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Abstract: Orthogonal turn-milling is a high-efficiency and precision machining method. Its cutting layer directly affects
chip formation，cutting forces，and chatter，and further affects tool life，machining quality，etc. We studied The
cutting layer geometry（CLG） in orthogonal turn-milling with zero eccentricity（OTMZE） is studied to explore
orthogonal turn-milling cutting layer formation process. OTMZE principles of motion and formation processes are
analyzed statically without considering kinetic influences. Mathematical models of the entrance and exit angles，
cutting thickness，and cutting depth are established. In addition，these models are validated experimentally and some
influences of cutting parameters on the tool cutting layer are analyzed. The results show that OTMZE cutting layer
formation can be divided into two stages，chip shapes are nearly consistent with the simulated CLGs，and the most
influencial parameter in affecting the cutting layer is found to be the tool feed per revolation of workpiece fa，followed
by the ratio of the tool and workpiece speeds λ and the cutting depth ap. These models and results can provide
theoretical guidance to clarify formation processes and quantitatively analyze changes in cutting layer geometry during
OTMZE. In addition，they offer theoretical guidelines for cutting forces and chatter.
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0 Introduction

Orthogonal turn-milling can achieve high-effi⁃
ciency and high-precision machining by combining
workpiece rotation with rotation and axial move⁃
ment of a milling cutter along the workpiece. It is
widely used to machine difficult-to-cut materials
such as Ti alloys，nickel alloys，and stainless steels
as well as special structural components （e.g.，
crankshafts，slender rods，turbine blades，and en⁃
gine casings）［1-2］.

Chip formation，cutting forces，and chatter are
important orthogonal turn-milling research topics
that affect machining efficiency，machining quality，

and tool life［3-5］. Orthogonal turn-milling differs from
turning and milling such that the cutting layer geom⁃
etries（CLGs） of their steps are completely differ⁃
ent. Understanding the geometries and mathemati⁃
cal models of orthogonal turn-milling cutting layers
is useful when researching chip formation，cutting
forces，and chatter.

Zhu et al. established mathematical models of
orthogonal turn-milling CLGs based on two condi⁃
tions of zero eccentricity and eccentricity. The re⁃
searchers simulated and predicted chip shapes，cut⁃
ting forces，and chatter［6-8］. Yan and Sun et al. ana⁃
lyzed orthogonal turn-milling cutting chatter by
building mathematical CLG models that considered
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eccentricity［9-10］. Karagüzel，Kara，and Crichigno et
al. established a mathematical CLG model with zero
eccentricity and a simulated orthogonal turn-milling
cutting force［11-14］. Yan et al. created a mathematical
CLG model with zero eccentricity using a helical
milling cutter and predicted the corresponding cut⁃
ting force［15］.

Although there are reports on orthogonal turn-

milling CLGs， several problems remain to be
solved：（i）detailed analyses of cutting layer forma⁃
tion are lacking；（ii）the mathematical CLG models
built thus far are complex；（iii） the validated CLG
methods are relatively simple；（iv）there is a lack of
analysis of the influences of cutting parameters on
CLGs.

CLGs from orthogonal turn-milling with zero
eccentricity （OTMZE） are more complex than
those applicable to orthogonal turn-milling with ec⁃
centricity. Thus，we research OTMZE CLG mathe⁃
matical modeling and simulation. This work investi⁃
gates the principles of motion behind OTMZE. We
analyze the CLG formation process and establish
CLG mathematical models. In addition，we perform
experiments to confirm mathematical model accura⁃
cy by comparing the shapes，volumes，and maxi⁃
mum cutting depths of various simulated CLGs to
those from actual chips. Finally，we simulate and
analyze the influences of cutting parameters on
CLGs. Thus，the aim of this paper is to provide a
theoretical guide to the cutting force and chatter in
orthogonal turn-milling.

1 Cutting Layer Formation During

OTMZE

1. 1 Cutting layer motion principle

In orthogonal turn-milling，we assume that the
workpiece is at rest and the tool moves spirally
along the axis of the workpiece（xw）. The three ax⁃
es xw，yw，and zw are shown in Fig. 1，where rw is
the workpiece radius， rt the tool radius， nw the
workpiece speed，nt the tool speed，and ap the cut⁃
ting depth. The intersected portion of the two tool
positions and the workpiece produced when the tool
moves from position 1 to position 2 can be viewed

as the OTMZE CLG. Thus，the layer cutting pro⁃
cess is analyzed statically without considering kinet⁃
ic influences.

