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Abstract: This paper discusses the temperature field distribution of piezoelectric stack with heating and thermal
insulation device in cryogenic temperature environment. Firstly，the model of the piezoelectric damper is simplified
and established by using partial-differential heat conduction equation. Secondly，the two-dimensional Du Fort-Frankel
finite difference scheme is used to discretize the thermal conduction equation，and the numerical solution of the
transient temperature field of piezoelectric stack driven by heating film at different positions is obtained by
programming iteration. Then，the cryogenic temperature cabinet is used to simulate the low temperature environment
to verify the numerical analysis results of the temperature field. Finally，the finite difference results are compared with
the finite results and the experimental data in steady state and transient state，respectively. Comparison shows that the
results of the finite difference method are basically consistent with the finite element and the experimental results，but
the calculation time is shorter. The temperature field distribution results obtained by the finite difference method can
verify the thermal insulation performance of the heating system and provide data basis for the temperature control of
piezoelectric stack.
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0 Introduction

With the continuous development of aircraft，
wind tunnel simulation tests require higher Reyn⁃
olds number simulation capabilities［1］. The cryogen⁃
ic temperature wind tunnel solves the problem of
low Reynolds number in conventional wind tunnels
by combining cryogenic temperature technology
with wind tunnel technology［2］.

The airplane model relies on the tail strut to
support the air blowing test in the conventional wind
tunnel，and the vibration damper，in the tail strut

structure，with the piezoelectric element as the core
suppresses the model’s vibration. However，due to
the large loss of output performance of the piezoelec⁃
tric element in a cryogenic temperature environ⁃
ment［3］，it is necessary to heat the piezoelectric vi⁃
bration damping joint to ensure its vibration suppres⁃
sion effect. Researchers in NASA Langley Research
Center proved that the output performance loss of
piezoelectric ceramics was as high as 50% at -
150 ℃［3］. Tougher glass fiber and SiO2 aerosol com⁃
posite were selected in Refs.［4-6］and the experi⁃
ment results showed that when the fiber addition
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was 16%，the thermal conductivity of the compos⁃
ite material was 0.023 2 W·m-1·K-1 .

This study ensures that the stack works in a
suitable temperature range by sticking heaters on
the surface of the piezoelectric stack and wrapping
the insulation. Therefore，accurate temperature pre⁃
diction is important for effective operation of piezo⁃
electric vibration damper. As a result，this work is
undertaken to study the temperature distribution of
the piezoelectric stack［7］. In this paper，the thermal
physical models and finite difference model are ana⁃
lyzed to obtain the transient temperature field of
piezoelectric vibration damper. The temperature
field results can provide reference for the control of
the stack temperature and the effect of the vibration
damper.

1 Model of Heat Conduction Sys⁃
tem

1. 1 Theory and model

The vibration damping joint structure is com⁃
posed of piezoelectric stack，gaskets，metal struc⁃
ture and insulation. The model of the system is
shown in Fig.1. The damper is placed in a cryogenic
temperature environment，the heat convection oc⁃
curs among the surface and the external environ⁃
ment，and the stack is heated by heaters pasted on
the surface of the piezoelectric stack. The radius of
the piezoelectric stack，the core part of the damping
structure，is 5 mm and the length is 56 mm，with
ρ=7 800 kg·m-3， c=350 J·kg-1·K-1 and λ=
1.1 W·m-1·K-1. Gaskets are installed at both ends
of the stack，with the thickness of 5 mm. ZrO2 is
used as the material of the gasket，with ρ=5.85 kg·
m-3，c=427 J·kg-1·K-1 and λ=1.6 W·m-1·K-1.
The metal part of the vibration damping system us⁃
es 304 stainless steel，as ρ=7 930 kg·m-3，c=
3.5 J·kg-1·K-1 and λ=13 W·m-1·K-1. Since the
thermal conductivity of metal is much bigger than
those of the stack and gasket，the influence of the
shape of the metal structure on the temperature field
distribution of the stack is ignored. Therefore，it is
reasonable to simplify the metal part to a cylinder co⁃

axial with the stack. Its radius and height are related
to the surface area and volume of the original struc⁃
ture. The insulation is considered adiabatic in this
model，as the thermal conductivity is 0.007 W·m-1·

K-1，which is much smaller compared with others’
in the system.

