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Abstract:Theproblemofjointdirectionofarrival(DOA)andDopplerfrequencyestimationinmonostaticmulti-
ple-inputmultiple-output(MIMO)radarisstudiedandacomputationallyefficientmultiplesignalclassification
(CE-MUSIC)algorithmisproposed.ConventionalMUSICalgorithmforjointDOAandDopplerfrequencyestima-
tionrequiresalargecomputationalcostduetothetwodimensional(2D)spectralpeaksearching.Aimingatthis
shortcoming,theproposedCE-MUSICalgorithmfirstlyusesareduced-dimensiontransformationtoreducethe
subspacedimensionandthenobtainstheestimatesofDOAandDopplerfrequencywithonlyone-dimensional(1D)

search.TheproposedCE-MUSICalgorithmhasmuchlowercomputationalcomplexityandverycloseestimation

performancewhencomparedtoconventional2D-MUSICalgorithm.Furthermore,itoutperformsestimationofsig-
nalparametersviarotationalinvariancetechnique(ESPRIT)algorithm.Meanwhile,themeansquarederror
(MSE)andCramer-Raobound(CRB)ofjointDOAandDopplerfrequencyestimationarederived.Detailedsimu-
lationresultsillustratethevalidityandimprovementoftheproposedalgorithm.
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0 Introduction
Multiple-inputmultiple-output(MIMO)ra-

darhasdrawnconsiderableattentionsinradar
signalprocessingfield[1-5].Accordingtothean-
tennasconfiguration,MIMOradarscanbecate-
gorizedintotwotypes.Oneisthecasethatthe
antennasareclosely-spacedinbothtransmitarray
andreceivearraytoachieveunambiguousangle
estimation.Theotheristhattheantennasare
widely-spacedinbotharraystoobtaincoherent
processinggainforsolvingtargetscintillation
problem[5].Compared withconventionalphase
arrayradar,MIMOradarhasmoredegreesof
freedomandthusithasbetterinterferencerejec-

tioncapability,parameteridentifiabilityandhigh
spatialresolution[6-9].Theproblemofjointesti-
mationofdirectionofarrival(DOA)andDoppler
frequencyhasbecomearesearchhotspot.Joint
estimationalgorithmsareusuallyextendedfrom
onedimensional(1D)parameterestimationalgo-
rithms,such as multiple signalclassification
(MUSIC)[10],estimationofsignalparametersvia
rotationalinvariancetechnique (ESPRIT)[11],

propagatormethod(PM)[12],trilineardecompo-
sition[13],etc.MUSICalgorithmestimatespa-
rametersviaspectralpeaksearchingandneedsa
largecomputationalcomplexity.Ref.[14]pro-
posedaroot-MUSICalgorithmwhichachieveses-



timationwithpolynomialrootinginsteadofspec-
tralsearch.ESPRITalgorithm[11]utilizedthero-
tationalinvariancetoachieveautomaticallypaired
estimationsoftheangles.Refs.[15-16]discussed
theapplicationofESPRITinMIMOradarfield.
ThePM[12]hasasignificantlylowercomplexity
sinceitneedsnospectralpeaksearchingnor
eigen-valuedecomposition.Thepropagatorisa
linearoperatorwhichonlydependsonsteering
vectorsandcanbeeasilyextractedfromthere-
ceiveddata.Butithasarelativelyworseperform-
ance,especially in low signal-to-noise ratio
(SNR).Parallelfactor(PARAFAC)[17]andtri-
lineardecomposition[18]areiterativemethodsand
canachievebetterestimationaccuracythanES-
PRIT.Refs.[19-23]introducedseveralkindsof
jointangleandDopplerfrequencyestimational-
gorithms.Ref.[19]wasbasedonESPRITand
canobtainautomaticallypairedangleandDoppler
frequencyestimation.Ref.[20]usedtherota-
tionalfactorproducedbytimedelaysampling.
Ref.[21]presentedtheefficientjointangleand
frequencyestimationalgorithmbasedonthePM
foruniform lineararrays (ULA).Ref.[22]

achievedthejointestimationvialinkingtheesti-
mationproblemtothetrilinearmodelandachieve
betterperformance.Ref.[23]exploited the
quadrilinearmodelandusedthequadrilinearal-
ternatingleastsquaresmethodtoobtainjointes-
timationofangleandDopplerfrequency.

