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Abstract: This paper presents fractional generalized canonical transformations for fractional Birkhoffian systems

within Caputo derivatives. Firstly, based on fractional Pfaff-Birkhoff principle within Caputo derivatives, fractional

Birkhoff” s equations are derived and the basic identity of constructing generalized canonical transformations is

proposed. Secondly, according to the fact that the generating functions contain new and old variables, four kinds of

generating functions of the fractional Birkhoffian system are proposed, and four basic forms of fractional generalized

canonical transformations are deduced. Then, fractional canonical transformations for fractional Hamiltonian system

are given. Some interesting examples are finally listed.
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0 Introduction

As 1s known to all, the transformation of vari-
ables is an important means used by analytical me-
chanics to study problems. It is often very difficult
to solve the general dynamical equation, so it is a
very important research topic to use the method of
variable transformation to make the differential equa-
tion to be easier to solve'". The transformation that
keeps the form of Hamilton canonical equations un-
changed is called canonical transformation. The pur-
pose of canonical transformation is to find new Ham-
iltonian function through transformation, so that it
has more concise forms and more cyclic coordi-
nates, so as to simplify the solution of the problem.
Hamilton canonical transformation is the basis of
Hamilton-Jacobi equation and perturbation theory,
and has a wide range of applications in celestial me-
2]

chanics and other fields'*". Under certain conditions,

canonical transformation can be extended to non-

[34]

holonomic systems and weakly nonholonomic

5]

systems'”. The transformation theory of Birkhoff’ s
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equations was first introduced by Santilli"*’. Wu and
Mei'” extended the transformation theory to the gen-
eralized Birkhoffian system. For Birkhoffian sys-
tems, we studied their generalized canonical trans-
formations, and gave six kinds of transformation for-

5[8—9]_

mula The generalized canonical transforma-

tions were extended to second-order time-scale Birk-
hoffian systems''.

In 1996, Riewe introduced fractional deriva-
tives in his study of modeling of nonconservative
mechanics. In recent decades, fractional models
have been widely used in various fields of mechanics
and engineering due to their historical memory and
spatial nonlocality, which can more succinctly and
accurately describe complex dynamic behavior, ma-
terial constitutive relations and physical proper-

tiesH222

. However, the transformation theory based
on fractional model is still an open subject. In Ref.
[23], we presented fractional canonical transforma-
tions for fractional Hamiltonian systems. Here we

will work on generalized canonical transformations
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of fractional Birkhoffian systems. We will set up the
basic identity of constructing generalized canonical
transformations. According to different cases of gen-
erating functions containing new and old variables,
we will give four kinds of basic forms of generating
functions and their corresponding generalized canoni-

cal transformation formulae.

1 Fractional Calculus

The fractional left derivative of Riemann-Liou-

ville type is defined as"*"

WDie(r)=

The right derivative is

DiE(1)=

! d\'(e k—a—1
F(/ea)<_dz)J,(5_f) £(0)do (2)

The fractional left derivative of Caputo type is

defined as
C e . 1 Yo ke 1i !
"D"C(Z)_ip(kfa)ﬁ](‘ 0) (d@) £(6)do

(3)
The right derivative is

SDLE() =

1 “ b—a—1 d !

where F(y)ZJ e 2’ 'dr is Gamma function
0

a <k the order of derivative. If a is an

=[]0

Dié(t1) = "Dié( ( )

and #— 1<<

integer, then we have

WDig(t) = [Dig(

The fractional-order integration by parts formu-

lae are'”

| woripse(arao

k—1
DD

j=0

=["e(0),ip(0)a0+

4

0)D" ' e(o)|

4

1

| worsveoran=] ¢,

1 4

sn(0)do+

[ L,

JDs T (0)DE(0)|

4

ket

(7)

2 Fractional Birkhoffian Mechanics

The fractional Pfaff action can be written as

S=J[2[R,g(z,a7),$D7aﬂ —B(r,a)]dr  (8)

=Ry(t,a’) (B=1,2,+--,2n) are Birk-
hoff” s functions, B= B(t, a”) is the Birkhoffian,
and @’ (y =1, 2, -+, 2n ) are Birkhof[’ s variables.

where R,

The isochronous variational principle

0S=0 9)
with commutative relation
0, Dia’ = Dida’ (10)

and the endpoint condition
od’|  =oa’

t=1,

=0 (11)

is called the fractional Pfaff-Birkhoff principle within
Caputo derivatives.