During the OTMZE cutting process，the side
cutting edges corresponding to two separate tool po⁃
sitions cut the forming contour of the machined
workpiece surface at two lines BB' and CC' that
meet at line DD'. The edges respectively cut the
workpiece at two arcs CD and BD and the area from
arc CD turning right into arc BD is formed by side
cutting edge. The bottom cutting edges correspond⁃
ing to the two tool positions meet at line AA'. Line
AA' is at the right of arc BD. The area from arc BD
turning right into line AA' is formed by the bottom
cutting edge. The above analyses indicate that the
side and bottom cutting edges participate in simulta⁃
neous cutting. Thus，the entrance and exit angles of
the side and bottom cutting edges must be consid⁃
ered during analysis of OTMZE.

In the cutting process of OTMZE，the corre⁃
sponding rotation angle of the workpiece is φz while
a milling cutter blade is rotated as shown in Fig. 1.
The angle φz can be expressed as

φ z =
2π
λZ

(1)

where λ is the ratio of the tool and workpiece speeds

Fig.1 Principle diagram of motion during OTMZE
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（i. e.，λ = nt/nw）and Z the number of teeth on the
tool.

In Fig.1，θ is the forming contour angle of the
machined workpiece surface.

θ= arctan [ 2π ⋅( rw - ap ) /fa ] (2)
where fa is the tool feed per revolution of workpiece.

The line through the center point of the tool po⁃
sition is perpendicular to the workpiece forming con⁃
tour. In this analysis，ψ is the angle between the per⁃
pendicular line and the center line of the tool posi⁃
tion（direction of xw）and fz is the distance that the
tool moves along the forming contour of the work⁃
piece when the workpiece is rotated the angle（φz）.
They can be expressed as

ψ= π
2 - θ (3)

fz =
f 2a +[ 2π ( rw - ap ) ]2

Z ⋅ λ (4)

1. 2 Cutting layer formation process

The fillet radius of the tool used in orthogonal
turn-milling is usually less than 0.8 mm. Thus，the
influence of the tool fillet radius on the cutting layer
geometry is negligible and can be ignored. To sim⁃
plify the calculation，the fillet radius of the tool is
not considered in our analyses.

The cutting layer formation process involves
parameters such as the entrance and exit angles，cut⁃
ting depth， and cutting thickness， as shown in
Fig.2. During OTMZE cutting， the side cutting
edge cuts into the workpiece from point C first.
Next，the side and bottom cutting edges cut into the
workpiece from point B simultaneously. Then，the
bottom cutting edge cuts the workpiece from points
A and A'，and finally the side cutting edge cuts out
the workpiece from point D. The entrance and exit
angles corresponding to the above process are re⁃
spectively φst，C，φst，B，φex，A，φex，A'，and φex，D.

In Fig.2，φi is the dynamic contact angle of
tooth i as it cuts the workpiece. The cutting thick⁃
ness and depth of the side cutting edge of tooth i at
φi are hp（φi）and ap（φi），respectively. While hf（φi）
and af（φi）are the cutting thickness and depth of the
bottom cutting edge of tooth i at φi，respectively.

The various OTMZE tool entrance and exit an⁃

gles allow one to divide the cutting layer into four
stages：φst，C≤φi≤φst，B，φst，B<φi≤φex，A'，φex，A'<φi
≤ φex，D，and φex，D< φi≤ φex，A. The differences be⁃
tween the angles φex，A'，φex，D，and φex，A are negligi⁃
ble during cutting，so they can be replaced by a sin⁃
gle angle φex，D. Finally，the cutting layer can be sim⁃
plified to two stages of φst，C≤φi≤φst，B and φst，B<φi
≤φex，D，as shown in Fig.3.

