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Abstract: Piezoelectric ceramic is hard to be integrated with the normal spring structure. To address the above
problem，this paper proposed a new geometry of a clip‑like spring which is very similar to binder clip in our daily life.
The equivalent stiffness of the designed piezoelectric clip‑like spring is thoroughly researched and discussed through
the theoretical model，the finite element simulation and the experimental measurement. The results confirm the
possibility of designing a compact piezoelectric clip‑like spring，and the equivalent stiffness can be tuned through the
several key geometric parameters. Finally，theoretical predictions confirmed by experimental results show that the
equivalent stiffness of the spring structure is as function of the instantaneous angle of the clip，this stiffness variation
caused by the geometric nonlinearity can be ignored in some practical engineering applications，which means it is
possible to linearize the clip‑like spring and simplify the following dynamic model of the corresponding piezoelectric
oscillators.
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0 Introduction

Due to the intrinsic characteristics of piezoelec‑
tric materials， there are numerous applications，
such as piezoelectric motors［1］ and sonars［2］，that
benefit from their use. However，in the above ma‑
ture applications，the piezoelectric materials usually
operate in a condition of high‑frequencies（e. g. >
20 kHz）. When the operation frequency is low，for
instance，in the structure vibration control field and
the vibration energy harvesting field，the frequen‑
cies are usually lower than 100 Hz. The value of
piezoelectric coupling coefficient in the above cases
will drastically decrease. Moreover，low‑frequency
operation usually corresponds to large deformation
of rigid structure，which is a huge challenge to inte‑
grate most piezoelectric ceramics［3］. Consequently，

though thousands of researchers have proposed vari‑
ous vibration control or energy harvesting tech‑
niques based on piezoelectric materials［4‑7］，it is still
hard to find their practical applications around our
daily life.

Taking mechanical vibration control or energy
harvesting as examples，Ji et al.［8］ proposed an un‑
symmetrical synchronized switch damping technique
used for ultra‑low‑frequency （0.98 Hz） vibration
suppression. They selected a flexible cantilevered
beam as an experimental target. The amplitude of vi‑
bration displacement was reduced by 60% after the
control. Tsukamoto et al.［9］ presented a flexible 3D
meshed‑core piezoelectric cantilever for low‑frequen‑
cy（18.7 Hz） vibration energy harvesting. Thanks
to the proposed meshed‑core structure，the first‑or‑
der resonant frequency of the cantilevered beam is
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15.8% lower than the conventional solid cantilever，
but the output electrical power is increased by 68%.
Among these cantilevered structures，low frequency
leads to large tip deflection of beam and large strain
of piezoelectric element. Macro fiber composite
（MFC） and polyvinylidene fluoride（PVDF） are
the two most popular piezoelectric materials to be
selected，which create new problems of high cost or
low piezoelectric coupling coefficient. Karami and
Inman［10］ tried to design a special structure integrat‑
ed with piezoelectric ceramic and applied in low‑fre‑
quency vibrations. A zigzag beam and very thin
piezoelectric layer were finally presented. The zig‑
zag structure is suitable for micro‑electro‑mechani‑
cal systems（MEMS），but the strain at the fixed
end of the beam is usually large，the structure may
easily be broken or damaged during the oscillation.
Clementino et al.［11］ reported on the design and ex‑
perimental verification of a pitch link system using
piezoelectric material for vibration attenuation. The
active pitch link was developed by the Carleton Uni‑
versity’s Rotorcraft Research Group and can be con‑
sidered as a piezoelectric spring structure. An
X‑shape supporting structure designed by Ji et al.［8］

can also be regarded as a piezoelectric spring struc‑
ture which was applied in low‑frequency vibration
energy harvesting or vibration isolation. The nonlin‑
ear stiffness characteristic is explored to significantly
improve vibration energy harvesting or isolation per‑
formances［12‑14］. Wu et al.［4］ proposed a clip‑like
spring which is similar to binder clips. The piezo‑
electric ceramics can be easily integrated with the
metal clip due to the planar structure. Moreover，
the clip-like spring has the basic attribute of low stiff‑
ness comparing with its elastic modulus，which
makes it suitable for low-frequency operation field.
However，Wu et al.［4］ simply considered the clip-

like spring as a linear spring and provided the equiva‑
lent stiffness value，but neither the detailed stiffness
model nor the approximate equivalence method had
been mentioned. In fact，the geometric nonlinearity
of clip-like springs can be directly observed during
their operation state. The effect of the nonlinearity
on spring stiffness needs to be accurately analyzed.

