Aug. 2019

Transactions of Nanjing University of Aeronautics and Astronautics

Vol. 36 No. 4

Adiabatic Invariant for Dynamic Systems on Time Scale

SONG Chuanjing’

School of Mathematics and Physics, Suzhou University of Science and Technology, Suzhou 215009, P. R. China

(Received 3 April 2019; revised 14 April 2019; accepted 2 May 2019)

Abstract: Perturbation to Noether symmetry and adiabatic invariants for Birkhoffian system, Hamiltonian system and

Lagrangian system with delta derivative are investigated, respectively. Firstly, the definition and some related

properties of time scale calculus are listed simply as preliminaries. Secondly, the Birkhoffian system with delta

derivative is studied. Based on the differential equation of motion as well as Noether symmetry and conserved

quantity, perturbation to Noether symmetry and adiabatic invariant are investigated. Thirdly, adiabatic invariants for

the Hamiltonian system and the Lagrangian system are presented through some transformations. And finally, an

example is given to illustrate the methods and results.
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0 Introduction

Adiabatic invariant means a physical quantity,
which varies more slowly than the changing parame-
ter. The adiabatic invariant is closely related to the
integrable property of the mechanic system. Be-
cause one of the important tasks of analytical me-
chanics 1s to find the solutions of the differential
equations of motion, it is significant to study the adi-
abatic invariant. The adiabatic invariant was first in-
troduced by Burgers in 1917"". Since then, many re-
sults about perturbation to symmetry and adiabatic
invariant have been obtained'*"".

Time scale, which means an arbitrary nonemp-
ty closed subset of the real number set, was first
proposed by Stefan Hilger in 1988'%'. Because the in-
teger number set Z and the real number set R are
both examples of time scale, the theory of time
scale can harmonize the continuous analysis and the
discrete analysis. A lot of results for dynamic sys-
tem on time scale have been obtained, for example,

dynamic equations on time scale'”' , calculus of

11-12]

variations on time scale' , Noether symmetry

[13-16]

and conserved quantity on time scale , and so
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on. There are two derivatives used commonly on
time scale, namely delta derivative and nabla deriva-
tive. In this paper, the adiabatic invariant for dynam-

ic systems with delta derivative is only presented.

1 Preliminaries

Here some properties and definitions about
time scale calculus are reviewed'”.

Let T be a time scale, the forward jump opera-
function @:

tor o:T— T and the graininess

T — [0,00) are defined as

o(t) =inf{p € Tip > 1},0(t) = o(1) — ¢,
where € T,inf(J) = sup T, sup(J = infT.

Let f: T — R, if for all e > 0, there exists 6 >
w€ (t—0o,t+0)NT,
| F(a(0))=f (@) =f*() [o(0) —w ]| <e[o(t) — 0]

holds, then f*(z) is called delta derivative of f at

0 such that for all

A
point . f*(7) can also be denoted as A f(1).

Remark 1 When T—R,0(z) = 1,0(z) =0,
() =f (). When T=2Z,0(2) =t+1,0(1) =1
[ =0af=f+ 1) —f(0).

Supposing that f,g:T — R are differentiable,

s
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then for any constants a and 3, we have
fla())=f"(t) =f(0) +0() f(1) (1)
(af + g ) () =af*(1) + Bg* (1) (2)
(fg)»() =/ g () + /(1) g (1) (3)
A function f: T'— R is called rd-continuous if it
is continuous at right-dense points and its left-sided
limits exist at left-dense points. The set of rd-contin-
uous functions is denoted by C,,. C.; denotes the set
of these functions whose derivatives are still rd-con-
tinuous.
A function F': T'— R is called an antiderivative
of f: T — R provided F*(z) = f(¢) holds.
It is noted that every rd - continuous function

has an antiderivative. In particular, if z, € T, then
F defined by F(z) = J: [ (z)Ar for 1 € T is an anti-

derivative of f.

