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Abstract: From the mathematical point of view, the flexible inventory control model is proved in the practical
problem application and the rationality of the capacity parameter selection and calculation. The purpose is to actively
respond to demand fluctuations when there is a demand forecast error or a missing part of the demand information,
and to avoid the risk of passive variable demand forecasting to set the immutable inventory capacity. At the same
time, the game is controlled by the flexible and variable inventory control strategy and the customer’s willingness to
demand. The paper mainly studies the influence of the setting of capacity parameters on the booking-limit decision and
its benefits under the control of flexible space with variable total capacity. Through the two trends of capacity increase
flexibility and capacity reduction flexibility in the flexible inventory control model, the mathematical performance and
marginal utility methods are introduced to change the performance of the booking-limit control decision model under

different scenarios. The correlation analysis between the capacity limit level and the return under the optimal Booking-
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limit decision, and the above two flexibility parameters are obtained.
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0 Introduction

Driven by demand, airlines can quickly adjust
the seat capacity of planned flights based on ticket
bookings. For example, some major airlines in
North America can achieve capacity adjustment by
redistributing models within two weeks before the
flight takes off. ULM Airlines can change the flight
capacity by changing the model within 14—30 days
before departure. This is the practical application of
joint decision-making between flexible cabin control
and cabin reservation control. If a larger aircraft is al-
located after the model is redistributed, the operat-
ing cost will increase. If assigned to a smaller air-
craft, the operating costs will be reduced.

The most widely used booking limits in the in-
dustry are the number of products that can be sold at

a specified price level, that is, the booking-limit set
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for each price level. Once the number of products
sold exceeds the predetermined limit, the price level
is closed. It will no longer be sold at this price level.
However, the process of making decisions based on
booking-limit decision variables follows the corre-
sponding decision-making principles. The decision-
making principle consists of two levels: (1) The
sale of a certain type of product is based on whether
the quantity of the product has been sold or based on
the time of sale or both. (2) The decision time point
is a one-time decision made before the start of the
sales cycle, or whether the sales process makes con-
tinuous decisions based on actual conditions. Con-
ventional reservation limits generally refer to the
number of seats that can be predetermined (sold)
for any class of class, and are typically used in reve-
nue management to allocate the appropriate capacity

for each class of class for maximum benefit. For air-
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lines, traditional revenue management always con-
siders that the flight capacity is fixed. Therefore,
when the booking-limit decision of revenue manage-
ment is implemented, the total capacity is used,
and the capacity control of the capacity is adjusted
only between the sub-tanks of each level.

This article looks at the issue of seat reserva-
tion restrictions for airlines with adjustable flight ca-
pacity. The main study is the control effect of the
use of the booking-limit(the capacity protection). In
this type of flexible capacity control, the adjustment
trend of the capacity increase or decrease is flexible,
and the effect of the booking-limit level and the use
of the predetermined limit.

In the traditional income management study,
once the calculation of the class capacity of each
class is determined, the cabin control is usually car-
ried out according to the calculated number. Howev-
er, in actual operation, due to changes in the mar-
ket situation, airlines must adjust their cabin capaci-
ty in real time, that is, the cabin control has a cer-
tain degree of capacity flexibility. Ref.[ 1] proposed
that capacity control is a revenue management tool
that can be dominated by the airline. Ref. [2]pro-
posed that the seat reservation limit is the core of
traditional revenue management, and it is applied to
many aviation industries such as civil aviation, ho-
tels, car rental, etc., adding hundreds of millions of
dollars to it. The aviation industry has long used pre-
determined limits to achieve capacity control be-
tween different levels of fare. According to the rec-
ommendation of the scholar Post™® , Germanwings
launched a blind-scheduled project, which was rec-
ognized by some consumers because of its low price
and freshness. Both Ref.[4]and Ref.[5] have stat-
ed in the study that airlines can achieve flexible cab-
in control through a demand-driven scheduling. In
the air cargo industry, Ref.[6] studied in 2008 that
freight forwarders obtained most of the airline’s
freight capacity (air cargo space) through distribu-
tion contracts, and then sold freight capacity to cus-
tomers with transportation needs at higher freight
rates. Repatriate excess shipping capacity to the air-