Expanding Principle (9) yields

R
oS = J [ Dia ﬂa da’ + R, Dida’ —

L }dzzo (12)

da’
Integrating by parts, and using Eqs. (6) and
(11), we get

J WR,;,f‘Dj’é‘aﬂdzzj a’ DR, dr+

4

(6a”,D: 'R,)

:j 6’ D' R,dt (13)

Substituting Eq.(13) into Eq.(12), we get

j IR, « B | swrdi—0 (14)
12 a (I N g T T a dt=
ol da” da’

Since the interval [ ¢, £, ] is arbitrary, and da’ is

independent, we get
By cpeart iR, — B p=1,2, 22
da" " da’
(15)
Eq.(15) can be called fractional Birkhoff’ s
equations.
If take a— 1, then Eq.(15) gives

(aRy aRﬁ),y B R,
_ORy) ., 9B IR,

da’ da’ da’ at
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Eq.(16) is Birkhoff” s equation given in
Ref.[6].
Let
ql} 18:172,...’71
a’ =
Po—n B=n+1,- 2n
R bs ﬂzl’zr“'vn (17)
o g=nt1,- 20
B=H
Then Principle (9) and Eq.(15) become
0s=0| (p.SDiq.—H)A=0 (8
CDa _aj_o
I3 g ap\
s=1,2,-,n (19)
aH
Dip———=0
aq,

Eq.(18) is the fractional Hamilton principle

and Eq.(19) is fractional Hamilton equations.

3 Fractional Generalized Canoni-

cal Transformations

The isochronous transformations from the old
variable a” to the new variable @’ are
t>1=t, a">a(t,a") (20)
Let the transformed Birkhoffian and Birkhoff’ s
functions be

B:B([7a}/)7éﬂ:§ﬁ([’a}/) /6)7}/:1,2,"',27’1

(21)
If Eq.(15) is still valid under the new variables
Band R, i.c.
IR, . _ 9B
77[(\fo¢7+ D{R, — — =0 (22)
da’ ‘ da’

then Eq. (20) is then called generalized canonical
transformations of fractional Birkhoffian system
(15). Obviously, if both the old and new variables
satisfy

o[ (R.Dia— B)di=0 (23)

aj“(R,g,ﬁ‘D;*aﬂ—B) di=0 (24)
then Eq. (20) is the generalized canonical transfor-
mations. Since the starting and ending positions of
the comparable motions of the system are defined,

there are

3le% dr= 6[F( t)

4

}: 0 (25)

Based on Eqs.(23) and (24) , considering
Eq.(25), if the relationship between the old and
new variables
R,d( D! 'a’)—R,d( Di '@)+(B—B)di=

dF (¢,a’,a") (26)
is satisfied, the transformations are generalized ca-
nonical transformations of fractional Birkhoffian sys-
tems and vice versa. Eq.(26) is called the basic
identity for constructing generalized canonical trans-
formations. Because generalized canonical transfor-
mations depend entirely on the choice of any func-

tion I, it is called the generating function.

4 Generating Function and Trans-

formations

For convenience, Birkhoff’ s variables are ex-
pressed as a ={a’, a,}, and Birkhoff’ s functions are
expressed as R={R, R}, where s=1,2, -, n.
Thus, Eq.(26) can be expressed as
RA( Dy 'a)+Rd( D 'a)— RA( D 'a)—

Rd(D: 'a)+(B—B)dt=dF (27)
where R, and R* are functions of 7, ¢’ and a; (s,j=
1,2,---,n), and R, and R' functions of 7, @ and a,.
According to the fact that the generating function
contains new and old variables, the following frac-

tional generalized canonical transformations are pre-

sented.

4.1 Generalized
based on generating functions of the first

kind

canonical transformations

Let the generating function be
F=F(¢,,D! 'a,;D; 'a,,Di '@, ;D 'a,) (28)

Then we have

oF oF .
dF =——dr+————d( Di 'a)+
a[ a/fD[a la.\
dF, N JF, N
7d r(,D;x 1 . +‘7d(;Dtn 1= +
oD e P g )
L
7D g, 1&\d(5D1 ‘a,) (29)