2 Adiabatic Invariant for Birkhof-

fian System on Time Scale

2.1 Differential equation of motion
From the following functional
I(a,(+))=[R,(t,a})a; — B(t,a}) ] At — ext
da, = da, =0 (4)

=1 =1,

the Birkhoff equation on time scale'"”" is given as
IR, (t,a;) N dB(t,a;)
da; ’ da;

0 0

—R*=0 (5)

where a; (1) =(a, °0) (1), a;(¢) is the delta deriva-

tive, t € T; the Birkhoffian B:R X R* — R and
the Birkhoff’ s functions R,: R X R — R are as-
sumed to be Cyy, p,v,0=1,2,-+-,2n;6(-) denotes
the isochronous variation.

2.2 Noether symmetry and conserved quantity

Definition 1 Quantity C is said to be a con-

I LA .
served quantity if and only IIE C =0 along the dif-

ferential equation of motion on time scale.
Theorem 1" IfI(a,(-))in Eq.(4) is invari-

ant under the infinitesimal transformations
t"=t,a,=a,t ek, (t,a,) (6)

that is, forany [ ¢,,2,] & [ 1, 1],

[[TR(tapas = Blr.a) 1ar=

['(R(anar —Branlae @

holds, then a conserved quantity exists as
Cpo=R,(t,a]) gﬂ(l‘,ap) (8)
where € is an infinitesimal parameter, and &}, the in-
finitesimal generator of the infinitesimal transforma-

tion (Eq.(6)).

Theorem 2 '"“'If I(a,(-))in Eq.(4) is invari-

ant under the infinitesimal transformations
' =t+ety(t,a),a,=a, ek (t,a,) (9)

that is, forany|[ ¢,,2,] = [ #,, 2,1,

["[R(1apa2 = B(r.ap) 1ar=

f[ R, (¢ a,”())a (£) — B(t' a7 (¢))]A

(10)
holds, then the conserved quantity can be obtained as

R, JaB
CH:R,Q }g,u_|:0(t)( ot af_al‘)+Bj| 20(11)

where € is an infinitesimal parameter, &, and &j, are
the infinitesimal generators of the infinitesimal trans-
formation (Eq.(9)).

2.3 Perturbation to Noether symmetry and adi-

abatic invariant
Assume that the Birkhoffian system (Eq.(5))
is disturbed by small forces eWy,(2,a;), o=

1,2,---,2n, then we have

IR, (t,a;) o daB(t,a;) R
aaz aa;
eWy, (t,a;) (12)

Under the small disturbance, conserved quanti-
ty may change. It is supposed that this change is a
small perturbation on the basis of the undisturbed
system. Therefore, the infinitesimal generators of
the disturbed system can be expressed as
§no:§20+ €§lgo+ 525/%0+
Eu = i T ebn, T 760, o (13)
Definition 2 If a quantity I, satisfies that the
highest power of e is z and AL /At is in direct propor-
tion to € ', then I. is a z-th order adiabatic invariant
on time scale.
Theorem 3 Under the infinitesimal transfor-

mations
' =t,a,=a,+ ek, (t,a,) (14)
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when the Birkhoffian system (Eq.(5)) is disturbed, if then a z-th order adiabatic invariant exists as
the infinitesimal generator £4,,7~0,1,2, .-+, z satisfies Lo =¢&R,(t,a0) €, (t,a,) (16)

R . db(t,a;

8(7&: SR, (1,a0) & — %a) 5= where £}, ' = 0 when j = 0.

a, 0
s Proof From Egs. (12,15) we can get
Wﬁpfgp =0 (15) 1 §

JB ;
(:a) f,;+ WP,'; Bo

E&J ( )m

z‘a)éfB# t,a, ]—

Vot Ragp | =D

¢(R,.&h+ RXEE) =

./:0

e’[—sW;,/,(z,a;) bt Wl ]:

i=0

z+1 o 20
— € WH,(;([va/1)§Hp-

This proof is completed.
Theorem 4 Under the infinitesimal transfor-

mations
' =1t+ 853()(f,a,),a; =a,+ sf,),/l(l,av) (17)
when the Birkhoffian system (Eq.(5)) is disturbed,

a z-th order adiabatic invariant exists as

IR, | dB .
¢{R 513/1_ |: ( )( PR a»A— a[) +B:|§fso (18)
Proof Consider

I(a,(-)= [ [R.(t.a))a2 — B(t.a7) Jar=

Ip.