During the φst，C≤ φi≤ φst，B stage，the side cut⁃
ting edge forms the cutting layer shown in Fig.3.
The left side of the cutting layer cross-section is a
plumb line that represents the intersection of the
side cutting edge from position 2 of tool and the cut⁃
away plane a-a. To the right is another plumb line

Fig.2 OTMZE cutting parameters

Fig.3 OTMZE cutting layer cross-sections
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that represents the intersection of the workpiece
forming the contour and the cutaway plane a-a. The
bottom is a horizontal line that represents the inter⁃
section of the plane a-a and the bottom cutting edge
from position 2 of the tool. The top is an arc that
represents the intersection of the cylindrical work⁃
piece surface and the plane a-a. The arc is short
enough that it can be considered equivalent to a
straight line.

In the φst，B≤ φi≤ φex，D stage，the side and bot⁃
tom edges cut simultaneously. Together，they form
the cutting layer shown in Fig. 3. The cutting layer
consists of two parts：the part formed by the side
cutting edge on the left and the part formed by the
bottom cutting edge on the right.

To the left of the cross-section of the cutting
layer formed by the side cutting edge is a plumb line
that represents the intersection of the side cutting
edge from position 2 of the tool and the cutaway
plane a-a. To the right of that is a line that repre⁃
sents the intersection of the side cutting edge from
position 1 of the tool and the plane a-a. This is an
oblique line with a small φz that can be treated as a
plumb line. The bottom is a horizontal line that rep⁃
resents the intersection of the bottom cutting edge
from position 2 of the tool and the plane a-a. The
top is an arc that can be treated as a straight line，as
in the above analysis of the φst，C≤φi≤φst，B stage.

To the left of the cross-section of the cutting
layer formed by the bottom cutting edge is a line
that represents the intersection of the envelope re⁃
gion produced when moving from position 1 to point
2 of the tool and the cutaway plane a-a. This line is
common with the right side of the cutting layer pro⁃
duced by the side cutting edge. To the far right is a
plumb line that represents the intersection of the
workpiece forming contour and the plane a-a. The
bottom is a horizontal line that represents the inter⁃
section of the bottom cutting edge from position 2 of
the tool and the plane a-a. This line is common with
that from the bottom of the cutting layer produced
by the side cutting edge. The top is a line that repre⁃
sents the intersection of the bottom cutting edge
from position 1 of the tool and the plane a-a. This is
an oblique line with a negligibly small φz such that it

can be treated as a horizontal line. That is，the top
of the cross-section of the cutting layer formed by
the bottom cutting edge can be regarded as parallel
to the bottom of the layer.

2 Mathematical Model of OTMZE

CLG

The above analyses indicate that the cutting
layer angle ranges formed by the side and bottom
cutting edges are φst，C≤ φi≤ φex，D and φst，B≤ φi≤
φex，D， respectively. The mathematical models of
tool entrance and exit angles during OTMZE can be
expressed as
ì

í

î

ï
ïï
ï

ï
ïï
ï

φ st,C=arcsin ( 1- fa ⋅ cosψ r t )+ ψ

φ st,B=arctan ( )r t- fa ⋅ cosψ
2r t ⋅ fa ⋅ cosψ- f 2a ⋅ cos2ψ - fz

+ ψ

φ ex,D=arctan ( 0.5fz r t )+ ψ+ π 2

(5)
The cutting thicknesses of the cutting layers

formed by the side and bottom cutting edges［hp（φi）
and hf（φi）］are
ì

í

î

ïï
ïï

hp (φi )=r t-y1 φ st,C≤φi≤φ st,B
hp (φi )= fz ⋅cos (φi-ψ )+r t-y2 φ st,B<φi≤φ ex,D
h f (φi )=( y1 ⋅cosφi+y3 )⋅tanφ z φ st,B<φi≤φ ex,D

(6)
where y1，y2，and y3 are variables that are defined as
follows：y1=（rt－fa. cosψ）/sin（φi－ ψ），y2=［rt2－
（fz.sin（φi－ψ））2］1/2，and y3=（rw－ap）·tan（0.5φz）.