The basic mathematical model of temperature
field numerical simulation is Fourier partial differen⁃
tial equation of heat conduction，which is a general
equation that the temperature field of all thermally
conductive objects should satisfy［8-10］. As the piezo⁃
electric stack，gaskets，and metal structure in this
model are all cylindrical，the thermal conductivity
differential equation of the transient temperature
field in the cylindrical coordinate system is［11-13］

ρc
∂T
∂t = λ ( )∂2T

∂r 2 +
1
r
⋅ ∂T∂r +

∂2T
∂z2 (1)

where ρ is the density，c the heat capacity，T the
temperature of piezoelectric stack，t the time，λ the
thermal conductivity，and r the radius.

1. 2 Boundary conditions

The vibration damping joint structure is placed
in a cryogenic temperature environment with a tem⁃
perature of Tf while the piezoelectric stack is re⁃
quired to work at an appropriate temperature to

Fig.1 System of piezoelectric damper
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achieve better output effects. This system uses heat⁃
ers pasted on both ends and the middle of the piezo⁃
electric stack to realize the temperature control of
the stack. The model of the piezoelectric stack is
shown in Fig.2，where Ω1 means the piezoelectric
stack，Ω2 the gasket and Ω3 the steel structure. U
represents the temperature of gaskets and different
subscripts are used to distinguish the gaskets at both
ends. The heat conduction in the pipe is considered
to be two-dimensional heat in the radial and longitu⁃
dinal directions，and the circumferential heat con⁃
duction is ignored［14-16］.

The heat transfer inside the model is symmetri⁃
cal along r=0，so the heat transfer needs to be stud⁃
ied when r≥0. As the circumferential heat conduc⁃
tion is ignored in this model，it is considered that
there is no heat exchange at the boundary r=0.

λ1 ⋅
∂T
∂r = 0 (2)

where T is the temperature of the piezoelectric
stack［17］.

Considering the boundary condition at the inter⁃
face r=M1，as the surface is pasted with three heat⁃
ers，the heat is mainly transferred to the piezoelec⁃
tric stack through three interfaces［18］，marked as Γ2
in Fig.2. Since the stack is wrapped with an insula⁃
tion，interfaces without heater such as Γ3 in Fig. 2
can be considered as an insulation boundary

λ1 ⋅
∂T
∂r =

ì

í

î

ï

ï
ïï

ï

ï
ïï

q1 0< z< N 1,r=M 1

0 N 1 < z< N 2,r=M 1

q2 N 2 < z< N 3,r=M 1

0 N 3 < z< N 4,r=M 1

q3 N 4 < z< N 5,r=M 1

(3)

The interface z=0 and z=N5 are in contact
with the gaskets. It is assumed that there is no ther⁃
mal contact resistance between adjacent media. The
energy equation of transient heat conduction at the
boundary is

λ1 ⋅
∂T
∂z = λ2 ⋅

∂U 1

∂z z= 0 (4)

λ1 ⋅
∂T
∂z = λ2 ⋅

∂U 2

∂z z= N 5 (5)

As the gaskets are wrapped in the insulation，
its outer boundary is considered as insulation condi⁃
tion. While metal structure is placed in a cryogenic
temperature environment，heat transfer occurs with
the fluid through its outer surface，which marked as
Γ1 in Fig.2，according to the Newtonian cooling for⁃
mula

q= h ⋅(Tw - T f ) (6)
where Tw and Tf represent the temperature of the
wall and fluid，respectively. h is the convective heat
transfer coefficient［19］. Since the boundary conditions
of the gasket and the metal structure are symmetri⁃
cal，only the boundary conditions on one side are
given. The schematic diagram is shown in Fig.3.

