispaperconstructeddynamicmodelsof
systemcoupledwithdifferentconfigurationsof
NESandintroducedthemodalfrequencyofthe
first-ordersymmetrictwisttypicalstateofthe
wingintothedynamicmodels.Andthenumeric
resultsbasedonthefourth-orderRunge-Kuttaal-

gorithmindicatethat
(1)Comparedwiththesystemcoupledwith

linearDVA,thevibrationsuppressioneffectsof
NESarebetterinawidefrequencyrange.

(2)Withthesamecharacteristicparameters
ofthemainoscillatorsystemandadditionaltotal
massofthevibrationabsorber,comparedwith
thesystemwithsingle-DOFandtwo-DOFserial
NES,two-DOFparallelNEShasthebestvibra-
tionenergysuppressioneffects.

(3)NEShasexcellentvibrationsuppression
effectintheaeronauticalengineeringpractice,

andthenumericalsimulationresultscanprovide
datareferenceforvibrationsuppressiondesignof
thedual-rotorturbofanengine.
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