The cutting depths of the cutting layers formed
by the side and bottom cutting edges ap（φ i） and
af（φi）are
ì

í

î

ïï
ïï

ap (φi )= r 2w-( r t ⋅cosφi )2 - rw+ ap
φ st,C≤φi≤φ ex,D

a f (φi )= y2- fz ⋅cos (φi-ψ )- y1 φ st,B≤φi≤φ ex,D
(7)

3 Experimental Tests

The machine tool used for experiments is a
Mazak Integrex 200-IVST. The experimental cut⁃
ting tool includes a toolholder and an insert， as
shown in Fig.4. The specification of the insert is
ISO standard R390-11 T3 08E-PLW 1130（Sand⁃
vik），and the rake and clearance angles are 16° and
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12°，respectively. The specification of the tool hold⁃
er is ISO standard R390-020A22-11M and the cut⁃
ting diameter is 20 mm.

The OTMZE cutting parameters are as fol⁃
lows：rw=40 mm，rt=10 mm，ap=1 mm， fa=
3 mm/r，Z=1，and λ=50. CLGs and tool relation⁃
ships simulated using the OTMZE CLG mathemati⁃
cal model described in Eqs.（5）—（7）via software
UG and Matlab are shown in Fig. 5（a）. Actual OT⁃
MZE chips are measured using a digital measuring
microscope（ISM-DL301-Y），as shown in Figs. 5
（b）and 5（c）.

Although the chip is substantially deformed，
its shape appears generally consistent with the simu⁃
lated CLG upon analysis. As the tool moves from

position 1 to position 2，the contours of the cutting
layer formed by the side cutting edges are the surfac⁃
es BB'D'D and CC'D'D. The bottom cutting edges
formed the surfaces B'AD' and C'AD'. The lines
BB'，CC'，DD'，and AD' coincided with the simu⁃
lated CLG. The results confirm that the CLG math⁃
ematical models in this paper are correct.

The cutting depth and cutting layer volume are
two important cutting parameters reflecting the
CLG. The cutting depth used in turning and milling
is constant， while that of turn-milling changes.
Thus，the maximum cutting depth apmax（the vertical
distance from point B to the surface C'AD' in Fig.5）
can be compared to the simulated CLG and chip
measurements shown in Fig.6（a）. The chip volume
can not be measured directly. Instead，an electronic
scale with a precision of 0.01 g is used to measure
the chip weight and the chip volume is calculated in⁃
directly using the material density of the workpiece.
The chip volume from the simulated CLG is con⁃
trasted with the measured quantity in Fig.6（b）.

In the theoretical case，the maximum cutting
depth apmax does not exceed the cutting depth ap. In
Fig.6（a），the apmax measured on a chip exceeds the

Fig.4 Dimensions of the insert and tool holder used in turn-

milling

Fig.5 OTMZE CLG experimental test

Fig.6 OTMZE chip simulation and experimental results
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ap（ap=1 mm） caused by machining deformation.
The apmax values from the CLG simulation are
0.92 mm，0.92 mm，and 0.91 mm，while the apmax
values measured from chips are 0.99 mm，

1.01 mm，and 1.02 mm when fa = 1 mm/r，3 mm/
r，and 5 mm/r，respectively. The forecasting errors
are 7.61%，9.78%，and 12.09%，respectively.

In Fig. 6（b），the simulated chip volumes are
2.95 mm3，12.47 mm3，and 22.39 mm3 while the
measured volumes are 3.21 mm3，13.63 mm3，and
24.58 mm3 when fa = 1 mm/r，3 mm/r，and 5 mm/
r，respectively. The forecasting errors are 8.81%，

9.3%，and 9.78%，respectively.
The above comparisons and analyses of results

show that the simulated and measured values are
quite similar. In addition，the simulated CLG coin⁃
cides with the geometry of actual chip. This demon⁃
strates that the mathematical modeling of CLG per⁃
formed in Section 2 is accurate and feasible.

4 OTMZE Cutting Layer Analy⁃

ses

The side and bottom cutting edges participate
simultaneously in cutting and form cutting layers
during OTMZE. To analyze OTMZE cutting layer
changes further，data is generated using Eqs.（5）—

（7）and cutting thicknesses and cutting layer depths
are determined and analyzed using the data.

4. 1 Effect of parameters on cutting layer

formed by the side cutting edge

The cutting thicknesses and depths formed by
a side cutting edge with φi are hp（φi）and ap（φi），

respectively，as shown in Fig. 7. As φi increases，
hp（φi）increases from zero to its maximum and then
decreases from its maximum to zero，while ap（φi）
increases to its maximum.