The stiffness model of a clip-like spring is es‑

tablished in this paper，theoretically integrated with
piezoelectric ceramics based on Mohr’s method.
The accuracy of the simplified model is validated by
a finite element analysis tool and a universal tensile
testing machine. The investigation shows that the
clip-like spring can be simply considered as a linear
spring from the tension curve. The theoretical per‑
formance of the proposed structure is reasonable.

1 Piezoelectric Spring and Stiffness

Model

The clip-like spring is shown in Fig.1. Two
sturdy wire handles are removed and can be re‑
placed by some specially designed pins. Usually，
the metal clip is made of tempered spring steel and
manufactured by the punch machine，hence， the
cost is low because of the high productivity. In addi‑
tion，the clip-like spring structure has six flat surfac‑
es and can be simply integrated with the plate-like
piezoelectric ceramics， which successfully solves
the aforementioned difficulty in the Introduction.
However，according to the theory of mechanics of
materials，the stress at the bottom surfaces is high
and uniform. The stress distribution characteristic is
benefit to maximize the electromechanical perfor‑
mance of piezoelectric materials. This phenomenon
had been theoretically analyzed and a definition of
normalized power density was provided. Besides，it
is reported that the maximal power density can be
obtained only when the piezoelectric ceramics are

Fig.1 Diagram of clip-like spring integrated with piezo‑
electric ceramics (Spring structures composed of
one or several clips are also shown)
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glued to the two bottom surfaces of the clip-like
spring［15］. Consequently， the piezoelectric integra‑
tion strategy of the maximal power density is select‑
ed in this paper. Therefore，the oscillation of the
spring deformation generates electrical energy due
to the direct piezoelectric effect，and the driven volt‑
age added to the piezoelectric element also causes
the deformation of the clip-like spring.

The spring structure can be composed of one or
several clips，and the clips can also be connected in
series or parallel via special designed pins. In addi‑
tion， different connections correspond to various
equivalent stiffness. For one clip， the equivalent
stiffness can be calculated based on the Mohr inte‑
gration. The simplified force diagram of the clip is
shown in Fig. 2. The force F added to the clip-like
spring leads to an expansion deformation δ，and it is
assumed that δ is mainly caused by the arc radius de‑
formation of arc BC.

Under the action of the force F，an angle be‑
tween the two lines AB and DC is denoted by α，
which is also assumed to be an initial angle. As soon
as the force F changes to F + ΔF，the expansion

deformation δ will then become δ + Δδ，the differ‑
ence of the deformation Δδ（which is also call de‑
flection）can be considered as affecting by the struc‑
ture strain. In this case，the stiffness K of the de‑
signed piezoelectric clip-like spring can be calculated
by Eq.（1）.

K= ΔF
2Δδ (1)

According to the Mohr integration，the varia‑
tion of the bending moment distributed in each part
can be expressed in Eq.（2），where φ is the radians
of arc BC，ranging from 0 to（π-α）；r the radius
corresponding to arc BC；a the length value of line
AB，and xab the distance from point A to the calcula‑
tion point.