Ref.[24]proposedareduced-dimensionMU-
SIC(RD-MUSIC)methodforjointdirectionof
departure(DOD)andDOAestimation.Though
Ref.[24]discussedadifferentproblem,itpro-
videsusanideatoovercometheshortcomingof
conventionalMUSICalgorithmforjointDOAand
DopplerfrequencyestimationinamonostaticMI-
MOradar.SinceconventionalMUSICalgorithm
requiresanexhaustivetwodimensional (2D)

spectrum search,itneedshighcomputational
complexity.Inthispaper,weproposeacomputa-
tionallyefficientMUSIC(CE-MUSIC)algorithm
forjointDOAandDopplerfrequencyestimation
inamonostaticMIMOradar.Wefirstlyexploita
reduced-dimensiontransformationasapre-pro-

cessingstepwhichcanremovetheredundanten-
triesofsteering matrixandfurtherreducethe
computationalload.Thenweextendthemethod
inRef.[24]tojointDOAandDopplerfrequency
problem.Bymeansofthepre-processingstepand
1Dsearch,theproposedCE-MUSICalgorithmo-
vercomestheshortcomingofheavycomputational
loadinconventional2D-MUSICandprovidesvery
closeestimationperformancetoitwithmuchlow-
ercomplexity.Wealsoderivethemeansquare
error(MSE)oftheproposedCE-MUSICalgo-
rithmandCramer-Raobound (CRB)forjoint
DOAandDopplerfrequencyestimationinmonos-
taticMIMOradar.

1 DataModel

AsshowninFig.1,weconsideramonostatic
MIMOradarsystemequippedwithbothULAs
foritstransmit/receivearray,whichcontainsM/

N elementsrespectively withhalf-wavelength
spacingbetweenadjacentantennas.Atthetrans-
mitterarray,allelementsemitdifferentcoded
continuesperiodicsignalssimultaneously,which
areorthogonalandhaveidenticalbandwidthand
centerfrequency.

Fig.1 ArraystructureofmonostaticMIMOradar

ItisassumedthattheDopplerfrequencies
havealmostnoeffectontheorthogonalityofthe
waveformsandthevarianceofthephasewithin
repetitionintervals.Eachelementofthetrans-
mitteremitsorthogonalwaveforms.ThereareK
independent far-field targets with different
Dopplerfrequencies.Sincethetransmitandre-
ceivearrayareclosetoeachother,weassume
thattheDOAandDODareofthesameangle.
Forthekthsource(k=1,…,K),θkisdenotedto
beDOA.
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Theoutputofthematchedfiltersforthere-
ceivesensorscanbeexpressedas[24]

x(t)=As(t)+n(t) (1)

whereA=[ar(θ1)⊗at(θ1),…,ar(θK)⊗at(θK)]

isaMN ×KmatrixcomposedofK MIMOsteer-
ingvectors.at(θk)=[1,e-jπsinθk,…,e-j(M-1)πsinθk]T]

isthesteeringvectorofthetransmitarray,ar(θk)

=[1,e-jπsinθk,…,e-j(N-1)πsinθk]Tisthesteeringvector
ofthereceivearrayand⊗istheKroneckerprod-
uct.s(t)=[s1(t),s2(t),…,sK(t)]T ∈CK×1,sk(t)

=βkej2πfkt/fswithβk,fkandfsbeingtheradarcross
section (RCS)fadingcoefficient,Dopplerfre-
quencyofthekthtargetandthepulserepeatfre-
quency,respectively.n(t)∈CMN×1isanoisevec-
torassumedtobeindependent,zero-meancom-
plexGaussiandistributionwithcovariancematrix
σ2I.