line before the allowed time node. Refs.[7-8] con-

sidered the variable size of the seat capacity in the
context of revenue management. Ref.[ 9] considered
the company’ s decision on capacity, capacity and
pricing at different time points, and verified the flex-
ibility of the mix (i.e., the ability to adjust the pro-
duction mix) and time flexibility (i.e., the latest)
The impact of the ability to deliver the product at
the time)

1 Model

Assuming that there are two grades of passen-
gers on the flight, the low price demand and the
high price demand are independent of each other and
the low price passenger’ s reservation demand pre-
cedes the high price passenger(Fig.1).

Low-price High-price
reservaltion ask reservaTion ask

| | |
4 4 123

Fig.1 Booking horizon

At the fixed time node of the sales period, the
airline can carry out the flight capacity according to
the realized demand. Increased capacity will result
in increased costs, and reduced costs will result in
savings. The booking limit for low-cost passengers
is determined prior to the start of the sales period.
This article assumes that the oversold, no-show,
and scheduled cancellations are not considered.
Based on the above assumptions, we study that
how the rise and fall of flexibility affect the predeter-

mined limit level and its expected benefit level.
1.1 Parameter setting

Parameter setting is based on the above as-

sumptions, as shown in Table 1.
1.2 Functions

Construct the objective Eq.(1) with the goal of
maximizing the expected return of the airline. The
total number of capacity adjustments can be ex-
pressed as Eq.(2)

= max EXPp [ pp min(Dy,v)+ w(u—

min (D, v)) ] (1)
m=—max (min(Dy,x + yu)—x,— qu) (2)
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Table 1 Parameter setting

Parameter Meaning
Du Fares for high-priced passengers
b Fares for low-cost passengers
I3 The time when the reservation period begins
4, The moment when low-cost passengers stop booking and high-priced passengers start booking
t, Pre-periodical stop time
D, Demand for low-priced tickets
F.(+) Demand accumulation function of low-priced tickets
F.(+) Demand density function for low-priced tickets
Dy High-priced ticket demand
Fu(+) Demand accumulation function of high-priced tickets
Su(+) Demand density function for high-priced tickets
u Original number of seats on the flight
m Increase or decrease in the number of cabin capacities
d Maximum expected return
w(x) Expected return on high-priced seat capacity remaining & after the moment ¢
v Number of seats available for low-cost passengers
v The optimal number of seats that can be sold to low-cost passengers (optimal booking-limit level)
vy, Optimal value of v when there is no constraint at the time point z, (optimal booking-limit level)
w(v) Expected revenue as a function of the predetermined number of seats reserved for low-price
The difference between the expected return under the booking-limit and the expected return under the first come
ar first service (FCFS)
' Expected benefits of FCFS decisions
r Maximum capacity increase rate
i Maximum capacity reduction rate
¢ Increase of the unit cost of one seat when making capacity adjustments
s When making capacity adjustments, the reduction of the unit savings of one seat

1.p<pu; 0O<p<<1 ;¢<p; =53 v=050<py;v° = max(v;,O). 2.y,7,s,c are flexibility parameters.

Eq.(3) is the expected return of the remaining
high-priced seat capacity x at time ¢,.
w(x)=EXPp, [ pumin(Dy,x+ yu]—c-
max (m,0)+ s-max(—m,0) ] (3)
The goal of the airline in this paper is to maxi-
mize the expected return by finding the optimal v
value. And the optimal booking-limit level is v =
(u— A") obtained from Egs. (4) and (5). Thus the
optimal expected return Eq.(6) based on v" can be

obtained

w’(lv):pH Jj:wa (0n)doy +

A (aH)daHjLsf fu (81)d6w
o (4)
7 (v)=(1—Fu(8))(pr— w'(u—v))
pL:ZU/(A*)
v =(u—A")"
pL=w' (1) (5)