Substituting Eq.(29) into Eq.(27), we get
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(E—B— aPl)dH—
dt

aIs]
RS |

N aFl N
d({(,Djx*la.\’)+ RYi‘i d(/(D/aila\-)‘F
‘ D¢ a, ' :
_ JdF, .
—R,————|d(‘D¢ @)+
( oAD' ‘
_ JdF, .
—R————|d(/D;f 'a,)=0 (30)
( D a,
From Eq.(30), we have
o aFl s aFl
a D tat . D¢ 'a,
_ Ia _ I3
R, = *?71713": *ﬁii (31)
A Dl '@ d,D; 'a,
_ JdF
B=B+—
at
4.2 Generalized canonical transformations

based on generating functions of the second
kind
Let the generating function be
F=F,(t,'D{ 'a, D¢ 'a,a',a,)—
R.SDi{ 'a — R D 'a (32)

Then we have
JF, JaF,

dF=—2dr+——"—d(‘D* 'a’) +
o D" @ (iDia)
aF. ‘ aF, oF,
2 d( D¢ )+ ——da + ——da,—
d.°D; 'a, aa da,
o IR, IR
RdA('Di'a)— D e | ——dt+——da,+
' dat da;
IR, _
;dw)Rﬁ@uxla)
a
IR R’
,TDQ l(ad[+ da +da) (33)

Substituting Eq.(33) into Eq.(27), we get

_ dF,  OR, ‘%
B—B——+ D 'a@ D fde
at a ' ‘
aFg N
(R am““)uml)+
JF
Rimbg %Gm‘w+

dF, OR, IR’
— +—LDi @+ _ﬂx“@d@:o
da, da, a,
(34)
From Eq.(34), we have
an aFZ
R\_iﬂ:O,R\_(iﬂ:O
D <D
dF,  OR, ) A
— + D' A D ta,=0
da@  da " da " !
aF, | OR; . IR
. ) Da 1 7] ,( D[a 1 e O
2 + 2z, " + 22" a
B—B—an aR,» ¢ e 17}.+8}§f Cpeiz —0
at At TR
(35)
4.3 Generalized canonical transformations

based on generating functions of the third
kind

Let the generating function be
F=Ft,d,a,,D; 'a, D 'a)+ R, D; 'a+

R D; ‘a, (36)
Then we have
dF = dt +—da’ + —da, +
ot oa’ da,
aFg .
(e +
a‘Da
JoF, . . ,
ﬁd( ,(‘ D 'a,)+ R.d( ,ﬁ'D;ﬁ Ya') +
a/l/D;l a
(‘Do{*l s aR* a +
1 t a
‘ at 8a
Rd( D¢ ta,) +
e [OR IR’
+~Df ‘a, dt+—dg; +7da (37)
at da;
Substituting Eq.(37) into Eq.(27), we get
_ JF, OR, .  OR
B—B——"'—"Ypid— D g, |d
( a " )t+
— aFg ~ a— —s
(— _m d( D¢ 'a) +
= aFg (e _
—R — W)d( SDfta) +
JdF; OR, . OR’ . . ;
o o 0 D;. @ — /l]D,n a; da' +
da’ da’ da’
_ aF% _ aR/ (IDa 1 j__ aR] (‘Dn 1 d — O
3a_§ 8a,\. I t aa\ 0 ! aj a; —