ForDopplerfrequencyestimation,wecollect
Jsnapshots,wherethetimeintervalbetweentwo
adjacentsnapshotsisfixed.Thereceivedsignals
canbegivenby

X=[x(t1),x(t2),…,x(tJ)] (2)

  WedividetheJsampledsignalsintoPsec-
tionsandeachsectioncontainsL=J-P+1snap-
shots.ThenthesetofallsectionsYcanbedeno-
tedas
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  DefineaP×Kmatrix

ψ=

1 1 … 1
e-j2πτf1 e-j2πτf2 … e-j2πτfK
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whereτdenotesthetimedelaybetweentwoadja-
centsnapshots.Thenforthepthsection(p=1,

2,…,P),wehave
Xp =ADp(ψ)S+Np (4)

whereS=[s(t1),s(t2),…,s(tL)]∈CK×L,Np ∈
CMN×Listhenoisematrixcorrespondingtothepth
section,andDp(ψ)denotesadiagonalmatrix

whosediagonalelementsarethep-throwofψ.Y
canbecompactlywrittenas
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P

= ψ췍[ ]A S+N′

(5)

whereN′= NT
1,NT

2,…,NT[ ]P
Tdenotesthenoise

partofYand“췍”istheKhatri_Raoproduct.
ThecovariancematrixR=E[YYH]canbede-

composedas[11]

R=EsDsEH
s +EnDnEH

n (6)

whereDsdenotesaK×Kdiagonalmatrixformed
byKlargesteigenvalues,andDnadiagonalma-
trixformedbyremaining(MNP-K)smallestei-
genvalues.Esisthematrixcomposedoftheeig-
envectorscorrespondingtotheKlargesteigen-
values.Enincludestheremainingeigenvectors.Es
andEnrepresentthesignalsubspaceandnoise
subspace,respectively.

ForthesignalmodelinEq.(1),Rcanbees-
timatedbŷR=YYH/L.

2 ComputationallyEfficientMUSIC
(CE-MUSIC)AlgorithmforJoint
DOAandDopplerFrequencyEsti-
mation

2.1 Conventional2D-MUSICalgorithm

Sincethetargetsareassumedtobeincoher-
ent,itisstraightforwardtoknowthatthecol-
umnsof ψ췍[ ]A areorthogonaltothenoisesub-
spaceEn

[10].Thenthe2D-MUSICspatialspec-
trumfunctionforjointDOAandDopplerfre-
quencyestimationcanbeobtainedas[24]

F2D-MUSIC(θ,f)=
1

[Ω(f)⊗a(θ)]HEnEH
n[Ω(f)⊗a(θ)]

(7)

whereΩ(f)=[1,ej2πτf/fs,…,ej2π(P-1)τf/fs]T∈CP×1,

a(θ)=ar(θ)⊗at(θ)∈CMN×1 ,ar(θ)=[1,e-jπsinθ,
…,e-j(N-1)πsinθ]T, at(θ) = [1,e-jπsinθ,…,

e-j(M-1)πsinθ]T .
After2Dspectralpeaksearchingoff,θ,we

taketheKlargestpeaksofF2D-MUSIC(θ,f)toob-
taintheDOAandDopplerfrequencyestimation.
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However,the2Dsearchresultsinlargecomputa-
tionalcomplexity.Aimingatthisinsufficiency,

weproposetheCE-MUSICalgorithm,whichu-
sesareduced-dimensiontransformationandonly
needs1Dsearch,withmuchlowercomplexity.

2.2 CE-MUSICalgorithmforjointDOAand
Dopplerfrequencyestimation

2.2.1 Reduced-dimensiontransformation
Define

ar(θk)⊗at(θk)=Gb(θk) (8)

wherear(θk)⊗at(θk)isthesteeringvectorofthe
kth source and b(θk) = [1,e-jπsinθk,…,

e-jπ(M+N-2)sinθk]T ∈C(M+N-1)×1.G∈CMN×(M+N-1)can
beexpressedas[25]
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N (9)

DefineW =GHG,whichisgivenas
W=diag(1,…,min(M,N),…,min(M,N췍 췍췍—————— ——————

)
|M-N|+1

,…,1)

(10)

  Weusethereduced-dimensiontransforma-
tionW-1/2GHforthereceivedsignalandcanobtain

x′(t)=W-1/2GHx(t)=W-1/2

GH G[b(θ1),…,b(θK)]s(t)+n(t( ))=
W1/2Bs(t)+W-1/2GHn(t) (11)

whereB = [b(θ1),…,b(θK)]∈ C(M+N-1)×Kisa
Vandermondematrix.

