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Abstract: The combined gradient representations for generalized Birkhoffian systems in event space are studied.
Firstly, the definitions of six kinds of combined gradient systems and corresponding differential equations are given.
Secondly, the conditions under which generalized Birkhoffian systems become combined gradient systems are

obtained. Finally, the characteristics of combined gradient systems are used to study the stability of generalized

Birkhoffian systems in event space. Seven examples are given to illustrate the results.
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0 Introduction

In 1892, Lyapunov published his doctoral dis-
sertation “general problems of motion stability” , in
which the concepts, research methods and related
theories of stability were given. Since the end of the
19th century, Lyapunov stability theory is an impor-
tant method to study the stability of mechanical sys-
tem. Sometimes it is not so easy to construct Lyapu-
nov function, and it is not very convenient in practi-
cal application'"”’. In Ref.[ 3], two kinds of impor-
tant systems were studied, in which one was gradi-
ent system, and the other is Hamilton system. Gra-
dient system is a kind of mathematical system. The
differential equation of the gradient equation is of
first-order. Gradient system is especially suitable for
studying the stability with Lyapunov function. If a
mechanical system can be transformed into a gradi-
ent system, the properties of this gradient system
can be used to study the behavior of the mechanical
system, especially the stability problem'**. Mei et
al.""" studied bifurcation for the generalized Birkhof-
fian system. Mei et al.'"" also studied skew-gradi-
ent representation and combined representation for
the generalized Birkhoffian system. Two kinds of
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generalized gradient representations for generalized
Birkhoffian systems were derived in Ref.[14]. The
stability of the generalized Birkhoffian system was
discussed by using the properties of the gradient sys-
tem in Refs.[15-18]. Triple combined gradient sys-
tems representations for autonomous generalized
Birkhoffian systems were given in Refl.[19]. A
semi-negative definite matrix gradient system repre-
sentation for non-autonomous generalized Birkhof-
fian system was given in Ref.[20]. Some progress-
es have been made on the gradient system represen-
tation and stability analysis for generalized Birkhof-
fian systems in configuration space. Event space is
an extension of configuration space and time, and
generalized coordinates are in the same position in
event space, so parameters can be selected flexibly
and relatively simple equations can be established.
The parametric equation in event space can get not
only the motion equation in the configuration space,
but also the energy integral directly. There are few
studies on generalized Birkhoffian dynamics in event

[21]

space. Zhang*!' studied integrating factors and con-
servation laws of generalized Birkhoffian system dy-
namics in event space. Wu et al."”’ studied the gradi-

ent representation of holonomic system in event
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space. In this paper, six combined gradient system
representations for generalized Birkhoffian systems
in event space are discussed. Under certain condi-
tions, a generalized Birkhoffian system in event
space can become a combined gradient system, and
then its stability can be discussed by using proper-

ties of the combined gradient system.

1 Generalized Birkhoff Equations
in Event Space

In configuration space, we consider a general~
ized Birkhoffian system that is determined by 2n
Birkhoff’s variables & (x=1,2,++-,2n ). Now an
event space of (2n+ 1) dimensions is constructed.
The coordinates of space points are 7 and a”. Intro-
duce the notation

=t x,=a" pu=1,2,-,2n (1)
Then, all the variables x,(a=1,2,+++,2n+ 1) may
be given as functions of some parameter 7. Let x, =

2.(7) be some curves of class C?, such that

dx, ,
— X, 2
i (2)
are not all zero at the same time, and
. dx, xl
T,=—— = 3
drs x! (3)

In configuration space, the Birkhoffian is B—=
B(t,a), Birkhoff” s functions are R,=R,(t,a),
and the additional terms are A, = A,(#, a). In event
space, Birkhoff’ s functions By(x,)(f=1,2,-,
2n -+ 1) are defined by the following equations'*".
Bi(x,)=—B(x,2s ,To1)

(4)
B/x‘#l(-ra):R/l(Il,IZv e Tguin) ﬂ:1,2, e, 2n

The additional terms are

Pi=—a, A (x,20, 0 \Tos1)

(Lope1)
p=1,2,-,2n (5)

In event space, the generalized Birkhoff equa-

P, (x)=x1A, (21,25,

[23]

tions are
dB, aB.\ ,
— N —1.2 .. 2 1
(31',1 31',;)1'? P, «a 2, 2n+1 (6)