ì

í

î

ïï
ïï

Mab=ΔF sinα ⋅ xab
Mbc=ΔFa sinα+ΔFr sinα ⋅ sinφ+ΔFrcosα ⋅( 1- cosφ )
Mcd=ΔFa sinα+ΔFr ( )1+ cosα

(2)

Δδ= ΔFa2
3Em Im

[ a+ 3b+ 3( c- cp ) ]sin2α+

ΔFa2
Ep Ip

cp sin2α (3)

From Eq.（2），the bending moment Mcd is a
constant and evenly distributed in line CD. To sim‑
plify the theoretical model，it is assumed that r ≪ a.
The terms including r are then ignored. Finally，Δδ
can be calculated by Eq.（3），where b is the length
of arc BC，which equals to r（π-α）；c and cp the
lengths of line CD and piezoelectric element，re‑
spectively；Em the elastic modulus of the tempered
spring steel，and Im the moment of inertia for the
corresponding structure cross section. For the piezo‑
electric composite layer located at line CD， the
equivalent elastic modulus and moment of inertia
are denoted as Ep and Ip，respectively.

Based on the Halpain-Tsai model［16］，the equiv‑

alent elastic modulus Ep can be calculated by

Ep=
ϕmEm ( q+ E piezo )+ ϕ piezoE piezo ( q+ Em )

ϕm ( q+ E piezo )+ ϕ piezo ( q+ Em )
(4)

q= ϕm
Em

2( 1+ μm )
+ ϕ piezo

E piezo

2 ( 1+ μpizo )
(5)

where ϕm and ϕpiezo are the volume fractions of the
steel and the piezoelectric materials，respectively；
μm and μpiezo the Poisson’s ratios of the steel and the
piezoelectric materials，respectively；Epiezo the elas‑
tic modulus of the piezoelectric ceramic；and q the
empirical fit parameter expressed in Eq.（5）.

The stiffness of the piezoelectric clip-like
spring can then be obtained by Eq.（1）. Although
the finial expression is complicated，the stiffness on‑
ly has a relationship of α for a given piezoelectric
clip structure. Consequently，the theoretical model
of the stiffness can be written in Eq.（6），and the pa‑
rameters CA and CB are constant.

Fig.2 Simplified force diagram of piezoelectric clip-

like spring
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K= 1
CA+ CB

⋅ 1
sin2α (6)

ì

í

î

ï
ï
ï
ï

CA=
2a2
Em Im

[ a+ 3b+ 3( c- cp ) ]

CB=
2a2
Ep Ip

cp
(7)

Normally，the angle α between lines AB and
DC should not be larger than π/2. If the original val‑
ue of the α and the stiffness（F = 0）are π/3 and
K0，the variation of K will be lower than 25% of K0.
However，the clip-like spring usually has a static
equilibrium position in which the initial value of the
angle α is between π/3 to π/2. Hence，the maximal
variation of K is reduced to half.

2 Simulation Results and Discus⁃

sion

The theoretical stiffness model of a single clip-

like spring was established. However，the accuracy
of the theoretical model needs to be validated due to
the mentioned assumptions. Finite element method
has been largely used to model various structures.
This is also an efficient tool to test and analyze the
mechanical properties of the designed piezoelectric
clip-like spring. Fig.3 shows an equivalent finite ele‑
ment model，as well as its mechanical boundary con‑
ditions. Considering symmetry of the clip structure，
the model is simplified to a half of the clip. The
mesh of the model is generated and the simulations
are performed using ABAQUS software. Geometri‑
cally nonlinear analysis is considered simultaneous‑

ly. Fig.3（c）shows the expansion deformation of the
structure under the action of force F，where the an‑
gle α is larger than its original value α0. Here，this
angle α is considered as a function of deformation δ，
which is mainly due to the arc radius deformation of
BC. At this moment，if the force F changes to F+
ΔF，the following deflection Δδ is caused by the
strain of the clip structure.

A linearly increasing load F which is selected
to simulate the universal tensile testing machine is
added on the free end of the clip. The key parame‑
ters of the tempered spring steel and the piezoelec‑
tric ceramic are given in Table 1. The force-defor‑
mation（F-δ）results are therefore obtained from the
ABAQUS software. The equivalent stiffness of the
finite element model is finally calculated by Eq.（1）.

