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Abstract:Anincrement-dimensionalscaledboundaryfiniteelementmethod(ID-SBFEM)isdevelopedtosolvethe
transienttemperaturefield.ToimprovetheaccuracyofSBFEM,theeffectofhighfrequencyfactorondynamic
stiffnessisconsidered,andthefirst-ordercontinuedfractiontechniqueisused.Afterthederivation,theSBFEe-
quationsareobtained,andthedimensionsofthermalconduction,thethermalcapacitymatrixandthevectorofthe
rightsidetermintheequationsaredoubled.Anexampleispresentedtoillustratethefeasibilityandgoodaccuracy
oftheproposedmethod.
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0 Introduction
Theheatconductionproblemisfrequently

encounteredinthefieldofaerospace,thatcanbe
investigatedbyanalyticalornumericalmethods.
Theanalyticalmethodsarelimitedtotheprob-
lemsofsimplegeometryandmaterialproperties.
Inmanycasesofengineeringpractice,heatcon-
ductionproblemshavetobesimulatedbynumeri-
calmethods,suchasthefiniteelementmethod
(FEM )[1,2], the finite difference method
(FDM)[3,4],thefinitevolumemethod(FVM)[5,6]

andtheboundaryelementmethod(BEM)[7,8]et
al.However,FEM,FDMandFVMneedtodis-
cretizethewholecomputationaldomain,which
willleadtomorediscretizationworkload.Incon-
trasttoFEM andFDM,BEM onlyrequiresa
boundarymeshandsignificantlyreducesthecom-
putingtimes.Nevertheless,thetraditionalBEM
needstofindfundamentalsolutions.Thescaled
boundaryfiniteelementmethod (SBFEM)[9-13]

hasboththeadvantagesofFEMandBEM.Sev-

eralstudiesonheatconduction (ordiffusion)

problemshavebeenreported.Refs.[9-11]pres-
entedSBFEMsforsteady-stateheatconductiona-
nalysis.BirkandSong[12]proposedatemporally
localmethodforthenumericalsolutionoftransi-
entdiffusionproblemsinunboundeddomains.In
thismethod,SBFEMandanovelsolutionproce-
dureforfractionaldifferentialequations were
combined,butonlythesolutionattheboundary
ofSBFEcanbeobtainedbythismethod,andthe
innertemperaturefiledofSBFE wasnotdis-
cussed.Bazyarand Talebi[13]usedSBFEM to
solvenon-homogeneousanisotropicheatconduc-
tionproblems.Intheirstudies,theheatconduc-
tionmatrixdeterminedfromtheeigenvalueprob-
lem andthe masscapacity matrixdetermined
fromthelowfrequencybehaviorformedasystem
ofthefirst-orderordinarydifferentialequations,

from whichthetemperatureatSBFEboundary
weresolvedbyusingthetimefinitedifference
schemes.Meanwhile,theinnertemperaturein
SBFEwasobtainedbyusingthesteadystatefor-



mulabasedontheboundarytemperatures,sothe
effectofthethermalcapacityontheinnertem-
peraturewasnottakenintoaccount.Thesedisad-
vantagesundoubtedlyleadtosomecalculationer-
rorsandevenwrongresults,especiallywhenthe
largesizeofSBFEwasdivided.Toovercomethe
disadvantagesofpreviouswork,LiandRen[14]

presentedanextendingSBFEM,in whichthe
effectofheatcapacityontheinnertemperature
fieldofSBFEwastakenintoaccount,andmean-
while,thealgorithmsweredevelopedbycombi-
ning SBFEM and preciseintegration method
(PIM)orfinitedifferencescheme.Thesub-do-
mainmethodwasusedtoimprovethecomputa-
tionalaccuracy.However,thedivisionofsub-do-
mainalsoincreasedthediscretizationworkload.
SummarizingtheadvantagesofSBFEMinheat
conductionproblem,wecanfoundthat:Firstly,

likeBEM,itonlydiscretizestheboundariesandhas
nofundamentalsolutions,andthesolutionisanalyti-
calinradialdirectionforsteadystateproblems;sec-
ondly,forthetransientstateproblem,ifweareonly
interestedintheboundarytemperaturevalues,we
canonlysolveitbySBFEM.Whereas,ifwearealso
interestedintheinnertemperaturefiledoftheprob-
lemdomain,wecantransformtheequationforde-
scribingSBFEinteriortemperaturefieldtoaninitial
valueproblem.Thisproblemcanbesolvedbythefi-
nitedifferencescheme,inwhichthemeshcanbe
generatedautomatically,withoutdiscretizationwork-
load.Therefore,SBFEMisaveryattractivealgo-
rithmfortheengineeringandtechnicalpersonnel.