λ2 ⋅
∂U 2

∂r = 0 r= 0,0< z< N 7 (7)

λ2 ⋅
∂U 2

∂r = 0 r=M 2,0< z< N 7 (8)

λ1 ⋅
∂T
∂z = λ2 ⋅

∂U 2

∂z 0< r<M 1,z= 0 (9)

λ2 ⋅
∂U 2

∂z = 0 M 1 < r<M 2,z= 0 (10)

λ2 ⋅
∂U 2

∂z = λ3 ⋅
∂θ2
∂z 0< r<M 2,z= N 6 (11)

λ3 ⋅
∂θ2
∂r = 0 r= 0,0< z< N 6 (12)

λ3 ⋅
∂θ2
∂r = h ⋅(Tw - T f ) r=M 4,0< z< N 6 (13)

λ2 ⋅
∂U 2

∂z = λ3 ⋅
∂θ2
∂z 0< r<M 2,z= 0 (14)

λ3 ⋅
∂θ2
∂z = 0 M 2 < r<M 3,z= 0 (15)

λ3 ⋅
∂θ2
∂z = h ⋅(Tw - T f ) M 3 < r<M 4,z= 0(16)

λ3 ⋅
∂θ2
∂z = h ⋅(Tw - T f ) 0< r<M 4,z= N 6(17)

Fig.3 Models of gasket and metal structure

Fig.2 Piezoelectric stack model
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2 Solution Method and Results

Eq.（1） for heat conduction inside the medium
is solved by the finite difference method through iter⁃
ations and two-dimensional method using Du Fort-
Frankel explicit difference scheme to discretize and
solve the governing equations. Compared with finite
element analysis，the finite difference method has
the advantages of intuition and short time. Dis⁃
cretized equation is

T k+ 1
i.j = 2r+ r0 r

1+ 4r T
k
i+ 1,j+

2r- r0 r
1+ 4r T

k
i- 1,j+

2r
1+ 4r (T

k
i,j+ 1 + T k

i,j- 1 )+
1- 4r
1+ 4r T

k- 1
i,j

i= 1,⋯,N - 1; j= 1,⋯,M - 1 (18)

r0 =
Δh
R

(19)

r= λ
ρc
⋅ ΔtΔh2 (20)

where i，j are the coordinates of the inner node on
the z-axis and r-axis；Δh and Δt the space step and
time step during the calculation. R is the radius of
the cylinder model，ρ the density，c the heat capaci⁃
ty，and λ the thermal conductivity.

Equations of boundary conditions are solve by
the central difference approximations during the nu⁃
merical procedure，substituting differential approxi⁃
mation for derivative

( )∂T
∂r

k

j

= 1
2Δh (T

k
j+ 1- T k

j- 1 ) j= 0,M (21)

During the programming for numerical compu⁃
tations，the space step are Δr=Δz=Δh=1 mm and
the time step is Δt = 0.1 ms. The iterative process
of the finite difference method is realized by pro⁃
gramming，and the data is processed to obtain the
transient temperature field of the stack. Fig.4 shows
the transient temperature distribution of the piezo⁃
electric stack at an ambient temperature of -70 ℃
and two heating methods. Fig. 4（a） is the tempera⁃
ture field distribution of the stack when the heaters
pasted on both ends are driven，and Fig.4（b）is the
result when the middle heater is working.

It can be found from Fig. 4（a） that only when
the heating flies at both sides of the stack are work⁃
ing，the temperature on the surface of the stack is
unevenly distributed along the axial. Therefore，it is

scientific to heat the stack with three evenly distrib⁃
uted heaters.

3 Model Identification

In order to verify the temperature field distribu⁃
tion of the stack calculated by the finite difference
method，the cryogenic temperature cabinet is used
to simulate the cryogenic temperature by the finite
element method.

The model established in finite element is simi⁃
lar to the actual model rather than a regular cylinder.
The thermal conductivity of the insulation is set to
0.007 W·m-1·K-1，and those of other materials are
the same as that set in finite difference. The contact
mode between different materials is non-separation，
and the grid width of the stack surface is 0.5 mm.
The ambient temperature of the heat transfer model
is set to -70 ℃，and the heat flux density at the
heating film is 4 255 W/m2. Fig.5 gives the compari⁃
son results of the finite element method and the fi⁃
nite difference method under two heating conditions.
Because of the difference between surface areas of

Fig.4 Finite difference transient temperature field

20



No. S CHEN Yixiao, et al. Numerical Simulation and Experimental Verification of Temperature Distribution of…

the front and rear metal structure in the finite ele⁃
ment model，it shows asymmetric results，but the
temperature difference is small.

