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Abstract:Thelarge-scalemorphingaircraftcanchangeitsshapedramaticallytoperformhighflightperformance.
Toensurethetransientstabilityofaircraftinthemorphingprocess,anovelgain-scheduledcontrolmethodisin-
vestigatednumericallyinthispaper.Basedonquasi-steadyassumption,thelinearparametervarying(LPV)model
ofthemorphingvehicleisderivedfromitsnonlinearequation.Afterwards,bysolvingasetoflinearmatrixine-
qualitiesalongwiththeboundofthemorphingrateviaslowlyvaryingsystemtheory,thedesignedcontrollerwhich
considersthetransitionstabilityduringthemorphingprocessisobtained.Finally,thetransitionprocesssimula-
tionsofthemorphingaircraftareperformedviathechangessimultaneouslyinbothspanandsweep,andthere-
sultsdemonstratetheeffectivenessoftheproposedcontroller.
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0 Introduction
Theconventionalaircraftisacompromise

thatallowstheflightvehicletoflywithalimited
rangeofflightconditions,whichisunableto
completedifferenttypesofmissionsandperform
extrememaneuverswithhighperformance.Mor-
phingaircraftcanchangeitsshapeorgeometry
duringflighttoaccomplishspecificmissionbetter
andprovidecontrolauthorityfor maneuvering
andthespecialrequirementsofthemilitary[1-3].
Thepatternofmorphingaremainlyclassifiedinto
threetypes[4]:(1)Planformalterationinvolves
span,sweepandchord;(2)Out-of-planetrans-
formationinvolvestwist,dihedral/gullandspan-
wisebending;(3)Airfoiladjustmentinvolves
camberandthickness.

Thecurrent morphingaircraftdesign has
beenfocusedontheinvestigationsofmodeling,

dynamicbehaviorandflightcontrol[5-8].Forin-
stance,Seigleretal.[3]proposedthemethodology
formodelingthefightcontrolofmorphingair-
craftsundergoinglarge-scaleshapechange.Zhao
and Hu[9]developedaparameterizedstructural
modelviathesubstructuresynthesisapproach
anddoubletlatticemethod.Afterward,Zhaoand
Hu[10]establishedthemodelthatgovernthedy-
namicbehavioroffoldingwingviathefloating
framemethodandcomputationalfluiddynamics
(CFD)code,andpredictedthetransientrespon-
sesduringthemorphingprocess.Yueetal.[11]

presentedthenonlineardynamicmodelandthe
longitudinaldynamicsimulationofafolding-wing
morphingaircraftthroughtheCFDmethod.Tak-
ingthisonestepfurther,Yueetal.[12]proposeda
linearparametervarying(LPV)modelandaH∞

self-scheduledcontrolstrategy ofthefolding
wing.Inaddition,Heetal.[13]builtanewLPV



modelbyusingtensorproductmethodandde-
signedacontrollerviatheparallel-distributed
compensationcontrolapproach,whichdidnot
needtripmapandnumericalcalculation.Donget
al.[14]proposedaH∞controlforswitchedsystem
viatheaveragedwelltimemethodandlinearma-
trixinequalities(LMIs)[15,16],inwhichthecon-
trollercouldtracktheangleofattackwellduring
themorphingprocess.ShiandPeng[17]presented
anovelcontrolstrategythatinvolvedvirtualmor-
phingcontrolsurfacebyemployingtheactivedis-
turbancerejectioncontrol.Afterconsideringthe
morphingparametersasapartofthecontrolin-
putvariable,theyprovedthattheenergycon-
sumptionduringthemorphingflightwillbere-
duceddramatically.However,theabovelitera-
turespaidlessattentiontothetransitionstability
oflarge-scale morphingaircraft.Todetermine
theboundofmorphingrateintransientstage,Shi
etal.[17,18]derivedthestate-spaceequationinthe
termofmorphingrateexplicitlyandobtainedthe
minimumandmaximumvaluesofthemorphing
rateviatheHurwitzcriterion.Ontheassump-
tionsthattheaerodynamicforcesdependsolely
ontheinstantaneousconfigurationoftheaircraft,

SeiglerandNeal[19]analyzedthetransientstability
oflarge-scalemorphingaircraftbyslowingvar-
yingsystemtheory(SVST)[20,21].