Thepurposeofthispaperistoseekamethod
forsolvingtransientheatconductionproblemby
usingSBFEM,whichnotonlydoesnotincrease
thediscretizationworkload,butalsocanimprove
thecalculationaccuracy.Anincrement-dimen-
sionalscaledboundaryfiniteelementmethod(ID-
SBFEM)isproposedtosolvethetransientheat
conductionproblem.

1 SBFEM Equations of Transient
HeatConductionProblem

InRef.[14],theSBFEM equationshave

beenderivedbytransformingthegoverningdif-
ferentialequationsintothescaledboundarycoor-
dinates,inwhichaweightedresidualmethodand
Greentheoremareapplied.Fulldetailsofthefor-
mulationscanbefoundinRef.[14].Heresome
keyequationsofSBFEfortheanalysisoftransi-
entheatconductionproblem withoutsourcesin
frequencydomainaregivendirectly[14].

E0ξ2a(ξ),ξξ +(E0+E1T-
E1)ξa(ξ),ξ-(E2+iωM0ξ2)a(ξ)=0 (1)

whereE0,E1,E2,andM0arecoefficientmatri-
cesdependentonthegeometryandmaterialsof
theelement,buttheyareindependentonthenor-
malizedradialcoordinateξ.a(ξ)isnodaltemper-
aturevector,andωisthefrequency.

Theheatflowrateontheboundary(ξ=ξ1=
1)canbeexpressedas[14]

∫
S

N ( )s T(-췍qn ξ1,( )s )τξ1ds=

E0ξ1aξ( )1 ,ξ+E1Taξ( )1 (2)

wheresisthecircumferentialcoordinate,N ( )s
theshapefunctionmatrix,τξ1thescalingfactors
fromscaledcoordinatetotheCartesiancoordinate
whenξ=ξ1=1,and췍qntheouternormalheatflux
ontheboundary.

InSBFEM,theinternalnormalflowrate
Q( )ξ throughcurvedsurfaceS( )ξ canbeex-
pressedas[14]

Q( )ξ =ξE0a( )ξ ,ξ+E1Ta( )ξ (3)

Thedefinitionofthedynamic-stiffness matrix
Kξ,( )ω atξcanbeintroducedas

Q( )ξ =Kξ,( )ωa( )ξ (4)

SubstitutingEq.(4)intoEq.(3)gives
Kξ,( )ωa( )ξ =ξE0a( )ξ ,ξ+

E1Ta( )ξ (5)

FromEqs.(1)and(5),theequationforKξ,( )ω
canbederived.Afterusingthedimensionlessa-
nalysismethod,Kξ,( )ω canbeobtainedas[14]

(K(ξ,ω)-E1)E0-1(K(ξ,ω)-
E1T)-E2+2(iωξ2)K(ξ,ω),(iωξ2)-

iωξ2M0=0 (6)

whereKξ,( )ω mustbeafunctionofiωξ2.By
changingtheindependentvariabletox=iωξ2,and
dynamicstiffnessS( )x = Kξ,( )ω ,thescaled
boundaryfinite-elementequationindynamicstiff-
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nesscanberewrittenas
(S(x)-E1)(E0)-1(S(x)-

E1T)-E2+2x[S(x)],x -xM0=0 (7)

  Eq.(7)representsaSBFEequationindy-
namicstiffnessformulatedinthefrequencydo-
mainforheatconduction.Itisanonlinearfirst-
orderordinarydifferentialequationwithx=iωξ2

asindependentvariable.Thedynamicstiffness
S( )x isusuallynotcalculated.Thestatic-heat
conductionmatrixKandmassthermalcapacity
matrixMareused,whichfollowfromthelow-
frequencyexpansionofS( )x [14]

S( )x =K+xM (8)

  SubstitutingEq.(8)intoEq.(7)willobtain
theexpressionofKandM,andthenS( )x canbe
calculated.Finally,substitutingEq.(8)intoEq.
(4)andutilizingtheinverseFourier’stransform,

wecanobtaintheSBFEequationinthetimedo-
main,whichcanbesolved.Here,wecallthis
methodasconventionalmethod,whichisdevel-
opedinourpreviouswork[14].