(38)
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From Eq.(38), we have aF, | OR, IR
an - 7 -+ a—j D a oD gy |da, =0
= 3 = 3 a a
R —————=0, R —— =
aAfDe'a a'Di'a (42)
78Fj B BR{ Cpeig— 8R;’ pEig =0 From Eq.(42), we have |
aa aa aa 78F478R/ C a 1jiaR/ (‘,Da 1 _O
_aF3 B aRJ (Da . b IR’ (‘Dafla _0 aa’ o’ n 2’ n i J
aa.\’ aa.\' ‘ aa.\‘ l ’ o 3F4 o aRJ Crya—1 j aR/ CD& 1 . O
- . OFy OR, . IR’ ¢ pa-t 0 da, da, " " da, "'
a " a " oF.  9R R
(9) | T e D@D =0
a a da
4.4 Generalized canonical transformations ~ JF, I IR, Cpeig 4 IR’ Cpe-1z —g
based on generating functions of the fourth da, da, da, '
kind _ JF,  OR; . ., R’ a1
B—B— — Dy d ——,D; a,—
dt a " a "t
Let the generating function be IR IR
F=Ft,a',a,a,a)+ R.D! 'a+ RED: 'a,— azj D 'ad — D 'a,=0
R,Di 'a— R D; 'a, (40) (43)
Then we have It should be pointed out that the four fractional
dF — aF, di+ Ir, da Jr Ir, da 4 9 ar, dz + generalized canonical transformations determined by
at da’ da the four kinds of generating functions are only part
8F4 da +RA(CD ')+ of the transformations. Of course, only these four
fractional generalized canonical transformations are
cpalg Ldz‘—O— “da, +7da + quite extensive.
! at da;
RA(CD 1)+ S Canonical Transformations of
( IR ) Fractional Hamiltonian Systems
D a 7dl+ da +7da
- 9t 9, Let
RA(;Di'a)— @=g,a,=p,R=p,R=0,B=H (44)
IR JR, _ and
SDe 1a<dz‘+ a+— da’)— o _
J 8a] da a@=g.,a,=p.R=p,R"=0B=H (45)
Rd(‘D: 'a,)— where ¢, are the generalized coordinates, p, the gen-
R IR IR’ eralized momenta, and H is the Hamiltonian. Then
C a—1—
o D? (8dt+ oa, da; Jrid“ (41) Eq.(27) becomes
y Crya—1 = Crye—1= T —
Substituting Eq.(41) into Eq.(27), we get ‘D‘d(" D q"> P"d<" D q‘\)+<H H)dl dF
i 0F, OR, .. OR (46)
B—B— aw o T Dy a;— This is the basic identity for constructing canon-
IR IR ical transformations of fractional Hamiltonian sys-
8[] SDe A — Py SDf g, )dl+ tem. Thus, the results of generating functions and
! _ generalized canonical transformations of fractional
J
( 88F4 — aaRf D — HR\ ,fD;’la»,)da’\ + Birkhoffian systems are reduced to generating func-
¢ ¢ ¢ tions and fractional canonical transformations of frac-
( dF, IR, Cpelg — IR’ “D"la-)da + tional Hamiltonian systems. The results are as fol-
4 t 4 t j 5
aa 3aA aax lows:
( 8F4 IR, ezt IR’ ¢y la-)da‘\—F (1) The first kind of generating function and
da - da ' corresponding fractional canonical transformation are
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F:Fl(thfIC].\,/?‘DT?I@J (47) Flzzt"Df{ilq.\-:‘Dfiqu (57)
JdF, _ JF, — JdF, then the transformations are
= b= o HEHT P) Cre-1s 7 Cra1. 77
d, D! g, d,Di" g, l p=.Di 'g.p.=—:D; 'qH=H (58)
(48) Example 2 If the generating function F, is

(2) The second kind of generating function and
corresponding fractional canonical transformation are
F=F,(1,'Di 'q.p.)— p.iDi 'g.  (49)

oF, _ dF,

(50)

(3) The third kind of generating function and
corresponding fractional canonical transformation are

F=Ft,p. Di 'q)+p.SDi g, (51)

S OF o OF o 0F
p.» - a [(L‘D;x lq.‘ )t t (1.\ - ap\ ’ - af
(52)

(4) The fourth kind of generating function and
corresponding fractional canonical transformation are
F=F(t.p.p.)+p. Di 'q.— p. DI G (53)

SDy g = —@,,,“D,“’lq za—@, H=H+ 9F,
(54)

When a—>1, the results above are reduced to
the classical integer-order generating functions and
canonical transformations for Hamiltonian sys-

tems!' %,

6 Examples

In the following, some simple but important
examples are given to illustrate the effects of gener-
ating functions and fractional generalized canonical
transformations.

Example 1

Fy=.Di ‘& Di '@+ D7 a,Dila (55)
then Eq.(31) gives

R,='D! 'a,R=/.D! 'a,R.=— D! 'a
_ _ (56)
R=—'D{ 'a,B=28

If the generating function F, is

The transformation (56) shows that the new
Birkhoff’ s functions R Z{R\, Ié"’} depend on the old
variables a={d’, a,}, and the old Birkhoff’ s func-
tions R ={R,, R'} are associated with the new vari-
ables a={a', a,}.

Accordingly, for the fractional Hamiltonian

system (19), let’s take the generating function as

F,=R.,.D{ 'a+ RS D 'a, (59)
then Eq.(35) gives
R=R,R=R,'Df 'a=\ D 'a
‘ . _ (60)
D¢ la, =D la, B=B

Wherein, it is assumed that ﬁ:{ﬁ\,é’\} does not

explicitly contain . The transformations (60) show
that the new Birkhoff’ s functions are the same as
the old one, and the new Birkhoff’ s variables are
the same as the old Birkhoff’s ones, so the generat-
ing functioin (59) corresponds to the identity trans-
formation.
Accordingly, for the fractional Hamiltonian
system (19), let us take the generating function as
F.=p.Di 'q (61)
then the transformations are
p=pboiDi ‘g =.Di '¢H=H (62)

This is an identity transformation.