7T* — EXP”I, I: p[‘ mln ( D[‘,PU*)+ w( u—
min(D,,v"))] (6)
The time node of capacity adjustment is shown
in Fig.2.
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Fig.2 Capacity adjustment scenarios

In order to study the increase in revenue after
using the booking-limit control decision, this paper
compares it with the benefits of FCFS decision.
And calculate Az of Egs.(7) and (8). It can be seen
in Eq. (8) that the benefit advantage of using the

booking-limit control depends on the marginal bene-
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fit w'(x) and the optimal booking-limit value v",
both of which are related to the adjustment trend of
increase or decrease.
r'=EXP, [ pp min(D,u~+ yu)+ w(u—
min( D, u~+yu))] (7)

Ar=n —n'=

u—min(Dy,v*)
EXP,, ||

w—min (D, v+ yu)

(w’(l‘)pl,)dl] (8)

dv,
Eqgs. (9) and (10) prove that 0<< ;;/ <u,
dv, . . .
—u<< ) < 0,v = max(v,,0), v increases as y

increases, and decreases as 7, ¢, s increase. It can
be seen from the above proof that it is desirable to
increase the degree of uplink flexibility by increasing
the y value and decreasing the value of ¢. Similarly,
increasing the degree of downlink flexibility, that
is, reducing the optimal predetermined limit, can be
achieved by increasing  and s. On the basis of hav-
ing a higher degree of uplink flexibility (i.e., y in-
creases, or ¢ reduces), the flight has a strong capac-
ity increase capability, and the ability to meet the
demand of high—priced passengers is enhanced.
From the perspective of marginal revenue, the mar-
ginal revenue of the unit that rejects low—priced pas-
sengers is guaranteed to protect the demand of high-
priced passengers, which in turn leads to an increase

in the optimal booking-limit v". Similarly, on the ba-

= { ol

S e

sis of a higher degree of downside flexibility (i.e.,
an increase in 5 or s) , the ability of a flight to reduce
excess capacity increases, so that the marginal ex-
pected return of unit capacity reserved to protect the
demand of high-priced passengers increases, which
in turn leads to the reduction of the optimal booking-
limit v
o=/ful(1ty)u—v)(pu—c)t

(c—=s)fulu—v)+s-fu((l—n)u—wv)

A= fu((1F y)u—0)(pu—c) o
B=(c—s)fulu—mwv)
r=s-fn((1—9)u—w)

O—=A+B+1T
v, _ A du _ —I
Oy @ n @ (10)

Considering the relationship between the profit
advantage of the booking-limit of the predetermined
capacity and the flexibility coefficient in Egs. (11)
and (12), the sensitivity test method is used to ex-
plore the influence of various factors on the profit ad-
vantage. Prove that there is a positive number L

such that when u+yu<{L, Arx increases with the in-

creasing y

(1+y
=]