Byconsideringthe morphingvariablesas
scheduledparameters,themorphingaircraftcan
bemodeledasaparameter-varyingsystem,which
couldbeanalyzedthroughthe gain-scheduled
method[22]andLMIs.Inthispaper,theLPV
modelofthemorphingaircraftisestablishedafter
introducingtheequationsofmotion(EOM),and
a novel gain-scheduled controlleris designed
throughthecombinationofconvexhulltheory
andSVST.Theapproachnotonlyproposesan
effectivecontrollerwithsatisfactoryrobustness,

butalsogivestheboundsoftheratesofvariables
andconsidersthetransitionstabilityduringthe
morphingprocess.

1 LPVModelofMorphingAircraft
Theflightdynamicsofakindofmorphing

aircraftwhichcanchangeitsspanandsweepis
considered.Thebody-axiscoordinatesystemO-
XbYbZbandthewind-axiscoordinatesystemO-
XaYaZaareshowedinFig.1,whereαistheangle
ofattackandβtheslipangle.Theaerodynamics
forcesareusuallyspecifiedforwindaxis,andthe
twocoordinatesystemscanbeobtainedfromeach
otherviarotationmatrices.Inthebodyframe,

thenonlinearequationsofthemorphingaircraft
canbewrittenas[11]

p=mV +̇So+ω×So

Ho=So×V+J·ω+∑
N

i=1

1
mi
Soi×dSoi

dt +Ji·ωæ

è
ç

ö

ø
÷

ì

î

í

ïï

ïï i

(1)

wherepisthemomentumandHotheangularmo-

mentum.So=∫Ω
r×dmisthestaticmomentabout

theorigin,wheretheintegraldomainΩisthe
wholeaircraft.m,V,ωandJarethemass,ve-
locity,angularvelocityandinertiamatrixofthe
morphingaircraft,respectively.Thesubscripti
denotestheithmorphingpartandNisthetotal
numberofthemorphingstructures.

Fig.1 Sketchofmorphingaircraftanditscoordinatesystem

The6-DOFEOMofthemorphingaircraftin
thebodycoordinatesystemcanbederivedfrom
Eq.(1)asfollows
F=m(̇V+ω×V)+ω̇×So+2ω×̇So+

ω×(ω×So)+̈So

Mo=J·̇ω+̇J·ω+ω×(J·ω)+
So×V̇+So×(ω×V)+

∑
N

i=
{

1
J̇i·ωi+Ji·̇ωi+ωi×(Ji·ωi)+

1
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ì
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ï
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ïï )]

(2)

ItisnotedthatJ,Ji,So,Soiandtheirderivatives
changesignificantlywiththemorphingparame-
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tersduringtheflight,leadingtoacomplexmod-
el.Hence,someassumptionsareadoptedtosim-
plifythenonlinearEOM[19].Firstly,theinertial
forces,timederivativeofinertiaandstaticmo-
mentowingtomorphingareignored.Inaddition,

theunsteadyinfluenceonthiskindofmorphing
aircraftcanbenegligible[11]andthequasi-steady
assumptionisadopted.Inotherwords,thein-
stantaneousaerodynamicforcesarecompletely
decidedbythecurrentshapeoftheaircraft.
Therefore,oneobtainsthelongitudinalnonlinear
EOMinageneralform

ẋ=fx,u,( )ξ (3)

wherex=[αθqVT]Tisthecollectionofstate
variables,θisthepitchangle,qisthepitchangle
rateandVTistheflightvelocity.u=δeisthecon-
trolinput,whereδeistheailerondeflection.ξ=
[ξ1ξ2]Tisamorphingvectorconsistedofspan
andsweep.

