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Abstract: As one of the most important steps in the design of bearing-less rotor systems， the design of flexible beam 
has received much research attention. Because of the very complex working environment of helicopter， the flexible 
beam should satisfy both the strength and dynamic requirements. However， traditional optimization research focused 
only on either the strength or dynamical characteristics. To sufficiently improve the performance of the flexible beam， 
both aspects must be considered. This paper proposes a two-stage optimization method based on the Hamilton 
variational principle： Variational asymptotic beam section analysis （VABS） program and genetic algorithm （GA）. 
Consequently， a two-part analysis model based on the Hamilton variational principle and VABS is established to 
calculate section characteristics and structural dynamics characteristics， respectively. Subsequently， the two parts are 
combined to establish a two-stage optimization process and search with GA to obtain the best dynamic characteristics 
combinations. Based on the primary optimization results， the section characteristics of the flexible beam are further 
optimized using GA. The optimization results show that the torsional stiffness decreases by 36.1% compared with the 
full 0° laying scheme without optimization and the dynamic requirements are achieved. The natural frequencies of 
flapping and torsion meet the requirements （0.5 away from the passing frequencies of the blade， 0.25 away from the 
excitation force frequency， and the flapping and torsion frequencies keep a corresponding distance）. The results 
indicate that the optimization method can significantly improve the performance of the flexible beam.
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0 Introduction 

Bearing-less rotor systems are widely used in 
small and medium size helicopters because of their 
simple structure， light weight， good maneuverabili⁃
ty and high reliability. For example， the MD-900， 
RAH-66 and EC-135 have been proved to have 
higher flight performance than helicopters with ordi⁃
nary configuration. The flexible beam is the main 
load-bearing part of a bearing-less rotor system， 
which bears most centrifugal force， flapping mo⁃
ments and lagging moments. However， traditional 
optimization research focused only on either the 
strength or dynamical characteristics in designing 

flexible beam. To sufficiently improve the perfor⁃
mance of the flexible beam， both aspects must be 
considered ［1］.

Existing related researches focus on two as⁃
pects： Bearing-less rotor designs and optimization 
methods. This paper focuses on the optimization 
methods.

Many kinds of schemes for the design of bear⁃
ing-less rotor and flexible beam have been proposed 
since the 1960s. A “cross beam” bearing-less rotor 
scheme， in which the main blade bearing part was a 
one-way carbon fiber girder and the root of the skin 
was a hollow twist tube， was proposed［2］. French 
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Aerospace ［2］ proposed a three-way flexible hub 
scheme with three arms of the hub made of glass fi⁃
ber reinforced plastic and oval-shaped flexible beam 
section. Boeing-Votel Company ［2］ proposed a dou⁃
ble-open section flexible beam structure made of car⁃
bon fiber. The inner and outer ends of the beam 
were connected to the connecting plate on the rotor 
shaft and the blade， respectively. McDonnell Doug⁃
las Aerospace Company ［2］ developed an automatic 
design program for bearing-less rotor in 1989， in⁃
cluding the dynamic optimization program HUB⁃
FLEX for composite flexible beam. The bearing-

less rotor was validated in a wind tunnel in 1992 and 
fitted to the MD900 helicopter［2］. Westland Helicop⁃
ter Company and Bristol University［3］ jointly devel⁃
oped a bearing-less flexible beam of complex section 
in 2002. Ref.［4］ proposed a finite element analysis 
formula for calculating section stiffness characteris⁃
tics of composite flexible beams based on the Hamil⁃
ton principle in 1998. Ref.［5］ researched the influ⁃
ence of lamination angle in 2004. Many other re⁃
searches have been conducted in recent year［6-11］.