Toimprovethecomputationalaccuracy,the
low-frequencyexpansionisnotenough,andthe
high-frequencyexpansionneedstobeconsidered.
Thecontinued-fractionapproachisaneffective
methodforthehigh-frequencyexpansionofthe
dynamicstiffness.Forexample,Ch Songet
al[12,14]usedacontinued-fractionapproachtosolve
thediffusionprobleminanunboundeddomain
andtheproblemofstructuraldynamics.Here,

thesameideaisusedtosolvethetransientheat
conduction problem in the bounded domain.
However,thehigh-ordercontinuedfractionneeds
toincreasecomputationalcosts,andtheill-condi-
tionedmatrixmayoccur.Consideringboththe
computationalcostandaccuracyfactors,inthis
paper,afirst-ordercontinuedfractionsolutionis
usedforthematrixequationas

S( )x =K+xM -x2 S(1)( )[ ]x -1 (9)

wherethefractionx2 S(1)( )[ ]x -1istheresidual
partofthelowfrequencyexpansion.AndS(1)( )x
canbewrittenas

S(1)(x)=S0(1)+xS1
(1) (10)

whereS(1)
0 andS(1)

1 arecoefficientmatricesofthe
first-orderterms. The second-order term in

Eq.(10)isignored.SubstitutingEq.(9)intoEq.
(7),andequatingtermscorrespondingtox0and
x1tozero,respectively,wecanobtainthestatic
heatconductionmatrixKandmassthermalca-
pacityM.Moredetailinformationcanbefoundin
Ref[14].Consideringtermofx2andthezeroco-
efficientmatrix,thefollowingequationcanbees-
tablished.

S(1)
1 ( )xc(1)S(1)( )x -S(1)( )x b(1)[ ]0

T-
b(1)
0 S(1)( )x -xS(1)( )x b(1)[ ]1

T-
xb(1)

1 S(1)( )x +2xS(1)( )x ,x +x2a(1) (11)

where
a(1)=E0-1

b(1)
0 =E0-1 K-E1( )T +2I

b(1)
1 =E0-1M

c(1)=ME0
-1M

  SubstitutingEq.(10)intoEq.(11)leadsto
equationsforS(1)

0 andS(1)
1 .Settingthetermscor-

respondingtox0equaltozerocanobtaintheequa-
tionforS(1)

0 ,whichis
-b(1)

0 S(1)
0 -S(1)

0 b(1)[ ]0
T+

S(1)
0 c(1)S(1)

0 =0 (12)

  Eq.(12)canbetransformedintoaLya-
punovequationfor S(1)[ ]0

-1 bypre-multiplying
andpost-multiplyingwith S(1)[ ]0

-1,whichis
S0 (1[ ]

) -1b(1)
0 + b(1)[ ]0

T S0 (1[ ]
) -1=c(1)(13)

  Aftersolving S(1)[ ]0
-1fromtheLyapunov

Eq.(13),S(1)
0 canbecalculated.

Equatingtermscorrespondingtox1aszero
yields

(-b(1)
0 +S(1)

0 c(1))S(1)
1 +

S(1)
1 (-[b(1)

0 ]T+c(1)S0(1))+2S1(1)=
b1(1)S0(1)+S0(1)[b1(1)]T (14)

FromtheLyapunovEq.(14),S(1)
1 canbeob-

tained.
AfterdeterminingS(1)

0 andS(1)
1 ,wecanestab-

lishanincrement-dimensionalSBFE equation.
UsingEqs.(4)and(9),therelationshipbetween
thenodalfluxQ( )ξ andnodaltemperaturevector
a( )ξ canbewrittenas

Q( )ξ =Ka( )ξ +xMa( )ξ -
xa(1)( )ξ (15)

Here,theauxiliaryvariablea(1)( )ξ isdefinedin
xa( )ξ =S(1)( )xa(1)( )ξ (16)

  AfterutilizingtheinverseFouriertransform,
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Eqs.(15)and(16)arecombinedintoamatrix
expressionforthefirstordercontinuedfractionas

ξ2Mḣy( )ξ +Khy( )ξ =F( )ξ (17)

where
Kh=diagK,S0(1( )

) (18a)

Mh=
M -I
-I S1

(1

é

ë

ê
ê

ù

û

ú
ú)

(18b)

y( )ξ = a( )ξ ;a(1)( )[ ]ξ T (18c)

F( )ξ =[Q( )ξ ;0]T (18d)

  FromEq.(17),wecanseethatthefirst-or-
dercontinuedfractionmethodpresentedinthis
paperisappliednotonlytotheboundary,butal-
sototheinnerdomain.Thereistheobvious
differencebetweenpreviousstudies[12,15]andthis
work.FromEqs.(18a)—(18d),wealsocansee
thatthedimensionsof matrixandvectorare
doubled,comparingtoconventionallowfrequen-
cyexpansionofthedynamicstiffnessin Ref.
[14].Therefore,themethodpresentedinthis
paperiscalledincrement-dimensionalSBFEM
(ID-SBFEM).Tosolvethefirst-orderSBFE
Eq.(17),atwo-step methodwasdevelopedin
ourpreviouswork [14].Thefirststepistosolve
thetimedomain equation ofheatconduction
problematSBFEboundaries(i.e.,ξ=1)by
PIM,andthesecondstepistotransformthee-
quationfordescribingSBFEinteriortemperature
fieldtoaninitialvalueproblem,whichissolved
byafinitedifferencescheme.Herein,thesame
numericalschemeisusedtoobtainthesolutionof
Eq.(17).