The generalized Birkhoff equations of Eq.(6)
in event space are not independent each other,
where the first equation of Eq.(6) is the result of
the last 2n equations, and the last 2n equations can

be written as

(aBm aBm) , (aBl aBm) ,
- 1'1,.1+ 7 - Ty —

x, dx, . 0%, 41 dx,
—P,., p=1,2,---,2n (7)
Suppose that x,,, can be solved from Eq.(6),
that is

! J— Q/AV aB“71 . aBl ! 7(2;4»P
Tue1 = ox; dx, . o v
pu=1,2,-,2n (8)
where
dB, JaB,
Q== — | det(0,)#0 Q°0,=6,, (9)
' 0x,+ 0, i '

2 Combined Gradient System

2.1 Combined gradient system I

This kind of combined gradient system is com~-
posed of generalized gradient system and general-
ized skew-gradient system. The differential equa-
tions of the system have the form as

AV (t,X) aV (¢, X)
T ox; ox;
6, j=1,2, -, m (10)

where (6,;(X)) is the anti-symmetric matrix and

+6,(X)

b;=—"b;. According to Eq.(10), we can obtain

gV _ VoV oV, oV _ v _
dt dx, 0x,  dx, "Odx; Ot
AV v

where the second term at the right-hand side is less
than zero. If V is positive definite, and V is nega-
tive definite, the solution of the system is asymptoti-

cally stable.
2.2 Combined gradient system I

This kind of combined gradient system is com~-
posed of generalized gradient system and general-
ized gradient system with symmetric negative defi-
nite matrix. The differential equations of the system
have the form as

~dV(1,X) avV (t,X)
T, = B e + 5,;(X) 731'1-
i,j=1,2,--,m (12)

where (s;(X) ) is symmetric negative definite ma-

trix. According to Eq.(12), we can obtain

. Jdv. avaov ~a9dV aV
where the second and third terms at the right-hand

side are less than zero. If V' is positive definite, and
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av
a <20, the solution of the system is stable. If V is

negative definite, the solution of the system is as-

ymptotically stable.
2.3 Combined gradient system Il

This kind of combined gradient system is com-
posed of generalized gradient system and general-
ized gradient system with negative semi-definite ma-

trix. The differential equations have the form as

- dvV(LX) aV (t,X)
T, = o, + a;(X) o,
L, j=1,2,,m (14)
where (a;(X) ) is the negative semi-definite matrix.

According to Eq.(14), we can obtain
av. avav v IV

V= e dox; 0x; ox; i ox;

where the second and third terms at the right-hand

(15)

side are less than zero. If V is positive definite, and

v
En <20, the solution of the system is stable. If V is

negative definite, the solution of the system is as-

ymptotically stable.
2.4 Combined gradient system IV

This combined kind of gradient system is com~-
posed of generalized skew-gradient system and gen-
eralized gradient system with symmetric negative

definite matrix. The differential equations have the

form as
o aV (t,X) _ AV (t,X)
Z; —b,j(X)iaIi —0—5,-](X)7axj
1, j=1,2,,m (16)
where (s;(X) ) is the symmetric negative definite

matrix. According to Eq.(16), we can obtain
BV v av v

V_7+ o, Px, | dx, ' ax, E)z+
v v
ox; S dx; a7)

where the second term at the right-hand side is less
than zero. If V is positive definite, and V negative
definite, the solution of the system is asymptotically

stable.
2.5 Combined gradient system V

This kind of combined gradient system is com-
posed of generalized skew-gradient system and gen-
eralized gradient system with negative semi-definite

matrix. The differential equations have the form

AV (t,X) AV (t,X)
dx; dx;

i, j=1,2,-,m (18)

a;(X) ) is the negative semi-definite matrix.

x, = b,(X) + a;(X)

where (

According to Eq.(18), we can obtain

V:al_|_ 8Vb_v87V+ avaijal: IV
dx; at

ot 0z, "oz, | oz, -

dx, i dx; (19)

where the second term at the right-hand side is less
than or equal to zero. If V is positive definite, and
V negative definite, the solution of the system is as-

ymptotically stable.
2.6 Combined gradient system VI

This kind of combined gradient system is com-
posed by generalized gradient system with symmet-
ric negative definite matrix and generalized gradient
system with negative semi-definite matrix. The dif-
ferential equations have the form as

T =5, X)iaVa(;:X) + a; X)iava(;’x)

i, j=1,2,-,m (20)
According to Eq.(20), we can obtain

8V E)V v . Jav  aVv
o Si 81 ox; i dx;

J

V

(21)

where the second and third terms at the right-hand

side are less than zero. If V is positive definite, and
A%
a <20, the solution of the system is stable. If V is

negative definite, the solution of the system is as-

ymptotically stable.