Thistransformationcanremovetheredun-
dantentriesofthesteeringmatrixandreservethe
distinctentriesmeanwhile,which meansitre-
servesalltheeffectiveinformationandavoidsper-
formance loss. Since the reduced-dimension
transformationmatrixissparse,itonlyaddsa

minorcomputationalload.FromRef.[25],we
findthatthereduced-dimensiontransformation
doesnotcauseadditionalcoloringandcanalsoob-
tainSNRgain.
2.2.2 JointDOAandDopplerfrequencyestima-

tionusingonlyone-dimensionalsearch
Afterusingthereduced-dimensiontransfor-

mation,thereceivedsignalcanbetransformedas

Xrd=

X′1
X′2
︙

X′

é

ë

ê
ê
ê
ê
ê

ù

û

ú
ú
ú
ú
ú

P

=

x′(t1),x′(t2),…,x′(tL)

x′(t2),x′(t3),…,x′(tL+1)
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C(M+N-1)P×L (12)

  Forthepthsection(p=1,2,…,P),itcan
beexpressedas

X′p=W1/2BDp(ψ)S+N′p (13)

whereN′p=W1/2B[n(tp),n(tp+1),…,n(tL-1+p)]Tis
thenoiseofthecorrespondingsectionafterre-
duced-dimensiontransformation.

ThenXrdcanbewrittenclearlyas
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P

=

ψ췍(W1/2B[ ])S+N′=B′S+N′ (14)

whereB′=ψ췍(W1/2B)∈C(M+N-1)P×K,andN′de-
notesthecorrespondingnoise.Thenoisesub-
spaceofXrdisobtainedinthesamewayasEq.(6)

andE′nisusedtodenoteit.SimilarlyfromEq.
[10],thecolumnsofψ췍(W1/2B)areorthogonal
toE′n.Thus,thespatialspectrumfunctioncan
bedenotedas
FRD-MUSIC(θ,f)=

1
Ω(f)⊗b′(θ[ ]) HE′nE′H

n Ω(f)⊗b′(θ[ ])
(15)

whereb′(θ)=W1/2b(θ).
Wedefine

W(θ,f)=
Ω(f)⊗b′(θ[ ]) HE′nE′H

n Ω(f)⊗b′(θ[ ]) (16)

whichcanbealsodenotedas
W(θ,f)=Ω(f)H IP ⊗b′(θ[ ]) H

E′nE′H
n IP ⊗b′(θ[ ])Ω(f)=Ω(f)HQ(θ)Ω(f)

(17)

whereQ(θ)= IP ⊗b′(θ[ ]) HE′nE′H
n[IP ⊗b′(θ)].

Eq.(17)canberegardedasanoptimization
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problemwiththeconstraintofeH1Ω(f)=1,where
e1 = [1,0,…,0]T ∈ CP×1 .AccordingtoRef.
[24],theoptimizationproblemofEq.(18)can
bereconstructedas

min
θ

Ω(f)HQ(θ)Ω(f),s.t.eH1Ω(f)=1 (18)

FromEq.(7),thecostingfunctionisconstructed
asL(θ,f)=Ω(f)HQ(θ)Ω(f)H-λ(eH1Ω(f)-1),

whereλisaconstant.Wehave
∂L(θ,f)
∂Ω(f)=2Q(θ)Ω(f)+λe1=0 (19)

  FromEq.(19),wegetΩ(f)=μQ-1(θ)e1,

whereμisaconstant.FromeH1Ω(f)=1,μ =
1

eH1Q-1(θ)e1
.ThenΩ(f)canbeobtainedvia

Ω(f)= Q-1(θ)e1
eH1Q-1(θ)e1

(20)

  Substituting Eq. (20 ) into
min

θ
Ω(f)HQ(θ)Ω(f),theDOAcanbeestimated

via

θ̂=argmin
θ

1
eH1Q-1(θ)e1=argmax

θ
eH
1Q-1(θ)e1

(21)