Example 3 If the generating function F; is
F:s:R.\-zf’Dfilaﬂ+R\z(,‘Dfildv (63)
then Eq.(39) gives
R,.=—R,R"=—R,‘'D! 'a=—D!""'a
. . _ (64)
z(\/Dzai 1&.\ - 71(\/D/ai la.\’B =B

Wherein, it is assumed that R={R,, R’} does not
explicitly contain .
Accordingly, for the fractional Hamiltonian
system (19), let us take the generating function as
Fy=p.Di 'q, (65)
then the transformations are

,5\-:_P.\-,f'Dfil(]x:_rstfilfjs»H:H (66)

Example 4 If the generating function F, is
F,=RR +RR (67)
then Eq.(43) gives
R,=— D 'a,\R=—,Di 'a,

: e _ (68)
R,=/D; 'a,R'=,D; 'a,B=B8

Wherein, it is assumed that R={R, R'} and R =
{R, E‘\} do not explicitly contain ¢z. The transforma-

tions (68) are the same as transformations (56).



No. 4

ZHANG Yi. Generalized Canonical Transformations for Fractional Birkhoffian Systems 505

Therefore, the selection of different generating func-
tions may correspond to the same generalized canon-
ical transformations.
Accordingly, for the fractional Hamiltonian
system (19), let us take the generating function as
F,=p.p, (69)
then the transformations are

po=—iDi 'q.p.=:Di ‘g, H=H (70)

7 Conclusions

In this paper, the generalized canonical trans-
formations of fractional Birkhoffian systems are
studied. Four basic forms of generalized canonical
transformations are established by different choices
of generating functions. The canonical transforma-
tions of fractional Hamiltonian systems are the spe-
cial cases. As a novel mathematical tool, fractional
calculus has been widely used in engineering, me-
chanics, materials and other research fields in recent
years because it can more accurately describe com-
plex dynamics problems with spatial nonlocality and
historical memory. Birkhoffian mechanics is a new
development of Hamiltonian mechanics, and canoni-
cal transformation is an important means of analyti-
cal mechanics, so the research on this topic is of

great significance.

References

[1] MEI Fengxiang. Analytical mechanics ( I ) (Il )[M].
Beijing: Beijing Institute of Technology Press, 2013.
(in Chinese)

[2] CHEN Bin. Analytical dynamics[ M ]. Beijing: Peking
University Press, 2012. (in Chinese)

[3] VAN DOOREN R. The generalized Hamilton-Jacobi
method for nonholonomic dynamical system of Che-
taev’ s type[J]. Journal of Applied Mathematics and
Mechanics (ZAMM), 1975, 55(7/8): 407-411.

[4] VAN DOOREN R. Second form of the generalized
Hamilton-Jacobi method for nonholonomic dynamical
systems[J]. Journal of Applied Mathematics and Phys-
ics (ZAMP), 1978, 29(5): 828-834.

[5] MEIF X. Canonical transformation for weak nonholo-

nomic systems[ J]. Chinese Science Bulletin, 1993, 38

(4): 281-285.

[6] SANTILLI R M. Foundations of theoretical mechan-
ics II[M]. New York: Springer-Verlag, 1983:
110-198

[7]

[9]

[10]

[16]

WU Huibin, MEI Fengxiang. Transformation theory
of generalized Birkhoffian systems[J]. Chinese Sci-
ence Bulletin, 1995, 40(10): 885-888. (in Chinese)
ZHANG Yi. The generalized canonical transforma-
tions of Birkhoffian systems and their basic formula-
tions[J]. Chinese Quarterly of Mechanics, 2019, 40
(4): 656-665. (in Chinese)

ZHANG Y. Theory of generalized canonical transfor-
mations for Birkhoff systems[J]. Advances in Mathe-
matical Physics, 2020, 2020: 9482356.

ZHANG Y, ZHAI X H. Generalized canonical trans-
formation for second order Birkhoffian systems on time
scales[J]. Theoretical and Applied Mechanics Let-
ters, 2019, 9(6): 353-357.

RIEWE F. Nonconservative Lagrangian and Hamilto-
nian mechanics[ J]. Physical Review E, 1996, 53(2) :
1890-1899.