3 Combined Gradient System Rep-

resentations for Generalized
Birkhoffian System in Event
Space

In general, a generalized Birkhoffian system in
event space is not a combined gradient system. For
the system (8), if there are matrices b,,, 5, , a,, and

the function V satisfies

o JaB, ., B JaB, oep o
ox, o, o e
3V
(z.a) , Vic.a) (22)
da” da’
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Q/w aByfl o aBl , —Q"“‘P o
axl al"y+1 X vl T
aV(r, avic,
_Wiza) VI(ra) (23)
da da
Q/u aB“fl . aB] ! 7;(2/“P J—
axl al'wl X vl T
aV(r,a) aV(zr,a)
—_— e 24
da” O da’ 24)
2 aBl’ L S aBl Y _
Q ( 81‘1 al’,/ﬁ,])ll Q Pv+l_
a ) a )
bM sM (25)
da da
Q#V aByfl o aBl , —Q"“‘P o
axl al"wd X vl T
aV(r, aV(z,
b#,M + a#yM (26)
da da
dB, ., JdB,
wy___ - o 7 —
Q ( aI1 31”1)11 Q P,,+]
aV(r, avic,
awg + SWM (27)
da da

it can be transformed into combined gradient sys-
tems I, IT, T, IV, V and VI, respectively.

4 Examples

Example 1 A generalized Birkhoffian system

in event space 1s

1 1 1
B]_I§(1+ )+I§12f3

2 1+ x, 2
B2:x3
B3:O

, 1
P, = 1312(2+ 1+11)

P,=0

1_'_1‘1

We try to convert it into a combined gradient

1
P3=1'{x2(2+ )

system and study the stability of its zero solution.
From Eq.(6), we obtain

1 / I, r_
|:13_Iz(1+ 1—|—I1):|12+(12 T3) x5 =

. 1
1312(2—0— 1+~T1)

1
[xz(le 1+Il)x{|x{x§0

1
(xs— 25) 0] +I§_Iilz(2+ 1“‘%)

(28)

From the last two equations, we have

) (= 22l
1+, Xy ™ T2) T

1
Th= |:12(1+ 1+Il) x{'x{

Taking r=x,, then x{=1 and Eq.(29) can

Xy = I{Iz(Z +
(29)

be written as

I 1 R
Xy — Iz(1+ 1+1’) X3
) (30)
I; 12(1+Hz_)15
Leta' =x,, a* = x4, then
av
1
(a")' - - da
=0 =) e
(a) 0 —1 1 0 v
da*

which is the combined gradient system [ , and the
function V' is

1 1 2

V= (a')Z(H ) +5@) (62

1
2 1+r¢

V is positive definite and decreasing in the
neighborhood of ¢' = a* = 0. According to Eq.(32),

we get

1Y 1 L
1+ + | — (&
( 1+f) 2(1+r)1} ()

V is positive definite. The solution ¢' = a* =0

V=—(a)

is asymptotically stable.
Example 2 A generalized Birkhoffian system

in event space 1s

xl )
Bi=— 2 44
! 2+ sina, EL
B,=x,
623
P =x—F"— —4xl2,
: I‘Z—O—smxl Lot
62
P,—— f/ .
- ]12+smx1
Pg:41‘1.r2

We try to convert it into a combined gradient
system and study the stability of its zero solution.