  Consideringe1 =[1,0,…,0]T ∈ CP×1 ,we
cansearchθ∈[-90°,90°]andestimateDOAsby
findingKlargestpeaksofthe(1,1)elementof
Q-1(θ).Weuse(̂θ1,…,̂θK)andformKvectors
Ω̂(f1),…,̂Ω(fK)accordingto Eq.(20).For
Ω(f)=[1,ej2πf/fs,…,ej2π(P-1)f/fs]T ,letgkdenotes
thephaseangleofΩ(fk),k=1,2,…,K

gk=angle(Ω(fk)) (22)

Then wegetgk = [0,2πfk/fs,…,2fπf(P -
1)fk/fs]Tandadopttheleastsquare(LS)princi-
pletoestimatefk .Afterthenormalizationfor
Ω̂(f1),…,̂Ω(fK),weobtaintheestimatedĝk,

k=1,2,…,K .ThentheLSprincipleisusedto
estimatetheDopplerfrequencyfk .LSfittingis

min
ck

Pck -̂gk
2
F (23)

whereck=[ck0,ck1]T∈C2×1isanunknownparam-
etervector,andck1theestimatedvalueoffk/fs.
Pisgivenby

P=

1
1
︙

1

0
2πτfk/fs
︙

2π(P-1)τfk/f

é

ë

ê
ê
ê
ê
ê

ù

û

ú
ú
ú
ú
ú

s

(24)

  The LS solutionforck is [̂ck0,̂ck1]T =

(PTP)-1PT̂gk ,andtheDopplerfrequencyfkcan
beestimatedvia

f̂k =̂ck1·fs (25)

  Tillnow,wehaveproposedtheCE-MUSIC
algorithmforjointDOAandDopplerfrequency
estimationinmonostaticMIMOradar.Themajor
stepsandcorrespondingcomputationalcomplexi-
tyofouralgorithmsarelistedasfollows:

(1)FormthereceiveddatamatrixYasEq.
(3),performingreduced-dimensiontransforma-
tion and obtaining noise subspace E′n.
O (M+N-1)( )P 2 L+(M+N-1)( ){ }P ;

(2)Searchingθ∈[-90°,90°]andgetting
theestimateofDOAbyfindingKlargestpeaks
ofthe(1,1)elementofQ-1(θ)asEq.(21).O{n
[P2 M+N( )-1P-( )K M+( )N + (M +N -
1)2]},wherenisthetotalsearchtimeswithin
thesearchrange;

(3)AccordingtoEq.(20),formKvectors
Ω̂(f1),…,̂Ω(fK), getting the estimate of
DopplerfrequencyviaLSprinciple.O {K(P3 +
P2+10P)}.
2.2.3 Complexityanalysis

ThecomplexityofCE-MUSIC,2D-MUSIC
andESPRIT[19]algorithmhavebeenshowninTa-
ble1,whereH=M+N-1,nisthetotalsearch
timesforCE-MUSICwithinthesearchingrange
andnf,nDOAarethesearchtimesthat2D-MUSIC
needsforDopplerfrequencyandDOAestimation
respectively.Ourproposedalgorithmhasmuch
lowercomputationalcomplexitythan2D-MUSIC
andhighercomplexitythan ESPRIT andthis
propertyhasbeenproveninFig.2.(Hereinwe
assumen=nf=nDOA=3000andtheotherparame-
tershavebeenshownineachtitle).Notably,

withthenumberofsearchtimesincreasing,the
improvementwillbecomegreater.

Table1 Complexityanalysis

Algorithm Computationalcomplexity

CE-MUSIC
O{(HP)2(L+ HP)+n[P2(HP - K)
(H+1)+H2]+K(P3+P2+10P)}

2D-MUSIC
O{(MNP)2(L+MNP)+nfnDOA(MNP-
K)(MNP+1)}

ESPRIT[19]
O{3K3-3MK2+7MNK2+4(MN)2(J-
1)+8(MN)3}
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Fig.2 ComplexitycomparisonamongCE-MUSIC,2D-
MUSICandESPRIT

2.2.4 AdvantagesoftheproposedCE-MUSIC
algorithm

TheproposedCE-MUSICalgorithmhasad-
vantagesasfollows:

(1)Itonlyneeds1Dsearchandhasmuch
lowercomplexitythanconventional2D-MUSIC
algorithmforjointDOAandDopplerfrequency
estimation.