["Glranaan (19)

jhé(l,s”,aj,sﬁ,af)Al (20)
When s(7) = ¢, we have

J//'[Ry(l,ajj)af— B(t,a;) A=

//, A
J {Ry(s"— 0(1) s a;) a; — B(s"—6(1) sﬁ,aj)}sAAz
‘, s
(21)
le.
G(t,al,a2)=G(t,5",al,s" a;) (22)

Making use of Theorem 3, we obtain that
when s(2) =1

aG(z‘,s",aZ,sA,aA)

/"
da®

=R,(s"— 0(1)s*,a,)=R,(¢,a})

(24)
G (1,5, a;, 5", a>)

=—0()d,R,(s"— 0(1)s*,a;)-

ds*
a; +0(2)3,B(s”— 0(t)s®,a;)- s> — B(s"—
0(2)s* a,)=—0(1)9,R,(t,a;) a,(t) +
0(1)d,B(t,a,)— B(t,a])= —0(t) aR”(az;’a )
daB(t,a;)

a; (1) +0(1) — Bls,az)  (29)

at
where d, B and d, R, denote the partial derivative of
B and R, with respect to their first variables, respec-
tively. Substituting Eqs. (24, 25) into Eq.(23) ,
the intended result can be obtained.

This proof is completed.

Remark 2 Theorem 3 and Theorem 4 reduce
to Theorem 1 and Theorem 2 when =0 respec-
tively. That is, when the Birkhoffian system is un-
disturbed, a conserved quantity can be got. When
the Birkhoffian system is disturbed, a z-th order adi-
abatic invariant can be got.

Remark 3 When T=—R, from Eq.(18) we

have
L= D¢ (R, &, — Béh) (26)
j=0

Eq. (26) is the classical adiabatic invariant for

the classical Birkhoffian system''"".

Remark 4 When T=7Z, from Eq.(18) we

ZS/ §Io+ ,y) (23)
where have
Iy =
&R, (t,a,(t+ 1)), (t,a.(1) )— {5(1)(3R1,(Z,agﬁl+ 1))

Aga, (1) — aa?) + B(t,a,(t+ 1) )}g{,o(z,ab(z) )}

(27)
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Eq. (27) is the adiabatic invariant for the dis-
crete Birkhoffian system.

Considering that T has many other special val-
ues, Theorem 3 and Theorem 4 have the universal

significance.
3 Adiabatic Invariants for Hamil-

tonian System and Lagrangian

System on Time Scale

3.1 Adiabatic invariant for Hamiltonian sys-

tem

From the following transformations

qz #:1’2’...,7[
a, =
' Duv p=n+1n+2, - 2n
. =1,2,-.n
R [P
0 u=n+1l,n+2,-,2n
B=H (28)

disturbed Hamilton equation can be obtained from
Eq. (12), thatis
A o aH(l,Qanm)

P = . —eWu(t,q0.pn)
aq;
IH (1,95, pu
q%—(a;{/” fm=1,2,.n (29

Theorem 5 For the disturbed Hamiltonian

system (Eq.(29)), if the infinitesimal generator &/;,

j=0,1,2,--,z satisfies
dH (¢,q5.p0) .,
- aqg p ﬁi([,q;mpm)_’_pz‘g?/-ﬁ_
q:
Wagh V=0 (30)

then a z-th order adiabatic invariant exists as

- Zsjpigill'(l‘7QW’p/zz) (31)
j=0
where &/, ' = 0 when j = 0.
Proof From Egs. (29, 30), we get

A : A
EIH;o EE]AZ‘ ng: -

Ze’(plaﬁp;ﬁ%) =

2 E{aH z, q,,,,p,],)

j=0

Eel[ _EWH[(quZHpm)
j=0

7€:+1WH1(17 qi;;pm)gig’

fi Wil p?ﬁ;‘} —

G+ Wb 7=

This proof is completed.

Theorem 6 Under the infinitesimal transfor-
mations with the time and the coordinates both
changing, the disturbed Hamiltonian system (Eq.

(29)) has an adiabatic invariant
CI JH
- E s/{piffu + |:a[‘9(l) e H:| 5{10} (32)
i=0 ’

Remark 5 Adiabatic invariant for the Hamil-
tonian system can be obtained through transforma-
tion (Eq.(28) ) , and they can also be obtained
through the similar method used for the Birkhoffian
system.