Both the theoretical and simulation tensile
curves of the selected clip models are shown in
Fig.4（a），where the thicknesses of the steel and ce‑
ramic are 0.47 and 0.25 mm， respectively. The
width of the clip l is 50 mm，the half-length of the
bottom side of the clip c 13 mm，and the half-length
of the piezoelectric ceramic cp 10 mm. To check the
affecting relations between the equivalent stiffness
and the length of the clip side（or the value of the
original angle α0），α0 is assumed to change from 63°
to 69° . From Fig. 4（a），it is clearly seen that the
simulation results agree well with the theoretical cal‑
culated ones. Besides，the larger the value of origi‑
nal angle α0 leads to the lower stiffness of the clip
structure. Fig.4（b）gives the equivalent stiffness as
a function of clip deformation，where the stiffness
has a decreasing trend with the increase of deforma‑
tion. Moreover，the variation of this trend is also af‑
fected by the original angle α0. The larger value of α0
leads to the smoother operation. Compared with the
theoretical curves，the simulated stiffness seems a

Fig.3 Single clip structure and its equivalent finite ele‑
ment model

Table 1 Key parameters of the selected clip structure

Parameter

Young’s modulus / GPa
Poisson’s ratio

Width of the clip / mm

Tempered
spring steel
210
0.28
50

Piezoelectric
ceramic
53
0.36
50
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little bit larger than the corresponding calculated
one. The major reason is the simplification of the
theoretical model，especially the neglect of the bend‑
ing moment along the arc BC. However，the error
between the theoretical and simulated stiffnesses is
acceptable according to the results shown in
Fig.4（b）.

The equivalent stiffness is also affected by the
bottom side length and the thickness of the clip，as
shown in Fig.5. The half-length of the bottom side c
changes from 13 mm to 17 mm，while the original
angle α0 of the clip has a constant value of 66°. Since
the original deformation δ of the clip-like structure is
0，the length of line AB（a）also has a relationship
with c according to the geometric condition. Conse‑
quently， the constant parameters CA and CB ex‑
pressed in Eq.（7）will increase as functions of a.
Similarly，the thickness of the steel influences the
moments of inertia Im and Ip，which finally also af‑
fects the constant parameters CA and CB. In addi‑

tion，the stiffness increases dramatically when the
thickness of the steel changes from 0.47 mm to 0.57
mm.

From the above simulation，it is found that the
stiffness becomes rough at the end（the deformation
2δ is the maximum under the corresponding condi‑
tion）. It is because the tensile force F in the simula‑
tion software automatically becomes smooth at the
end，hence the variation of the deformation Δδ has a
small value or even close to zero. This variation will
cause the undulation of the stiffness，and this undu‑
lating phenomenon does not mean that the practical
stiffness is an unstable parameter. The average stiff‑
ness value in this part should be an acceptable result
which is closer to the practical one.

3 Experimental Results and Discus⁃

sion

Experimental measurements have also been
performed as a second validation of the proposed an‑

Fig.4 Tensile curves and corresponding stiffness of
clip-like structure with various original angles α0
(c = 13 mm, cp = 10 mm, l = 50 mm, h =
0.47 mm)

Fig.5 Equivalent stiffness curves of clip-like structure
with various bottom side lengths c (α0 = 66° ,
cp = 10 mm, l= 50 mm)

966



No. 6 BIAN Kan, et al. Equivalent Stiffness of Metal Clip-Like Piezoelectric Spring Structure

alytical model. The basic experimental setup is
shown in Fig.6. Here，an Instron 3343 universal
tensile testing machine is selected to produce the
force-deformation（F-2δ）curves of the single piezo‑
electric clip-like spring. It is considered as a good
method to obtain the equivalent stiffness of spring
structures. The generated tensile force F slowly in‑
creases according to the given program，where the
configuration value is 5 N/min，and the deformation
2δ can then be measured automatically by the uni‑
versal tensile testing machine at the same time. In
addition，one selected clip-like spring should be test‑
ed for more than one time to avoid the random er‑
rors caused by the spring structure and the testing
system.