s gends | (w/(2)—pdr (1)
(I+y)u yu

ao, [ (we)— pode+

— oL

fH((?H)d(?H +

(14 y)u—oy
(1_FH((1+y)u))'(pH_pL)—F(pH_ c)
(1= Fu((1+y)w) Fu((1+ y)u—v)) (12)
Simi g . L . * P *
Similarly, for w'(x), the partial derivative of can obtain (w'(«— o) — p1) al — 0, (w'(u— v) —
the parameters 5, ¢, s can be obtained in Eq.(13) 7
v’ X v )
aw'(x) ‘ dw'() p) S =0, (w(u— o) —p) 5-=0, thus it
=s-u-fulx—nx) =0 dc
dn In
J Eq.(14). 227 8A7r aAn’ JdAT both .
)/ T+ yu ) can derive — are bo reat-
aua(f) = [ heoda, TEE = 003) " ac a5 i
o : d'(2) er than 0. In summary, it can be concluded that if
a J, qu 01)ddu Js =0 there is a positive M such that the probability of
v D, >M is 0, then «° When yu=M, Ar decreases
And because (w'(u—1v") — p.) =0, we ) ) )
d as y increases. Ax increases as 7, ¢ and s increase.
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JINATT o utyu u—v" au"( P aw/(l‘)
877 o J‘E,' ﬁ‘(é\l‘)daH J‘lfll*f}[l 877 dT+ j p=ut yu (6I)d61 J‘J**yu 377 dr
aAﬂ' o utyu u— aw’( u—v" aur/(l')
dc - J-[) = "ﬁ‘ ( 61‘)d61‘ J‘.rfu*z?“ dc dx + J‘ =ut yu ( )dal J‘z*—*ylt dc dr (14)
aATf o utyu u—-' aw ( u—v aw/(x)
aS o J‘gi/,y‘ﬁ‘ ( 6I)d61 J‘I:u 0. a dl + J‘SI =u+ yu ( )d6l j =—yu aS dl
. S P
For the advantage of using the booking-limit and 712 <o.
control Ar, this paper points out that Ax increases dy
or decreases with respect to the parameter y depend- Q(o)= j dF, (8.) J fu(8n)doy +
. . 0, =0 Oy =utyu—0p
ing on the upper bound of the capacity «—+ yu, and
Arx increases with respect to y within a certain J dF (00) j Ju(dn)doy
0, =v Oy=utyu—v
range. The analysis Ar increases with respect to the (15)
parameters », s, and ¢. When 7, s, or ¢ increases, - )
T . / .
the optimal booking-limit decreases, which means k3 =E (v)(p.—w'(u—v))
that more low-priced passengers’ reservation re- o
quests are rejected, and the FCFS decision control 9y QI (pu—c)u
is low. The price of passengers has not decreased. o o i—qu—3,
ot cats cost vassengers e = st [T A (60 de sy +
Rejecting the seats vacated by low-—cost passengers an 8, —0J oy
can be used to protect the demand of high-priced o w o i
S o [ " " how fi60)do o +
passengers, which will result in higher expected re- b, =0 ¥ oy =0
turns, resulting in an increase in Ar. B , v
§ Ec (o) w'(u— 7)) 5> (16)
Egs.(11) — (14) results show that when 7
achieving a higher degree of downlink flexibility, d’n

the yield advantage Az using the booking-limit con-
trol is always incremented. In the case of achieving a
higher degree of uplink flexibility, there are two cas-
es of increasing and decreasing using the profit ad-
vantage of the booking-limit Azx. In particular, when
the capacity upper limit is lower than the smaller lev-
el, the ability to increase the capacity adjustment be-
comes stronger, and the influence of the reservation
limit control income is more obvious. The relation-
ship between the reservation restriction control and
the uplink flexibility and the downlink flexibility is
that the reservation restriction control and the down-
link flexibility are complementary, and the reserva-
tion restriction control and the uplink flexibility are
alternative or complementary.

gs. (15) — (17) study the relationship be-
tween 7" and the flexibility parameters y and 7. It is
necessary to use 7 to find the second-order partial
derivatives for the four parameters. 7" is a concave

'’

<0
an’ -

function about the parameters y and 7.

= pHc>u{j:O ufys(utyu—0,)dF, (0, 1+

T

L

) fu( u+7u—'v*)dF1,(5L)}

Fr
an’

—s‘u{J;O filu—nu—0y)uf (0,)do+

o]

.fH(u—nu—v*)(uvL% )ﬁ‘(&‘)d@l‘}

0y =v

(17)
Eq. (18) shows that z” is a convex function

with respect to the parameters s and ¢, respectively.