Some researches on structural dynamic optimi⁃
zation of the flexible beam have been published 
since the 1970s. Bielawa［12］ first applied the structur⁃
al dynamics optimization method to the design of a 
flexible beam in 1971. Lim et al.［13］ established an 
aeroelasticity model of the flexible beam. Ganguli 
and Chopra［14］ optimized the composite blades to re⁃
duce the vibration load and dynamic stress under 
two constraints： Aeroelasticity stability and natural 
frequencies. Pierson et al.［15］ applied the gradient 
projection algorithm to the vibration optimization of 
cantilever beam and transformed it into an optimal 
control problem in 1977. Vavrick et al.［16］ proposed 
the frequency optimization problem of free-torsional 
vibration of a thin-walled cylinder in 1978. Ref.［17］ 
researched the structural dynamic optimization tech⁃
nology of a C-beam composite blade， and estab⁃
lished a design-oriented optimization model in 1998. 
Refs.［18-19］ researched the approaches and objec⁃
tives of optimal design for vibration reduction on he⁃
licopter rotor blade in 1999 and 2001， respectively. 
Many other researches have been conducted in re⁃
cent years［20-25］.

In previous optimization studies， the objective 
was to optimize either strength or structural dynam ⁃
ic characteristics but not both. This paper proposes 
a two-stage optimization method that simultaneous⁃
ly includes two aspects based on the Hamilton varia⁃
tional principle： Variational asymptotic beam sec⁃
tion （VABS） program and genetic algorithm 
（GA）. Two parts of the analysis model are estab⁃
lished based on VABS and the Hamilton variational 
principle to calculate section characteristics and 
structural dynamics characteristics， respectively. 
Subsequently， a two-stage optimization process is 
established. First， GA is used as an optimization 
tool to search the best combination of dynamics 
characteristics. Second， based on the primary opti⁃
mization results， the section characteristics of the 
flexible beam are optimized again using GA. The 
optimization results are validated using the Tsai-Wu 
tensor theory. The dynamic characteristics of the 
flexible beam blade under working speed are validat⁃
ed， and a resonance diagram is drawn within the 
working speed range to validate the rationality of the 
optimization results.

1 Section Characteristics Analysis 

The variational progressive beam section analy⁃
sis is a useful method for more efficient and accurate 
calculation and analysis of structure， especially of 
the composite beams.

The relationship between design parameters 
and section characteristic parameters （mass and stiff⁃
ness） is established using 2-D section characteristic 
analysis. The section characteristic parameters are 
used as intermediate parameters to connect beam 
structure and rotor dynamic characteristic parame⁃
ters.

A flow chart of the section characteristics analy⁃
sis model of flexible beam is shown in Fig.1. The 
process included two main steps： Parametric model⁃
ing and the VABS program.

1. 1 Parametric modeling　

According to different structural characteristics 
of the bearing-less flexible beam， sections are divid⁃
ed into five parts： Rotor hub connecting section， ro⁃
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tor hub transition section， torsional deformation sec⁃
tion， blade transition section and blade connecting 
section， as shown in Fig.2.

The following set of parameters is used［26］

C=
[ C 1 ( a1,b1,θ1i ),⋯,Ck ( ak,bk,θki ),⋯,Cn ( an,bn,θni ) ]

(1)
where Ck is the parameterized variable set of the kth 
section， including the width of the rectangular sec⁃
tion ak， the thickness of the section bk， and the lami⁃
nation angle of the section θk.
1. 1. 1 Parameters of nodes　

A rectangular section is parameterized. With 
the center of the rectangle as the point of origin 
( 0，0 )， its coordinates can be expressed as

xi +( j - 1 )( n + 1 ) = - ak

2 + ak

n
i (2)

yi +( j - 1 )( n + 1 ) = - bk

2 + bk

m
i ( j - 1 ) (3)

1. 1. 2 Gridding cells　

The nodes obtained are connected in sequence 
to form a quadrilateral mesh， and the elements are 
numbered for use in the preprocessing file. The file 

is used to calculate the VABS program to obtain the 
section characteristics of the flexible beam. The 
parametric geometric modeling of the rectangular 
section and cross section are shown in Fig.3.

1. 1. 3 Node properties　
Three coordinates are used： A global coordi⁃

nate to define geometric parameters ( x 1，x2，x3 )，a 
material coordinate to define material properties 
( e1，e2，e3 )，and an intermediate transformation coor⁃
dinate to define lamination parameters ( y1，y2，y3 ). 
θ1， θe and θki are the unit shape and position. θe is 
the designable lamination angle， and θki the lamina⁃
tion angle defined in the design parameter set， re⁃
spectively. As shown in Fig. 4， the parameters are 
defined as the coordinates［27］.