(2)IthasveryclosejointDOAandDoppler
frequencyestimationperformancetotheconven-
tional2D-MUSICalgorithm,whichwillbeshown
indetailinSection4.

(3)Ithasmuchbetterjointestimationper-
formancethantheESPRITalgorithm,whichwill
beprovedindetailinSection4.

(4)ItcanobtainautomaticallypairedDOA
andDopplerfrequencyestimation.

RemarkA Inthispaper,thenumberof
sourcesignalsKisassumedtobeknown.Ifnot,

itcanbepre-estimatedviathemethodinRef.
[26].

RemarkB FromEq.(20),aftersearching
θ∈[-90°,90°]andfindingKpeaksofthe(1,1)

elementofQ-1(θ),thecorrespondinĝΩ(f1),…,

Ω̂(fK)aredetermined.Theone-to-onecorre-
spondenceensuresthattheDOAandDopplerfre-
quencyestimationcanbeautomaticallypaired.

RemarkC Therearesomedifferencesbe-
tweentheproposedalgorithmandtheRD-MUSIC
algorithm[24].TheRD-MUSICalgorithm works
fortwo-dimensionalangleestimationinabistatic
MIMOradar,whereastheproposedalgorithmis
usedforjointDOAandDopplerfrequencyesti-
mationinamonostaticMIMOradar.Sincethe
proposedalgorithmisstudiedforadifferentprob-
lem,itusesadifferentspectrumfunctionfrom
thatinRef.[24].Wederivethenewfunction
andreducethecomplexitysignificantly,whilenot
debasingthe performance ofjoint DOA and
Dopplerfrequencyestimation.

3 PerformanceAnalysis

Theaimofthissectionistoanalyzeestima-
tionperformanceoftheproposedCE-MUSICal-
gorithm.Wederivethemeansquareerrorofjoint
DOAandDopplerfrequencyestimation,andpro-
posetheCramer-Raobound(CRB)ofjointesti-
mationinamonostaticMIMOradarsystem.

3.1 Erroranalysis

Define[27]

[E′s E′n]=[s1,…,sK g1,…,g(M+N-1)P-K]
(26)

[̂E′s Ê′n]=[̂s1,…,̂sK ĝ1,…,̂g(M+N-1)P-K]
(27)

asthematricescomposedofeigenvectorsassoci-
atedwiththeeigenvaluesλ{ }i

(M+N-1)P
i=1 ofreduced-

dimensiontransformedsignalcovariancematrix
Rrdandλ{ }i

(M+N-1)P
i=1 of̂Rrdinascendingorder,re-

spectively.Wehave
E E′sE′Hsg( )i E′sE′sg( )j[ ]H =

σ2
L ∑

K

k=1

λk

σ2-λ( )k
2sksHé

ë
êê

ù

û
úúk δi,j=1LUδi,jσ2 (28)

E E′sE′Hŝg( )i E′sE′ŝg( )j[ ]T =0 (29)

whereδi,j=
1 i=j{0 other

,U=∑
K

k=1

λk

σ2-λ( )k
2sksH

k,σ2

isthepowerofthenoise.
Definer ≜ [u,v]T andvk ≜ Ω(uk)⊗
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W1/2b(vk( )) .Thecostfunctionbecomes
w(r)=vHkE′nE′H

nvk (30)

  Define∇r ≜ [∂/∂u,∂/∂v]T,d(uk)=∂vk/∂uk

andd(vk)=∂vk/∂vk.For{̂ri}istheminimum
pointofw(r),wehavew′(̂ri)=0,Usingafirst
orderTaylorseriesexpansion,wehave[28]

0≅ ∇rw(r)ri +∇r(∇rw(r))T riξ
(̂ri-ri)

(31)

where≅isasymbolusedtodenoteitemsthatare
approximatelyequal.riξisavectorofsomevalue
onthelinesegmentjoiningriand̂ri.According
toEq.(31),wegettheestimationerrorofthe
vectorrias

r̂i-ri=
-∇rw(r)ri

∇r(∇rw(r))T riξ

(32)