TARASOV V E. Fractional dynamics[ M]. Beijing:
Higher Education Press, 2010.

ATANACKOVIC TM, KONIJIK S, PILIPOVIC
S, et al. Variational problems with fractional deriva-
Invariance conditions and Noether’ s theo-
rem[J]. Nonlinear Analysis: Theory, Methods &. Ap-
plications, 2009, 71(5/6): 1504-1517.
HERRMANN R. Fractional calculus: An introduction

tives:

for physicists [M ]. Singapore: World Scientific Pub-
lishing, 2014.

ALMEIDA R, POOSEH S, TORRES D F M. Com-
putational methods in the fractional calculus of varia-
tions[ M ]. London: Imperial College Press, 2015.
WANG Z H, HU H Y. Stability of a linear oscillator
with damping force of the fractional-order deriva-
tive[J]. Science China: Physics, Mechanics &. As-
tronomy, 2010, 53(2): 345-352.

CHEN Wen, SUN Hongguang, LI Xicheng, et al.
Fractional derivative modeling in mechanical and engi-
neering problems[ M ]. Beijing: Science Press, 2010:
1-238. (in Chinese)

ZHANG Y, ZHAI X H. Noether symmetries and con-
served quantities for fractional Birkhoffian systems[J].
Nonlinear Dynamics, 2015, 81(1/2): 469-480.
SONG C J, ZHANG Y. Conserved quantities and adi-
abatic invariants for fractional generalized Birkhoffian
systems[ J]. International Journal of Non-Linear Me-
chanics, 2017, 90: 32-38.

ZHANG Y, LONG Z X. Fractional action-like varia-
tional problem and its Noether symmetries for a non-
holonomic system[J]. Transactions of Nanjing Univer-

sity of Aeronautics and Astronautics, 2015, 32(4) :



506 Transactions of Nanjing University of Aeronautics and Astronautics

Vol. 39

380-389.

[21] SONG C J, ZHANG Y. Discrete fractional Lagrange
equations of nonconservative systems[J]. Transac-
tions of Nanjing University of Aeronautics and Astro-
nautics, 2019, 36(1): 175-180.

[22] SONG C J, ZHANG Y. Noether symmetry and con-
served quantity for fractional Birkhoffian mechanics
and its applications[J]. Fractional Calculus and Ap-
plied Analysis, 2018, 21(2): 509-526.

[23] ZHANG Yi. Theory of canonical transformation for a
fractional mechanical system[J]. Acta Mathematicae
Applicatae Sinica, 2016, 39(2) : 249-260. (in Chi-
nese)

[24] PODLUBNY I. Fractional differential equations[M ].
San Diego: Academic Press, 1999.

Acknowledgements This work was supported by the Na-

tional Natural Science Foundations of China (Nos.

11972241, 11572212, 11272227) and the Natural Science
Foundation of Jiangsu Province (No. BK20191454).

Author Prof. ZHANG Yi received his B.S. and M. S. de-
grees from Southeast University in 1983 and 1988, respec-
tively. And in 1999, he received his Ph.D. degree from Bei-
jing Institute of Technology. Now he works in Suzhou Uni-
versity of Science and Technology. At the same time, he is a
doctoral supervisor at Nanjing University of Science and
Technology. He is mainly engaged in teaching and scientific
research in the field of analytical mechanics, nonholonomic

mechanics, and Birkhoffian mechanics.

Author contributions Prof. ZHANG Yi contributed to the
whole research and writing of this paper and approved the

submission.

Competing interests The author declares no competing

interests.

(Production Editor: WANG Jing)

4 # M Birkhoff Z 4 89 X 1IE NI 5

KR
(IR MVRH R 2 AR TR 258, M 215011, H )

WE SR 4 8 Caputo F 3 T 42 W Birkhoff 2 469 53 W7 L ERW T # ., &%, T Cuputo 58 F 4 # Y

Pfaff-Birkhoff & 2 , 3 & 5 4 ¥ Birkhoff 77 #2 , s s Mz 7~ L E W T #He ey A R84 KXo ok ARIET 2 A H# .
T F Mt 0L, 3t o B Birkhoff & 4689 4 R & S8, JF F A a9 4 R A M X g i) SLER K3, #

R, i 5 Hamilton & 4609 5 8 E 0 K #5526 35 T A AR89 SE40

K HER : 5 2 Birkhofl & %6 ; 7 LB U & #5458 M- Plaff-Birkhoff /& 22 ; £ & 2