Remark 6 From Remark 2, putz=20 in Egs.
(31, 32),

Hamiltonian system can be got,

conserved quantities for the undisturbed
which are consis-

tent with the results in Refs. [ 16, 18].

3.2 Adiabatic invariant for Lagrangian sys-

tem

From the following transformations

AL (1,q5.q0)

an ’H:plqlA_I‘(l"qu’qfn) (33)

i

disturbed lLagrange equation can be obtained from
Eq. (29), thatis
IL(2,47.95)

A AL(t,q5 %)
P fr— - W i [, Zn /Au
At dg? dq? SWulredign)

(34)
Theorem 7 For the disturbed LLagrangian sys-

tem (Eq.(34)), if the infinitesimal generator &/,

j=20,1,2,---,z satisfies
IL(L,q0qm) ., IL(t, g qn)
— (gt —
aq? 17 ( q ) aqlﬁ L
WLl "=0 (35)
then a z-th order adiabatic invariant exists as
814 Z‘ mo m
— S LA L) q © el (1g)  36)
j=0
where &/, ' =0 whenj: 0.
Proof From Egs. (34,35), we can get

A I ) O
i i e i e —
At Z{EJ Az{ ag? 2
il aL l ms Ym A 614
E { q q, )gﬁ M}

Kl
25‘/ _ all(f’qinqj)
j 9q;

Wi+
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A OL I .
INEE 511 = ;d[ —eW, (t,q,, )&+

Wi = =& WLt qn, gn) Eif

This proof is completed.

Theorem 8 Under the infinitesimal transfor-
mations with the time and the coordinates both
changing, the disturbed lLagrangian system (Eq.
(34)) has an adiabatic invariant

= AL(t,¢5.¢%) IL
L= Sl dminle 1] — ;
> { v 9"

aL :
3 0(1)} 5,40} (37)

Remark 7  Adiabatic invariant for the La-
grangian system can be obtained through transforma-
tion (Eq.(33) ), and they can also be achieved
through the similar method used for the Birkhoffian
system.

Remark 8 The results of the adiabatic invari-
ant for Lagrangian system are consistent with those
obtained in Ref. [19].

Remark 9 From Remark 2, put =0 in
Eq.(37), a conserved quantity for the undisturbed
Lagrangian system can be got, which is consistent

with the result in Ref. [ 13].

4 Illustrative Example

Try to find out the adiabatic invariant for the
following Birkhoffian system
B=1tala;,R,=a3,R,=0 (38)
on the time scale T'= {2”: neNU {O}}
From the given time scale, we get o(7) = 2¢,
0(r) =1t.
When the system is undisturbed, that is, let
j=0inEq. (15), we get
—2a3E 4 (af — Fal) £+ a3t =0 (39)
Taking calculation, we have
fl=aL&l=—a (40)

Theorem 3 gives

Iy = a,a’ (41)
When the system is disturbed by
eW,=0,eW,=¢(2:°— 1) (42)

Letj=11in Eq. (15), we get

—fa3él + (at — tPal) £+ asélt — aiW, +

aW,=0 (43)
Taking calculation, we have
§l=1,6=0 (44)
Theorem 3 gives
1,0 = a a5+ eta’ (45)

Furthermore, the higher order adiabatic invari-

ant can be got.

5 Conclusions

Perturbation to Noether symmetry and adiabat-
ic invariant for dynamic systems on time scale are
presented in this paper. Theorem 3-Theorem 6 are
new work. Theorem 1, Theorem 2, Theorem 7
and Theorem 8 are consistent with the existing re-
sults. Several special cases are given in the form of
Remark simply.

As mentioned in Introduction, nabla derivative
and delta derivative have equal importance for dy-
namic system. In fact, adiabatic invariant for dynam-
ic system with nabla derivative can be obtained
through the similar method used in this paper. Be-
sides, duality principle is an important and elegant
method used on time scale. Therefore, adiabatic in-
variant for dynamic system with nabla derivative can
also be studied through duality principle, which is

not mentioned here.
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