Bytakingthemorphingvariablesassched-
uledparameters,Eq.(3)becomesaparameter-
varyingsystem.Severalmethods,suchasJacobi-
anlinearization,quasi-LPVapproach,linearfrac-
tionaltransformationandsoon,couldbeusedto
establishtheLPV modelofthe morphingair-
craft.Inthiswork,accordingtoJacobianlinear-
izationtechnique,onehas

ż=Az+BΔu (4)

wherez=x-x0(ξ),Δu=u-u0,A=∂f∂x x0,u0

,

B=∂f∂u x0,u0

;x0(ξ)andu0arethevectorofequi-

libriumpoint.Itshouldbenotedthat,unlikerigid
aircraft,theequilibriumpointandthestate-space
matricesAandBarethefunctionsofthemor-
phing variables.Furthermore,thestate-space
matrices depend on the aerodynamic forces,

whichare

L=12SCLρV2
T,D=12SCDρV2

T,

MA=12ScCmρV2
T (5)

whereρisthedensityofair,Sandcarethe
equivalentareaandchordofwing;L,DandMA

areaerodynamiclift,dragandmoment,respec-
tively.CL,CDandCmarethecorrespondingaero-

dynamiccoefficients,whichcanbeexpressedas
thefollowingformatalowangleofattack

CL =CL0+CLαα+CLδeδe
CD =CD0+CDαα+CLδeδe
Cm =Cm0+Cmαα+Cmqq+Cmδeδ

ì

î

í

ï
ï

ïï e

(6)

2 Gain-ScheduledControlBasedon
SlowlyVaryingSystemTheory

2.1 Gain-scheduledcontrol

RewritinganLPVplantfromEq.(4)ingen-
eralformyields

P ( )ξ :=
A(ξ) B(ξ)

C(ξ) D(ξ

é

ë
ê
ê

ù

û
ú
ú)

(7)

whereA(ξ),B(ξ),C(ξ),andD(ξ)dependaf-
finelyonthetime-varyingparameterξ,forexam-
ple

A(ξ)=A0+ξ1A1+…+ξnAn (8)

whereA0,A1,…,Anarethegivenmatrices.ξ(t)

variesinapolytopeΘofverticesω1,ω2,…,ωkas

ξ(t)∈Θ:=Co{ω1,ω2,…,ωk}

{

=

∑
k

i=1
σi(t)ωi:σi(t)≥0,∑

k

i=1
σi(t)=1,k=2 }n

(9)

andtheLPVplantPcanbeexpressedasaployto-
peofmatrices,itreads
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é
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ê
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ë
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é
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ê

ù

û

ú
ú

i

,i=1,…,{ }k (10)

whereξisboundedasξi∈ 췍ξi,췍ξ[ ]i ,i=1,…,n.An
LPVsystemiscalled“polytopic”whenitsatisfies
Eqs.(9),(10)[23].

Lemma1[24] ConsideranLPVsystemas
Eq.(7),foraprescribedγ>0,ifthereexistma-
tricesS1,S2,YiandXi>0(i=1,…,k),such
thatthefollowinginequalitiesholds

W 0 Xi YT[ ]i
CT

D
é

ë

ê
ê

ù

û
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úT L

* -γ2I 0 0
* * -I 0
* * * S1+ST
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1

<0

(11)

where
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  Thenthegain-scheduledcontrolleru(t)=
Kσx(t)couldbeobtained,where

Kσ= ∑
k

i=1
σiY( )i ∑

k

i=1
σiX( )i

-1 (12)

andtheupperboundoftheL2-normisγ.
Eq.(11)canbesolvedviaLMIskills.Itis

notedthaṫσicontainedinEq.(11)isabletore-
ducetheconservatismofthecontrollerbyemplo-
yingtheparameter-dependent Lyapunovfunc-
tions,however,theintroductionofdifferential
iteṁσicomplicatestheproblem.Onemethodto
solvethisproblemistofindtheboundoḟσi.In
thispaper,σiisthefunctionofthemorphingvari-
ablesξ,hence,theproblemisconvertedintosol-
vingtheboundoḟξ,whichcanbedeterminedvia
SVST[19,21].