. ' a°r
That is, —— =0, — =0. Similarly Eq. (19)
ds” dc

2, % 2

o' m
< 0and —— >O

can prove that

dydn dcds
827'(* . afv* utqu—-o
=B ST oo
9*r v’ j* (18)
P 77EL71(‘U )KL(*W Ufll On)doy
o'n’ v’
=—su-—5—E "(v) ful( nu—1uv)
dydn dy
'n” dv’ [ : (19)
T o . ) l utyu—v
0cs E; ' (v) s Jn—w' Ju (On)doy
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In order to further compare the relationship be-
tween the expected benefit and the marginal utility
of the flexible parameters of flexible capacity control
decision and FCFS decision, the effect of the bene-
fit 7~ on the flexible parameter marginal utility with-
out using the flexible booking-limit control decision

is also considered here. And Eq. (19) can prove

27_[_.\1 271__.\1
that ——— =0 and ——— =0. That is, in the
dydn dsdc
FCFS decision, the marginal utilities of the capacity
parameters y and 7 are independent of each other,
and the marginal utilities of the capacity parameters

s and ¢ are independent of each other (Eq.(20))

o™ -
TZ:*S'M.J‘(? 70‘][[‘(611)(:[5]‘,

w—qu— 0y,

Jw —0 fH(é\H)d(()\H
azn-N P o (20)
ayay w[s'”' s o/t (01)d0y -

“ n O‘L

J‘SH:O AfH (8H)d5H:|

This paper proves that when the capacity pa-
rameter is large (the capacity can be increased or de-
creased in a larger range) , the growth rate of 7" is
decreasing, indicating that the increase of the flexi-
ble parameters y and 5 will cause the revenue to de-
crease. At the same time, when the unit cost ¢ de-
creases and the unit saving s increases, the growth
rate of " is increased, that is, optimizing the capaci-
ty adjustment behavior of s and ¢ will increase the
profit. In the FCFS decision, ¢ reduction and s in-
crease will not change the profit. In the booking-lim-
it control decision, as ¢ decreases, the optimal reser-
vation limit increases, thus meeting more low-price
passenger demand, and at 7, increasing the capacity
at all time makes the further decrease of the ¢ value
more favorable, that is, the return of the ¢ decrease
is increasing. Similarly, as s increases, the expected
decrease in time 7, increases (due to the reduction of
the predetermined limit) , which makes the extra of
s adding more value. Conversely, under FCFS deci-
sions, the total amount of capacity expected to in-

crease or decrease is independent of ¢ and s. There-

fore, the expected return under FCFS decision is

linear with ¢ and s.

2 Case Study

We consider an example shown in Table 2 to

examine the impact of capacity flexibility.

Table 2 Function parameters of numercical example

Flexibility parameter Ticket price

Y 7 ¢ $ 24 P Ds

Capacity u

2500 0.2 0.3 12 8 24 18 14

Table 3 Constant parameters of numercical example

Time Arrival probability Capacity demand
ty P, P, P, d, d, d,

80 0.1 0.1 0.1 N(100,30) N(100,30) N(100,30)

In each experiment, we vary the value of one
capacity flexibility parameter while holding the val-
ues of the other parameters constant, as shown in

Fig.3.

241 e
2f il
u=900
s T
5
ar =2 500
2 \Ik
0 1 1 1 ]
0.0 0.1 0.2 0.3 0.4
Y
(a) With respect to y
0.99 -
0.98F
S
5097
) /,
0.96
0.95 . . . )
0.0 0.1 0.2 0.3 0.4
n
(b) With respect to 7
4r
3 L
©
®2f
<
1 -
08 12 16 20
c
(c) With respect to ¢
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(d) With respect to s

Ar of booking-limit control as a function of capacity

Fig.3

flexibility parameters y,7,c,s

Based on this example (Table 2), we find that
as upside flexibility increases (as y increases or ¢ de-
creases) , booking-limit control can become more
and less beneficial (Figs.3(a) and (b)), the percent-
age benefit of booking-limit control increases with
respect to y when =900 and y << 0.05 (the dotted
line in Fig.3(a) ). As downside flexibility increases
(as » or s increases) , booking-limit control always
becomes more beneficial (Figs.3(a)—(d)).