As shown in Fig. 7（a），given that ap = 1.5
mm，and λ=80，φst，C1，φst，C2，and φst，C3 are the dy⁃
namic contact angles of tooth i at point C of the cut⁃
ting workpiece（i. e. the entrance angle of the side
cutting edge） when fa = 3 mm/r，5 mm/r，and
7 mm/r， respectively. The entrance angle of the
side cutting edge at point C φst，C decreases as fa in⁃
creases.

Here，φst，B1，φst，B2，and φst，B3 are the dynamic
contact angles of tooth i at point B of the cutting
workpiece when fa = 3 mm/r，5 mm/r，and 7 mm/
r，respectively. The entrance angle of the side cut⁃
ting edge at point B φst，B is also the entrance angle
of the bottom cutting edge. We note that φst，B de⁃
creases as fa increases.

Here，φex，D is the dynamic contact angle of
tooth i at point D of the cutting workpiece（i. e. the
exit angle of the side and bottom cutting edges）.
The change in φD as fa increases is quite small. We
note that φst，C and φst，B decrease and φex，D is nearly
unchanged as fa increases，so the range of the cut⁃
ting layer grows.

Fig. 7 Effect of parameters on cutting layer formed by side
cutting edge (rw=40 mm, rt=10 mm, Z=1)
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It can be seen from Fig.7（a）that the maximum
of hp（φi）increases but the maximum of ap（φi）is un⁃
changed as fa increases. Moreover，the rising trend
of hp（φi）from zero to its maximum becomes steep⁃
er，while the descending trend of hp（φi） from its
maximum to zero and the rising trend of ap（φi）are
unchanged as fa increases. The steeper hp（φi）curve
indicates that the cutting layer formed only by the
side cutting edge（i.e. the cutting layer from point C
to point B）shrinks.

As shown in Fig.7（b），φst，C is unchanged and
φst，B and φex，D decrease as λ increases when ap=
1.5 mm，and fa=5 mm/r. This shows that both the
cutting layer formed by only the side cutting edge
and its range decrease. The maximum of hp（φi）de⁃
creases and the maximum of ap（φi）is unchanged as
λ increases. Moreover，the rising trends of hp（φi）
and ap（φi）are unchanged and the decreasing trend
of hp（φi）becomes flatter as λ increases.

As shown in Fig.7（c），when fa=5 mm/r，and
λ=80，φst，C is unchanged and the changes in φst，B
and φex，D with increasing ap are quite small. This
shows that both the cutting layer formed only by the
side cutting edge and its range are nearly unchanged.
The maximum，rising trend，and decreasing trend
of hp（φi） are nearly unchanged. Moreover，ap（φi）
increases with ap and the rising trend of ap（φi）
changes little.

4. 2 Effects of parameters on cutting layer

formed by bottom cutting edge

The cutting thicknesses and depths formed by
the bottom cutting edge of a tool with φi are hf（φi）
and af（φi），respectively，as shown in Fig. 8. As φi
increases，hf（φi）decreases from its maximum to ze⁃
ro and af（φi）increases from zero to its maximum.

As shown in Fig.8（a），φst，B decreases and φex，D
is nearly unchanged as fa increases. Thus，the cut⁃
ting layer formed by only the bottom cutting edge
enlarges. Moreover，the maxima of hf（φi） increase
slightly and those of af（φi） increase substantially，
the decreasing trend of hf（φi）shrinks，and the rising
trend of af（φi）is nearly unchanged.

As shown in Fig.8（b），φst，B and φex，D both de⁃
crease as λ increases when ap=1.5 mm，and fa=

5 mm/r. This shows that the cutting layer formed
by only the bottom cutting edge may not change.
Moreover， the maxima of hf（φi） and af（φi） de⁃
crease as λ increases. In addition，the decreasing
trend of hf（φi）shrinks and the rising trend of af（φi）
begins to change.

As shown in Fig. 8（c），φst，B and φex，D remain
constant as ap increases when fa=5 mm/r，and λ=
80. This shows that the cutting layer formed by on⁃
ly the bottom cutting edge remains unchanged.
Moreover，the curves of hf（φi）and af（φi） remain
unchanged. This indicates that ap has no influence
on the cutting layer formed by the bottom cutting
edge.