In the experiment，PI piezoelectric stacks，zir⁃
conia gaskets and nano-aerogel insulation materials
were selected. The piezoelectric vibration damping
structure，with heaters attached to both ends and the
middle of the stack，was placed in the cryogenic tem⁃
perature cabinet（Fig.6（a））. The working power of
the heaters was maintained at 2 W while the cryo⁃
genic temperature cabinet temperature was set to
-70 ℃ . The temperature sensors were pasted at
the position shown in Fig.6（b），measuring the tran⁃
sient temperature. Fig.6（c） shows the stack after
wrapping the insulation layer. The installation and
placement of the structure are shown in the Fig.6
（d）. The test piece taken out from the low tempera⁃
ture cabinet is shown in Fig.6（e）.The experimental
results are shown in the red curves in Fig.7.

In the experiment，when the structure reaches
a steady state，the surface temperature of the metal
structure is -60.89 ℃，the gasket temperature is

-16.35 ℃，and the temperature at the stack mea⁃
surement point is 24 ℃ when the two ends are heat⁃
ed. Correspondingly，according to the calculation re⁃
sult of the finite difference method，the steady state
temperatures of the metal surface，the gasket and
the measuring point are -63.55，-19.74， and
23.65 ℃，respectively. In another condition when
the middle heater is driven，the steady state temper⁃
ature of the measuring point is -21 ℃ while the cal⁃
culated data is -19.76 ℃. The comparison between

Fig.5 Temperature comparison results between finite ele⁃
ment method and finite difference method

Fig.7 Temperature comparison between finite difference re⁃
sult and experimental data

Fig.6 Experiment equipment
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the finite difference result and the experimental data
is shown in the Fig.7.

It can be found from Fig.7 that the temperature
response trend calculated by the numerical method
is basically consistent with the experimental mea⁃
surement，but the response curve obtained from the
experiment has a certain time lag compared with the
numerical simulation result. This is because the
heating film has a certain time lag when it is ener⁃
gized to its stable heating.

4 Conclusions

This paper established the thermal conduction
model of piezoelectric damping joint， and dis⁃
cretized the partial differential heat conduction equa⁃
tion. Transient temperature response of the piezo⁃
electric stack under different heating modes were ob⁃
tained and compared with the finite element data.
Moreover， experiments in cryogenic temperature
cabinet were conducted for verification. The results
showed that the maximum error was no more than
4 ℃，and the calculation time was reduced by more
than 80% compared with that of the finite element
method. The comparison reveals that the finite dif⁃
ference results are consistent with the experimental
data closely. Consequently，it is reliable and effec⁃
tive to use the finite difference method to calculate
the stack temperature field.
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尾支杆减振系统的加热保温系统数值模拟及实验验证

陈逸笑 1，3，杨兴华 2，俞 立 2，沈 星 1

（1.南京航空航天大学机械机构力学及控制国家重点实验室，南京 210016，中国；

2.中国空气动力研究与发展中心，绵阳 621000，中国；3.中国飞机强度研究所，西安 710065，中国）

摘要：探讨了低温环境温度下带有加热保温设计的尾支杆减振系统的温度场分布。首先简化并利用偏微分热传

导方程建立了减振结构的模型。其次，采用二维 Du Fort⁃Frankel有限差分格式离散化热传导方程，并编程迭代

得到了不同位置处加热膜驱动时，压电叠堆瞬态温度场的数值解。然后，利用低温箱模拟低温环境进行实验验

证温度场的数值分析结果。最后，将有限差分结果分别与有限元稳态结果和实验瞬态数据进行比较。对比结果

表明：有限差分法的结果与有限元、实验结果基本吻合，但所需的计算时间更短，是一种有效的预测其温度场的

方法。通过有限差分法获得的温度场分布结果可以验证加热系统的保温性能，并为压电叠堆的温度控制提供数

据基础。

关键词：导热偏微分方程；温度场；有限差分法；压电叠堆；加热保温系统
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