  WedefineHi =lim
N→∞
∇r(∇rw(r))T ri

,and

theasymptoticcovariancematricesis
Φik =lim

N→∞
E[(̂ri-ri)(̂rk-rk)T]=

H( )i
-1lim

N→∞
E[∇riw(r)(∇rkw(r))

T]ri,rk H( )k
-1

(33)

  Wehave
aH

k̂E′n̂E′Hnd(uk)=

   ∑
(M +N-1)P-K

p=1
gH

pd(uk[ ])) aH
kE′sE′Hŝg[ ]p (34)

aH
k̂E′n̂E′Hnd(vk)=

   ∑
(M +N-1)P-K

p=1
gH

pd(vk[ ]) aH
kE′sE′Hŝg[ ]p (35)

  Sothecovariancematrixoferrorestimation
canbeobtainedas

Φik = σ2
2Lw(i)w(k)

d(vi)H(i)Π⊥
B′d(vi) ρ(i)

ρ(i) d(ui)HΠ⊥
B′d(ui

é

ë

ê
ê

ù

û

ú
ú)×

Re(vHiUvk)
d(uk)HΠ⊥

B′d(ui)d(vk)HΠ⊥
B′d(ui)

d(uk)HΠ⊥
B′d(vi)d(vk)HΠ⊥

B′d(vi

é

ë

ê
ê

ù

û

ú
ú{ }) ×

d(vk)HΠ⊥
B′d(vk) ρ(k)

ρ(k) d(uk)HΠ⊥
B′d(uk

é

ë

ê
ê

ù

û

ú
ú)

(36)

where
w(i)=d(ui)HΠ⊥

B′d(ui)d(vi)HΠ⊥
B′d(vi)-

1
4 d(ui)HΠ⊥

B′d(vi)+d(vi)HΠ⊥
B′d(ui[ ])2,

ρ(i)=
- d(ui)HΠ⊥

B′d(vi)+d(vi)HΠ⊥
B′d(ui[ ])

2
·

Π⊥
B′ =I(M+N-1)P -B′(B′HB′)-1B′H.

  AccordingtoEq.(36),thevarianceofukes-

timateerrorisE ∂u2[ ]k =Φkk(1,1),andthatofvk

estimateerrorE ∂v2[ ]k =Φkk(2,2).
AccordingtoEqs.(21)and(25),wegetthe

MSEoftheDOAandDopplerfrequency

E[∂θ2k]= 1
cos2θk

E[∂v2k]= 1
cos2θk

Φkk(2,2) (37)

E[∂f2k]=f2s
4π2E

[∂u2]=f2s
4π2Φkk(1,1) (38)

3.2 Cramer-Raobound(CRB)

AccordingtoRef.[29],theCRBforjoint
DOA and Dopplerfrequency estimationin a
monostaticMIMOradarisgivenby

CRB=σ2
2
[Re(ΔHΠ⊥

GΔ)]-1 (39)

whereΔ=[Δ1,Δ2],Δ1=
d1s1(t1)…dKsK(t1)
︙ ⋱ ︙

d1s1(tJ)…dKsK(tJ

é

ë

ê
ê
êê

ù

û

ú
ú
úú)
,

Δ2=
a1s′1(t1)…aKs′K(t1)
︙ ⋱ ︙

a1s′1(tJ)…aKs′K(tJ

é

ë

ê
ê
êê

ù

û

ú
ú
úú)
,G=

A 0
︙ ⋱ ︙

0

é

ë

ê
ê
êê

ù

û

ú
ú
úúA
dk=

∂ak/∂θk,sk(t) = ∂sk(t)/∂fk,Π⊥
G = I -

G(GHG)-1GH.

4 SimulationResults

Inthissection,MonteCarlosimulationsare
conductedtomeasuretheangleandfrequencyes-
timationperformanceoftheproposedalgorithm.
InthefollowingsimulationsexceptforFig.3,the
numberofMonteCarlotrialsis500.Defineroot
meansquareerror(RMSE)ofDOA/Dopplerfre-
quencyas

RMSE=1K∑
K

k=1

1
500∑

500

l=1

(̂ak,l-ak)2 (40)

wherêak,listheestimateofDOA/Dopplerfre-
quencyakatthelthMonteCarlotrial(l=1,…,
500).