Fig.8 Effects of parameters on cutting layer formed by bot⁃
tom cutting edge (rw=40 mm, rt=10 mm, Z=1)
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5 Conclusions

（1）Based on the principles of motion and vari⁃
ation in the OTMZE tool entrance and exit angles，
the cutting layer can be divided into two stages：φst，C
≤φi≤φst，B and φst，B<φi≤φex，D. The cutting layer is
formed by the side cutting edge in the former stage
and by both the side and bottom cutting edges in the
latter stage. The prerequisites of the OTMZE CLG
mathematical models are as follows：The entrance
and exit angles of the side and bottom cutting edges
（φst，C，φst，B，and φex，D）；the cutting thicknesses of
the cutting layers formed by the side and bottom cut⁃
ting edges［hp（φi） and hf（φi）］；and the cutting
depths of the cutting layers formed by the side and
bottom cutting edges［ap（φi）and af（φi）］.

（2）The three-dimensional geometrical cutting
layer shape is simulated using the above mathemati⁃
cal model. Tool position relationships during forma⁃
tion of the shape are discussed to validate the accu⁃
racies of the forming process analysis and CLG
mathematical models in OTMZE. Moreover， the
following experimental chip and simulated CLG da⁃
ta are compared to validate mathematical model ac⁃
curacy：（i）Shape and profile，（ii）maximum cut⁃
ting depth apmax，and（iii）volume. Contrasting ex⁃
perimental and analytical results show that the chip
shapes are mostly consistent with the simulated
CLGs. The errors in the simulated apmax and volume
do not exceed 12.09% and 9.78%，respectively.

（3）As φi increases，hp（φi）increases from zero
to its maximum and then decreases back to zero，
ap（φi） increases to its maximum，hf（φi）decreases
from its maximum to zero and af（φi）increases from
zero to its maximum. As fa increases，the cutting
layer range becomes larger，while the cutting layers
formed by the side and bottom cutting edges be⁃
come smaller and larger，respectively. The maxi⁃
mum of hp（φi） increases while that of ap（φi） re⁃
mains unchanged，the maximum of hf（φi）increases
slightly，and that of af（φi） increases substantially.
When λ increases， the range of the cutting layer
shrinks. In addition，the cutting layer formed by on⁃
ly the side cutting edge shrinks while that formed by
the bottom cutting edge does not change. In addi⁃

tion，the maxima of hp（φi），hf（φi），and af（φi）de⁃
crease while that of ap（φi） is unchanged. As ap in⁃
creases，the cutting layer range and the cutting lay⁃
ers formed by only the side and bottom cutting edg⁃
es，respectively，are nearly unchanged. In addition，
hp（φi） is nearly unchanged，ap（φi） increases，and
hf（φi）and ap（φi）are unchanged.
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无偏置正交车铣切削层几何形状的解析模型和仿真

孙 涛 1，秦录芳 1，傅玉灿 2，侯军明 3

（1.徐州工程学院江苏省工程机械检测与控制重点实验室, 徐州 221111, 中国；2.南京航空航天大学机电学院,
南京 210016,中国；3.南京工程学院工业中心, 南京 211167, 中国）

摘要：正交车铣是一种高效精密的加工方法，它的切削层直接影响切屑变形、切削力和颤振从而进一步影响刀具

寿命和加工质量等。为了探究正交车铣切削层的形成过程，研究了无偏置正交车铣切削层的几何形状。在不考

虑动力学影响的情况下分析了无偏置正交车铣切削层的运动原理和形成过程，建立了其切入/切出角、切削深度

和切削厚度的解析模型。通过试验验证了该解析模型的正确性，并分析了切削参数对铣刀切削层的影响。研究

结果表明：无偏置正交车铣切削层的形成可划分为两个阶段；实际切屑形状与切削层几何形状仿真结果较为一

致；切削参数对切削层几何形状影响的程度从大到小依次为：对应于工件每转的刀具进给量 fa、转速比 λ和切削

深度 ap。所建解析模型和研究结果为探究正偏心正交车铣切削层的形成过程提供了理论指导，为切削层几何形

状的变化提供了定量分析，并为切削力和颤振的研究提供了理论指导。

关键词：正交车铣；无偏置；切削层几何形状；解析模型；形成过程
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