2.2 Slowlyvaryingsystemtheory[21]

ConsideringthelinearsystemofEq.(4)and
astatefeedbackcontrolleru=K(ξ)z,onehas

ż=[Α(ξ)+B(ξ)K(ξ)]z=췍A(ξ)z (13)

Supposethat췍A(ξ)iscontinuouslydifferentiable
andHurwitzforeveryfixedξ,thatis

λ(췍A(ξ))≤η<0 (14)

Furthermore,supposetheelementsof췍A(ξ)and
theirfirstpartialderivativeswithrespecttoξare
uniformbounded,andletQ beaconstantand
positive-definitematrix,thenthereexistaposi-
tive-definitematrixthatsatisfiestheLyapunov
equation

P(ξ)췍A(ξ)+췍AT(ξ)P(ξ)=-Q (15)

  Inaddition,P(ξ)satisfiesthefollowingcon-
ditionsforallξ∈Ψ ,whereΨisthedomainof
interest.

c1zTz≤zTP(ξ)z≤c2zTz (16)

∂
∂ξi

P(ξ)
2
≤μi,i=1,…,n (17)

wherec1,c2andμiarepositiveconstantsinde-
pendentofξ.Moreover,supposethat ∂x0/∂ξ 2

≤landthereexistsanεsuchthat

ξ
·

2 ≤ε< c1
c2c3× r

r+2c2l/c3
(18)

whereristheupperboundof z ,andc3 =

∑
k

i=1
μ2i .ThenthesolutionsofEq.(13)areuni-

formlyboundedforallz(0)<r c1/c2.
AsshowedinEq.(18),theboundoḟξde-

pendsonalotofvariables.Oneapproachtofind
the“best”εisproposedinRef.[19],whichisto
maximizetheratioλmin(P)/λmax(P)byfindinga
properQforallξ∈ Ψ [25].

Thegain-scheduledcontrollerofEq.(12)can
besolvedbycombiningEq.(11)andSVST.Fig.
2showstheflowchart:

(1)Giveaninitialmorphingratėξ0firstly;
(2)Thecorrespondinggain-scheduledcon-

trollerKσcanbeobtainedfrom Eqs.(11)and
(12);

(3)Theupperboundεofthemorphingrate
canbedeterminedviaSVST;

(4)Ifthe given morphing rate satisfies

ξ
·

0 2 ≤ε,thenξ
·
* =ξ

·

0isanachievedsolution
andcorrespondingKσisobtained;

(5)Otherwise,trydifferentinitialmorphing
ratestogothroughtheaboveproceduresuntila
propersolutionisfound.

Fig.2 Flowcharttosolvetheboundofmorphingrate

3 Simulation

Asteadyandwings-levelfightconditionswith
constantflightspeedareemployed,i.e.
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where
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Zα=-1m D+∂L∂
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Theseaerodynamicderivativesarethefunctions
ofmorphingvariables.Inthispaper,thevortex
latticesolverTornado[26]isusedtocalculatethe
steadyaerodynamicforcesfordifferentshapesof
morphingaircraft,whosespanLandsweepδva-
riesfrom5.2mto7.2mand0°to30°,respec-
tively.