2 NumericalExamples

Forcomparison,wechosethesameexample
asinRef.[14].AsshowninFig.1,theleftand
bottomboundariesareinsulated,whilethetop
andrightboundariesarelocatedinaconvection
environment.Weassumethata=b=1m,α=
k

ρcp
=1m2/s,hk =0.5m-1,T∞ =0℃,andthe

initialtemperatureT0issetto100℃.
TheSBFEdivisionsareshowninFig.2.As

seenfromFig.2,therearetwoSBFEdivisions
selectedtocalculate.Thedividingwholedomain
methodiscalledDWD,asshowninFig.2(a),

Fig.1 2-Dtransientheatconductionproblemandbounda-
ryconditions

andthedividingsub-domain methodiscalled
DSD,asshowninFig.2(b).Duringcalculating
theinteriortemperaturefields,8equalpartsa-
longthedirectionξforboththeDWDandDSD
methodsaredivided.Inordertoeasilycompare
withthecomputationalresults,10representative
pointsareselectedasmarkedinFigs.2(a),(b).
Incomputation,thetimestepsizeischosenas
0.01s.

Fig.2 Geometrymeshmodelof2-Dtransientheatconduc-
tionproblem

Tocomparetheresultsofconventionallow
frequencyexpansionmethodwiththoseofthedy-
namicstiffnessandincrement-dimensionalmeth-
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odconveniently,theconventionalmethod(CM)

withDWDorDSDisdenotedasCM-DWDor
CM-DSD, whereas the increment-dimensional
methodwithDWDisdenotedasIDM-DWD.

Fig.3showsthetemperaturedistributionat
differenttimeobtainedbyusingIDM-DWD.Itis
shownthattheisothermallinesatdifferenttime
areperpendiculartotheleftandbottombounda-
ries,whichmeansthatnoheatflowcrossesthe
leftandbottomboundaries.Whilethetempera-
turegradientexistsinnormaldirectionatthetop
andrightboundary,meaningthattheheatflow
crossesthetopandrightboundaries.Thetem-
peraturedistributionresultssimulated bythe
presentIDM-DWDmethodarereasonableaccord-
ingtotheheattransfertheory.

Fig.3 TemperaturedistributionobtainedbyIDM-DWDat
differenttime

Fig.4showsacomparisonoftheoreticalso-
lutionsandresultsfromthepresentIDM-DWD.
FromFig.4,wecanseethatthetemperaturede-
creaseswithtimevariationduetotheconvection
heatexchangeatthetopandrightboundaries.
AndtheproposedIDM-DWDhasgoodconsisten-
cywiththetheoreticalsolution,whichshowsthat
themethodhashighprecisionatbothinteriorand
boundarypoints.

Fig.4 Comparisonoftheoreticalsolutionsandresults
fromIDM-DWD

Inordertocomparetheaccuracyofthepro-
posedIDM-DWDandothernumericalmethods,

wecalculatedthetheoreticalsolution(TS)ofthe
problemandnumericalsolutionfromCM-DWD,

CM-DSDandIDM-DWDfordifferentpointsat
varioustime,whicharelistedinTable1.And
thecomputationalerrorisshowninTable2.Itis
shownthattheresultsbytheproposedIDM-
DWDmethodaremoreclosetothosebythetheo-
reticalsolution.Themaximumrelativeerrorof
theIDM-DWDmethodis0.282%,whilethelar-
gererroroccursbyothermethods,especiallythe
maximumrelativeerrorbyCM-DWD methodis
2.208%,anditisabout0.376% byCM-DSD
method.Itisshownthattheeffectbydividing
sub-domain method andincrement-dimensional
methodtoimprovetheSBFEM convergenceis
obvious.Thereasonliesinthatthedynamicstiff-
nessmatrixinconventionalmethodisdealtwith
onlyalow-frequencyapproximationofdynamic
property,whichcausestheeffectofhigh-frequen-
cynottobesimulatedinthecaseoflargedomain
size.Whenthewholedomainissubdividedinto
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severalsub-domains,thesizeoftheelementde-
creases,thenthehigh-frequencyresponsescanbe
modeled.Whereas,IDM-DWDcanimprovethe
accuracybyintroducinghigh-frequencytermsinto
dynamicstiffnessdirectly.