ItisassumedthatthereareK =3incoher-
enttargetslocatedatθ1=10°,θ2=20°,θ3=30°,

andtheDopplerfrequenciesaref1 =1000Hz,

f2=2000Hz,f3=3000Hz,separately.fs=10
kHzisconsideredinthesimulations.M,N,J,

PandKarethenumberoftransmitantennas,
thereceiveantennas,thesnapshots,thenumber
ofsectionsandthenumberoftargets,respective-
ly.
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Fig.3depictsthejointangleandfrequency
estimationofourCE-MUSICalgorithminSNR=
0dBwithM=8,N=8,J=100andP=2.The
numberofMonteCarlosimulationsis50.Itisil-
lustratedthatCE-MUSICalgorithmiseffective
eveninlowSNR.

Fig.3 EstimationresultsinSNR=0dB

Fig.4showsthejointDOAandDopplerfre-
quencyestimationperformancecomparisonofthe
proposedCE-MUSICwith2D-MUSIC,ESPRIT
andCRB(assumingM=8,N=8,P=6andJ=
100).ItisillustratedthattheCE-MUSICalgo-
rithmhasverycloseperformancetotheconven-
tional2D-MUSICandbothofthemhavebetter
performancethan ESPRIT.Furthermore,CE-
MUSIChasmuchlowercomplexitythan2D-MU-
SIC.

Fig.4 PerformancecomparisonamongCE-MUSIC,
2D-MUSIC,ESPRITandCRB

Fig.5showsDOAandfrequencyestimation
performanceofouralgorithmwithM=6,N=6,

J=50anddifferentvaluesofP.Itisclearly
showninFig.5thatwhenPincreases,theDOA
estimationperformancechangesverylittle.The
frequencyestimationperformancegetsimproved
obviouslywhenPisincreasedfrom3to9andthe
improvementbecomesveryminorwhenPisbig-
gerthan9.TheincreaseofPresultsinbetter
frequencyestimationperformanceandthelimitof
thisimprovementexists.Meanwhileithasminor
improvingeffectsonDOAestimationperform-
ance.

Fig.5 Angleandfrequencyestimationperformance

withdifferentP(M=8,N=8,J=100andK=

3)

Fig.6showsangleandfrequencyestimation

performanceofCE-MUSICalgorithmwithM=6,

N=6,P=3anddifferentsnapshots.FromFig.
6,theDOAandfrequencyperformanceofCE-
MUSICalgorithmisimprovedsignificantlywhen
thenumberofsnapshotsincreases.Moresnap-
shotsmeansmoresamples,whichcanmakethe
algorithmperformbetter.

Figs.7—8presentangleandfrequencyesti-
mation performance of CE-MUSIC algorithm
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Fig.6 Angleandfrequencyestimationperformance

withdifferentJ(M=8,N=8andP=2)

Fig.7 Angleandfrequencyestimationperformance

withdifferentM (N =8,P=2andJ=100)

withJ=100,P=3anddifferentM/N.Itis
shownthattheDOAandfrequencyestimation
performanceoftheproposedalgorithmgetim-

Fig.8 Angleandfrequencyestimationperformance

withdifferentN (M =8,P=2andJ=100)

provedwiththenumberoftransmit/receivean-
tennasincreasing.Multipletransmit/receivean-
tennasimproveangleestimationperformancebe-
causeofthediversitygain.

5 Conclusions

Inthispaper,wehaveproposedacomputa-
tionallyefficientMUSIC-basedalgorithmforjoint
DOA and Dopplerfrequency estimationin a
monostaticMIMOradar.Theproposedalgorithm
hasmuchlowercomputationallycomplexitythan
conventional2D-MUSICalgorithm.Thesimula-
tionresultsprovethatourCE-MUSICalgorithm
outperforms ESPRIT algorithm and hasvery
closeperformancetoconventionalMUSICalgo-
rithm.Furthermoretheproposedalgorithmre-
quiresnopairmatching.
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