Notethattheaerodynamicderivativescanbe
fittedasfunctionsofnormalizedmorphingvaria-
blesusingthegeneralizedleastsquaresmethod,

namely

췍L=L-(Lmax+Lmin)/2
(Lmax-Lmin)/2 ∈ -1,[ ]1

췍δ=δ-(δmax+δmin)/2
(δmax-δmin)/2 ∈ -1,[ ]1

ThenEq.(19)canbeexpressedasanLPVsys-
tem,whoseparametersare췍Land췍δ.Thecoeffi-
cientsinEq.(9)aresetat

σ1=1-췍L
4
,σ2=1-췍δ

4
,σ3=1+췍L

4
,σ4=1+췍δ

4
(20)

  Itisnotedthatdifferentconvexhullmodels
canbederivedbychoosingdifferentcoefficients,

iftheconvexcoordinatessatisfyEq.(9)[27].The
verticesofAiarethevaluesofA(ξ)atfourverti-
cesoftheparameterbox

ω1:=(Lmin,δmin),ω2:=(Lmin,δmax),

ω3:=(Lmax,δmin),ω4:=(Lmax,δmax)

AccordingtotheflowchartshowedinFig.2,let
aconstantγ=1.05andaninitialmorphingrate

ξ̇0 2=0.0418,whichmeansthemorphingtime
is50s,andthecorrespondingXi,YiandKσcan
bedeterminedbyEqs.(11),(12).
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  Afterward,theupperboundofmorphing
rateε=0.0432isobtainedviaSVST,whichindi-
catesthat ξ̇0 2 <εisanachievedsolution.The
responseoftheclose-loopsystemisperformedas
showninFig.3usingthefourth-orderRonge-
Kuttamethod.Itisfoundthattheinitialdisturb-
ancecanbeeliminatedbyusingtheproposed
gain-scheduledcontroller,whichcanstabilizethe
slowlyvaryingsystem.

Fig.3 Responseoftheclose-loopsystem

Considerthestate-spaceequationwithanex-
ternaldisturbance

ż=A(ξ)z+B(ξ)Δu+Gω(t)

whereG=[0.1 0]Tandtheexternaldisturbance
sinesignalω(t)is

ω( )t =
0 0<t<10
t-10 10≤t<13.14
0 t≥13.

ì

î

í

ïï

ïï 14
  Anotherexternaldisturbancesquaresignal
ω(t)isgiven,reads

ω( )t =
0 0<t<10
1 10≤t<13.14
0 t≥13.

ì

î

í

ïï

ïï 14
  Theresponsesoftheclose-loopsystemwith
differentexternal disturbances are shown in
Figs.4,5.

InFigs.4,5,theeffectsofdifferentdisturb-
ancescanbeeliminatedquicklytomaketheclose-
loopsystemstable,whichindicatesagoodcapaci-
tyofresistingdisturbance.

FromFigs.4,5,itisindicatedthatthede-
signedcontrollermakesthesystemtendtozeroin
differentcasesofdisturbance.Theprimaryuse-
fulnessofthisapproachisthatitproposesa
methodtosolveEq.(11)withtheconsideration
oftransitionstability.Althoughtheintroduced
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Fig.4 Responseoftheclose-loopsystem withexternal
disturbancesinesignal

Fig.5 Responseoftheclose-loopsystem withexternal
disturbancesquaresignal

SVSTreducestheconservatismofcontroller,it
couldprovidecriteriatoensurethetransitionsta-
bilityoftheslowlyvaryingsystem,whichisa
concernedproblemformorphingaircraft.Inthis
paper,the minimum requiredtimeforlarge-
scalemorphingislessthan1 min,whichcould
giveareferencevalueforflighttesting.

4 Conclusions

AnLPVmodelofakindofmorphingaircraft
whichcanchangeitsspanandsweepisderivedvia
convexhulltheory.Toreducetheconservative,

theparameter-dependentLyapunovfunctionsare
introducedalongwiththedifferentialtermofthe
variables,whoseboundsaredeterminedbyslow-
lyvaryingsystem theory.Thegain-scheduled
controllerproposedviaconvexhulltheoryand
slowlyvaryingsystemtheoryisabletoeliminate
theinfluenceofinitialerrorandexternaldisturb-
ancesquickly,whichshowsagoodrobustnessof
theclose-loopsystem.Furthermore,thecontrol-
lercanguaranteethetransitionstabilityofthe

slowlyvaryingsysteminthemorphingprocess.
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