Toinvestigatetheeffectoftimestepsizeon
thecalculationresultsanditserrors,weusethe
IDM-DWDandselecttimestepsizesτ=0.1s,

andτ=0.01stosimulatethetemperatures,re-

spectively.Thesimulatedtemperaturesatinteri-
orpointsanderrorsatt=0.5sarelistedin
Table3.

FromTable3,itcanbeseenthatdecreasing
thetimestepsizecandecreaseobviouslythecal-
culatingerrors.Themaximumrelativeerrorwith
τ=0.1sis0.259%,whilethatwithτ=0.01sis
0.039%.Thereasonisthattheinfluenceofhigh-
frequencyinsmalltimestepismoreobvious.

Table1 Resultcomparisonoftheoreticalandnumericalmethods ℃

P(x,y)
t=0.5s t=2s

TS CM-DWD CM-DSD IDM-DWD TS CM-DWD CM-DSD IDM-DWD
1(1/4,1/4) 72.714 74.073 72.855 72.718 20.221 19.782 20.169 20.217
2(1/4,1/2) 69.821 71.136 69.970 69.848 19.410 18.995 19.365 19.412
3(1/4,3/4) 65.070 66.249 65.187 65.073 18.083 17.687 18.036 18.079
4(1/2,3/4) 62.482 63.623 62.606 62.505 17.358 16.983 17.317 17.359
5(3/4,3/4) 58.229 59.251 58.326 58.233 16.171 15.814 16.129 16.167
6(0.0,0.0) 74.667 76.279 74.948 74.870 20.771 20.374 20.753 20.821
7(0.0,1/2) 70.753 72.094 70.938 70.824 19.672 19.251 19.635 19.686
8(0.0,1.0) 59.352 60.586 59.565 59.515 16.494 16.175 16.480 16.534
9(1/2,1.0) 56.240 57.254 56.375 56.296 15.621 15.282 15.592 15.633
10(1.0,1.0) 47.177 48.121 47.339 47.310 13.097 12.841 13.087 13.130

Table2 Relativeerrorcomparisonoftheresultsobtainedbynumericalmethods %

P(x,y)
t=0.5s t=2s

CM-DWD CM-DSD IDM-DWD CM-DWD CM-DSD IDM-DWD
1(1/4,1/4) 1.869 0.194 0.006 2.171 0.257 0.020
2(1/4,1/2) 1.883 0.213 0.039 2.138 0.232 0.010
3(1/4,3/4) 1.812 0.180 0.005 2.190 0.260 0.022
4(1/2,3/4) 1.826 0.198 0.037 2.160 0.236 0.006
5(3/4,3/4) 1.755 0.167 0.007 2.208 0.260 0.025
6(0.0,0.0) 2.159 0.376 0.272 1.911 0.087 0.241
7(0.0,1/2) 1.895 0.261 0.100 2.140 0.188 0.071
8(0.0,1.0) 2.079 0.359 0.275 1.934 0.085 0.243
9(1/2,1.0) 1.803 0.240 0.100 2.170 0.186 0.077
10(1.0,1.0) 2.001 0.343 0.282 1.955 0.076 0.252

Table3 Effectoftimestepsizeoncalculationresultsantitserrors

Methodsand
error

Timestep
size

P(x,y)

1(1/4,1/4) 2(1/4,1/2) 3(1/4,3/4) 4(1/2,3/4) 5(3/4,3/4)

TS/℃ 72.714 69.821 65.070 62.482 58.229
ID-DWD/℃

(relativeerror)/%
τ=0.1s 72.812

(0.135)
69.975
(0.221)

65.177
(0.164)

62.644
(0.259)

58.344
(0.197)

τ=0.01s 72.718
(0.006)

69.848
(0.039)

65.073
(0.005)

62.505
(0.037)

58.233
(0.007)

3 Conclusions

An increment-dimensional SBFEM (ID-
SBFEM)isdevelopedtosolvethetransientheat

conductionproblems.Thefirst-ordercontinued
fractiontechniqueisusedtoconsidertheeffectof
high-frequency,andthedimensionoftheSBFEe-
quationisdoubled.Fromtheanalysisofanexam-
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ple,wecanconcludethatincontrasttoCM-DSD,

IDM-DWDnotonlydoesnotrequiredividingthe
sub-domainmesh,butalsohasahigheraccuracy.
Whenthesmallercomputationaltimestepis
taken,theaccuracyofthesolutionwillbehigher.
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