From Eq.(6), we obtain
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21‘3 61‘%

iz "/ 7 ’/:f /7.‘
(—2z) 22t 2+smxl)xs L 2-+sina,

da,xh

622 (33)
22,2 2= 2+si:11‘1
205

-] =—dxx,

2-+sina, Tt Lt

From the last two equations, we have
- 22,
2+ sina,

X x— 4dxia,

(34)
o 6
: "2+ sinx,

Taking =, then x{ =1 and Eq.(34) can

Xh=21,x

be written as

;L 213 74
£ 2+ sint e
6 (35)
;o o 3
Ty =21 2 -+ sint
Leta'=x,, a°=ux,, then
v
1
@\ (- - da
( 2y :(( o1 01)+( 11 12)) (56)
(a) oV
da*

which is the combined gradient system [l , and the

function V is
2

2 (a%)
V=(d .
(a) + 2+ sint
V is positive definite and decreasing in the

neighborhood of a' = a* = 0. According to Eq.(37),

(37)

we get

Ve 8l — (@) 12+ cosr? ala:Z
(2+ sing)” 2+ sint

V is positive definite. The solution ¢' = a* =0
is asymptotically stable.

Example 3 A generalized Birkhoffian system
in event space is
Bi=—xi+4x,25(2+ cosx,)+xi( 2+ cosay)
B,=ux;
B,=0
P,=4x,x;(3+cosx;)
P,=——4x'x,(3+ cosx,)
P,=0

We try to convert it into a combined gradient
system and study the stability of its zero solution.

From Eq.(6), we obtain

(—4as—2x,)( 2+ cosay) xh+[ 25— 4, (24
cosxy) |xt=—4x,x5 (34 cosx,)

(dxs+2x2,)( 2+ cosx)) i —xt=4x x5 (3+ (38)
cosx)

[ 225+ 4x,(2+cosxy) > +a5=0
From the last two equations, we have

xh = 2x3— 4x,(2+ cosxy) | x} xh = (da; +

22,)(2+ cosxy)xy — 4at 2, (3+ cosaxy) (39)
Taking r=ux,, then x{ =1, Eq.(39) can be

written as

xy=2x5 — 4x,(2 + cost) (40)
xh=2x,(2+ cost) — dx;
Leta' =x,, a* = x5, then
v
1
@\ (- - da
( 2y _(( o1 —01)+(11 —11)) 4
(@) v
da*

which is the combined gradient system [l , and the
function V' is
V=(a")(2+ cost) + (&) (42)
V' is positive definite and decreasing in the
neighborhood of a'=a*=0. Then, the solution
a' = a® = 0 is uniformity asymptotically stable.
Example 4 A generalized Birkhoffian system

in event space 1s

B, = —dx,2,— 22}

B, =ux;

B;=0
P,=—2x,x,(4+ sina,)
P,=0

P,=2x17,(4+ sinx,)

We try to convert it into a combined gradient
system and study the stability of its zero solution.
From Eq.(6), we obtain
dosxh 4oy + da,) a2 = 22,24 (4 + sina,y)
—dr,xt —x5=0 (43)
(—4dx; — 4dx,) 2y + xb = —2x 2, (4 + sinay)
From the last two equations, we have
{xé = —2x\ 2, (4 + sinx))+ (4day + 4a,) 2}

44
-1'3:_45(31; “d)

Taking =x,,then 21 = 1 and Eq.(44) can be
written as

xh=—2x,(2+ sinx;)+ 4z,

(45)

xh=—4x,
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Leta' =x,, a* = x5, then

which is the combined gradient system IV , and the
function V is
V=(a") (24 sint) + (a*) (47)
V is positive definite and decreasing in the
neighborhood of a'=a*=0. Then, the solution
a' = a® = 0 is uniformity asymptotically stable.
Example 5 A generalized Birkhoffian system
in event space is
By=a3[ 1+ exp(—x,)]
B,=ux,
B;=0
Py=xbxs[ 1+exp(—x,) | —xix,[ 1+ exp(—x) ]
P,=—xias[ 1+t exp(—a) ]
P,=xix,[ 1+ exp(—x,)]

We try to convert it into a combined gradient
system and study the stability of its zero solution.
From Eq.(6), we obtain
—2x,[ IHexp(—a)) ] air~—xsxita,xh) [ 1+
exp(—x) ] 2x,[ IHtexp(—x)) ] xi—xi=
xixs[ IHexp(—xy) ]
xi=—x|x,[ Itexp(—x,)]

(48)