Finally， Fig.7 illustrates six experimental
curves derived from the universal tensile testing ma‑
chine，where the selected piezoelectric clip is tested
for six times. The original angle of the practical clip
is 66.5°，its bottom side length 28 mm，the thick‑
ness of the clip 0.47 mm，the width of the clip and
the piezoelectric ceramic 50 mm，and the length and
the thickness of the piezoelectric ceramic 20 and
0.25 mm，respectively. Although the six experimen‑
tal tensile curves do not coincide completely，we
still consider these experimental values agree well
with the theoretical results， the errors between
these two kinds of values are acceptable. It is wor‑
thy of noting that the practical deformation 2δ
should not be larger than the length of the bottom
side（28 mm），this is mainly due to the assumption
of the theoretical stiffness model.

The average tensile force-deformation result is

obtained from the six original tensile values. As
shown in Fig. 8（a），the experimental random error
is further reduced. It can be found that the average
tensile result agrees well with the analytical model，
the accuracy of the model is validated again. From
the tensile curves，we can also see that the tensile
force is roughly proportional to the deformation of
the clip，hence it is possible to deal with the clip-

like structure as a linear spring，the equivalent stiff‑
ness is approximately considered as a constant value.

Fig.8（b）plots the experimental and theoretical
clip stiffness as a function of the deformation 2δ，
the various range of the stiffness is from 1 700 N/m
to 2 000 N/m theoretically. As mentioned above，if
the clip-like spring operates at its static equilibrium
position（δ ≈ c）， the variation of the practical
equivalent stiffness will be very smaller，especially
when the deformation 2δ is in the range of 6 mm to
25 mm. Consequently，the geometric nonlinearity
of the clip-like spring can be ignored in some engi‑
neering simplifications. Such kind of springs can be
assumed as linear springs.

Fig.6 Experimental setup and photograph of one piezo‑
electric ceramic and one metal clip

Fig.7 Six experimental tensile curves of the selected
piezoelectric clip-like structure
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4 Conclusions

A new geometry to lower stiffness of a piezo‑
electric spring is proposed without increasing the
complication of piezoelectric integration， making
the piezoelectric spring compatible with the low res‑
onant frequency oscillating structure suitable for low
frequency vibration control or energy harvesting. A
simple analytical method to calculate the equivalent
stiffness is introduced，whose predictions and accu‑
racy are also validated by finite element simulation
and experimental tests. The results from the analyti‑
cal model confirm the possibility of designing a com‑
pact piezoelectric clip-like spring，and the equiva‑
lent stiffness can be tuned through the several key
parameters，for instance，the length of the bottom
side，the original angle between the bottom and the
side of the clip，and the thickness of the clip. Based
on the experimental measurement results，the geo‑
metric nonlinearity of the clip-like spring can be ig‑
nored，which means it is possible to linearize the
clip-like spring and simplify the following dynamic
model of the corresponding piezoelectric oscillators.
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一种金属夹片式压电弹簧结构的等效刚度分析

卞侃 1，王越 2，黄学文 3，吴义鹏 2

（1.南京工程学院材料科学与工程学院，南京 211167，中国；

2.南京航空航天大学机械结构力学及控制国家重点实验室，南京 210016，中国；

3.华能山东如意(巴基斯坦)能源(私人)有限公司，济南 250014，中国）

摘要：压电陶瓷通常很难与普通弹簧结构集成。为了解决这一问题，本文受长尾票夹结构的启发，提出了一种新

的金属夹片式弹簧结构。通过建立理论模型、有限元仿真以及实验测试，对所设计的压电夹片式弹簧结构的等

效刚度进行了深入分析和讨论。研究结果验证了该结构紧凑的夹片式压电弹簧的设计可行性，且可通过改变几

个关键几何参数来调整其等效刚度。最后，由实验结果证实的理论模型预测表明，弹簧结构的等效刚度与夹片

结构变化的瞬时角度具有函数关联性，而这种由几何非线性引起的刚度变化在某些实际工程应用中可忽略不

计。据此可将夹片弹簧结构线性化，用于后续结构，如压电振子的结构动力学建模简化。

关键词：压电弹簧；低刚度；莫尔定理；有限元仿真
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