Regarding the value of upside and downside
flexibility, it is shown that in this example, increas-
ing upside flexibility through reducing unit cost ex-
hibits increasing returns under booking-limit control

regardless of whether 7is 50 or 100 (see Fig.4).

51000
50 000
49 000 Booking-limit control
K48 000 &
47000} T—
46 000~ FCFS péicy
45 000g 12 16 20
C
(a) =50
510001

50 000

Booking-limit control

49 000
K 48 000 '\\\
47000} T
46 000} FCFS policy \\-\
4 0008 12 16 20

C
(b) =100

Fig.4 m as a function of unit cost of adding capacity

Under the booking-limit control, the marginal
value of upside flexibility extent y decreases with re-

spect to downside flexibility extent 7, and the mar-

ginal value of a reduction in unit cost ¢ decreases

with respect to unit saving s (see Fig.5).

.

g 34543201

% 3454318}

'g FCFS policy

g =

B

9 1407.334F Booking-limit control

s

% 1407.332p~——

g : . . ,
1407.

& 1407.330 5 0.1 02 0.3 0.4

=

n
(a) Marginal value of an increase in y with respect to n

g 305738

2 3057361 |

'§ o FCEFS policy

Q = Booking-limit control

g g 271211} £

El 271200 F

2 271.207 : : '
S 0 4 8 12

s
(b) Marginal value of an increase in ¢ with respect to s

Fig.5 Marginal value of upside flexibility as a function

of downside flexibility

We have also examined numerical examples
with other parameter values, where the insights re-
garding the impact of capacity flexibility still hold.

Regarding the benefit of using booking-limit
control over FCFS policy, Table 4 shows that the
Ar always decreases as capacity adjustment is post-
poned from 7, to #,, and always increases as the ad-
justment is postponed from 7, to #;. This is consis-
tent with the finding. We have examined several oth-
er numerical examples and observed that the finding

in equations always holds.

Table 4 Results of numerical example

Booking-limit control (

«  Time T (Ar/7") %
v ra
4, 394 28 260 25014 12.98
1800 ¢, 394 28 260 25224 12.04
I 373 29 786 25357 17.47
1 1094 36611 35 564 2.94
2500 1, 1094 36 618 36 084 1.48
1, 1085 38 456 37 339 2.99
I 1724 43 651 43 551 0.23
3200 ¢, 1794 44 092 44 059 0.07
14 1 808 46 194 46 150 0.10
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3 Conclusions

Regarding the relationship between capacity up-
link flexibility and downlink flexibility, it is pointed
out in the foregoing that as  increases, the marginal
value of y decreases, and as the unit cost saving s in-
creases, the marginal value of unit cost ¢ decreases.
It shows that when the flight has strong downlink
flexibility, the marginal value of increasing the up-
link flexibility (y increases or ¢ decreases) will de-
crease. Therefore, it can be considered that the up-
link flexibility and the downlink flexibility are mutu-
ally substitutable. We find that the booking-limit
control decision makes the uplink flexibility and
downlink flexibility related. When the capacity
downlink flexibility increases ( or s increases) , the
optimal booking-limit is reduced, resulting in an in-
crease in rejected low-cost passenger reservation re-
quests, thereby making the capacity ceiling expan-
sion capability smaller, and thus increasing the up-
link flexibility (increasing y) or reducing the value
of ¢. Therefore, under the FCFS decision, the mar-
ginal value of the uplink flexible increase is indepen-
dent of the downlink flexibility due to no predeter-
mined limit. The establishment of capacity flexibili-
ty will generate corresponding costs, so the value
evaluation of capacity flexibility is also an important
issue worthy of study. The above studies show that
the booking-limit affects the marginal value of capac-
ity up-and-down flexibility and down-line flexibility.
When using the predetermined limits, the revenue
can be increased by increasing ¢ and s to increase
flexibility. At the same time, uplink flexibility and
downlink flexibility can be substituted for each other
in terms of improving revenue, that is, when one of
the flexibility is increased, the other flexibility will

be weakened.
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