From the last two equations, we have
xy=—xx,[ 1+ exp(—x)]
{IQZIZ [1+exp(—a)]ai—aix;[ 1+ exp(—a))]
(49)
Taking r=x,, then 2] =1, and Eq.(49) can

be written as

{xé_xg[lJreXp(r)] (50)
xh =2z, —x3) [ 1+ exp(—7) ]
Leta' = a5, a* = x5, then
v
1y / aal
(a") _((o —1)+(1 1)) 51)
@) 1 o V-
da*

which is combined gradient system V , and the func-

tion V' 1s

v=@) + @) ] 1+ep(—0] 62

V is positive definite and decreasing in the
neighborhood of ¢' = a* = 0. According to Eq.(52),

we get
V= [(a1)2+( az)z]{ [ IH+exp(—1) ]Z—Q—% exp(—7)+

2a'a*[ Itexp(—17) ]°

V is positive definite. The solution @' = a* =0
is asymptotically stable.

Example 6 A generalized Birkhoffian system
in event space is
B, =—xi 4+ 4x,25(2+ sinx,) +25(2+ sina,)
B, =,
B,=0
P, =2x,2,(7+ 2sinx,)
P, = —2x\x2,(7+ 2sinx;)
P,=0

We try to convert it into a combined gradient
system and study the stability of its zero solution.
From Eq.(6), we obtain
(—4da—2x,)(2+sinx,) a5 H 2054, (24
sinay) | xt=—2x;x5 (7+2sinx;)
(4o +2x,)( 24sinx,) x\—xi/=2x x5 (71+2sinx,) (53)
[ —2xs+4x, (2+sinx,) | 21 +a=0
From the last two equations, we have
xy=[2x;— 4x,(2+ sinz,) | x|
xh=(4xs + 22,)(2+ sinx,) x| — 2xix5 (7 + (54)
2sinx,)
Taking r=ux,, then z{ =1, and Eq. (54) can

be written as

l‘ézzxx - 412(2_’_ Sil’ll’l)
) (55)
xh=2x,(2+ sinx,)— 6x,
Leta'=x,, a* = x5, then
av
1
(al)/ o o aa
) e
(a) w
da*

which is the combined gradient system VI, and the
function V' is
V= (a") (2+ sint) + (&) (57)
V' is positive definite and decreasing in the
neighborhood of a'=a*=0. Then, the solution
a' = a” = 0 is uniformity asymptotically stable.

Example 7 Linear damped oscillator
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f+ax—yxr=0 (y=const)

We try to convert it into a combined gradient
system and study the stability of its zero solution in
the event space.

In event space, the representation of general-

ized Birkhoffian system of the linear damped oscilla-

tor is
1 2 2
Bi=— 5 [(@.) + (@) = yraasJexp(—ya)
1
B, = - s exp(—yx;)
1
B,= 5 exp(—yay)
P, =P, =P;=0

From Eq.(6), we have

—ay exp(—yx,)—(x, — yas)exp(—yx,)=0 (58)
ab exp(—yx,)— asexp(—yx,)=10
Let a' = a,, a* = x4, then

v

1
(a)' 1)L (- da

_((o 1)+(1 1)) (59)

(@) 1 0 i

da*

which is the combined gradient system V , and the

function V' 1s

V= {72 2 (az)2 — alaz} exp(—yr) (60)

When y =6, V is positive definite and decreas-
ing in the neighborhood of @' =a”=0. The solu-
tion @' = a* =0 is uniformity asymptotically stable.
When y<C6, V is not the Lyapunov function, then
the stability of the solution is analyzed according to

the characteristic roots of the linearized system.

5 Conclusions

It is an important and difficult problem to study
the stability of constrained systems. The gradient of
constrained mechanical systems is a new method for
studying the stability of dynamic systems in analyti-
cal mechanics. In this paper, combined gradient sys-
tems are utilized to study the stability of generalized
Birkhoffian systems in event space. If a generalized
Birkhoffian system in event space satisfies the condi-
tions (22—27) , the generalized Birkhoffian system

in event space can be transformed into a combined

gradient system. Its dynamic behaviors can be dis-
cussed by using the properties of combined gradient
systems, and some conclusions are given for the
generalized Birkhoffian system in event space. Ex-

amples illustrate the application of the results.
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