1. 2 VABS　

VABS analysis is a method widely used for 
composite beam analysis. VABS is based on the 
variation asymptotic method （VAM）. The process 
of VAM involved replacing a 3-D model of the flexi⁃
ble structure with a 2-D section model and a 1-D 
nonlinear beam model. The stiffness matrix ob⁃
tained using the 2-D cross-section model analysis 
represents the parameters of the 1-D nonlinear beam 
model［24］. The warping field from beam model and 
section model could restore the section characteris⁃
tics of the original 3-D model.

According to the rotation tensor decomposition 
theory， the Jaumann-Biot-Cauchy strain in the coor⁃
dinate system b is derived to obtain the 3-D strain 
field

Fig.2　Typical structure of a flexible beam

Fig.3　Geometric modeling of flexible beam

Fig.4　Coordinate systems for the definition of VABS lami⁃
nation parameters

Fig.1　Flow chart of section characteristics analysis model
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Γ= Γ α + Γ ε̄ ε̄+ ΓRw+ Γ lw ' (4)
where Γ α represents the strain field of characteristic 
length of the composite beam section， Γ ε̄ the strain 
field of 1-D generalized strain，Γ l the strain field of 
length of the beam and ΓR the strain field of charac⁃
teristic radius at the initial bending rate. The matrix 
expressions used are as previously described［25］： Γ=

[ Γ 11，2Γ 12，2Γ 13，Γ 22，2Γ 23，Γ 33 ] T
，w= [ w 1，w 2，w 3 ]T 

and  Γ α，Γ ε̄，ΓR，Γ l .
Strain energy can be calculated using the fol⁃

lowing section strain energy expression
ì
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(5)

where D is the material stiffness coefficient matrix 
of the section.

The constitutive relation equation can be ob⁃
tained as
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The stiffness coefficient matrix can be ex⁃
pressed as
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For finite element modeling of flexible beam 
with rectangular section， the section is divided into 
finite element mesh and assigned material proper⁃
ties. The design parameters of the section include  
geometric， lamination and material parameters. The 
characteristic parameters of the section inclucle the 
mass and stiffness distributions of the section ob⁃
tained from the VABS program.

1. 3 Validation of VABS　

The calculation results of the beams are veri⁃
fied based on the following assumptions ［28］：

（1） The boundary between single layers is ide⁃
al. As an overall structural plate， the thickness of 
the boundary layer can be ignored， and no deforma⁃
tion occurs on its own.

（2） The thickness of each layer is uniform， 
and is made of linear elastic orthotropic material.

（3） The positive strain in the thickness direc⁃
tion of the laminated beam can be ignored.

（4） The bending of the beam is always in the 
plane.

（5） The deformation of the beam is small com ⁃
pared with the structural size.

The comparison between stiffness obtained by 
theory and VABS calculation is shown in Table 1.

As can be seen in Table 1， the results obtained 
using the VABS and the classical theory are close， 
indicating that VABS has good reliability and accu⁃
racy.

2 Structural Dynamics Analysis 

In structural dynamics analysis， the analysis 
model is used to calculate the dynamic characteris⁃
tics of flexible beam and the overall rotor system. 
The purpose of the dynamic analysis model is to cal⁃
culate dynamic characteristics of the section. The 
dynamic characteristics are optimized to establish an 
aeroelasticity dynamic model to study the relation⁃
ship between the inherent characteristics and the 
structural parameters.

The structural dynamics models are established 
based on the Hamilton variational principle and the 
moderately deformed beam theory as previously de⁃
scribed［26］. A flow chart of the dynamic model is 
shown in Fig.5.

Table 1　Comparison of stiffness obtained by theory cal‑
culation and VABS calculation MPa

Modal

Stretch
Torsion
Flapping
Lagging

Theory
calculation

3.980 0×1010

0
3.316 7×109

3.316 7×109

VABS
calculation

3.980 0×1010

0
3.316 7×109

3.316 7×109
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2. 1 Hamilton variation principle　

According to the Hamilton variational princi⁃
ple， for a conservative system， the time integral of 
the total potential energy of the system should be 
minimal［26］. As the rotor system is subject to non-

conservative forces， this principle can be applied 
to ［25，27］

δΠ =∫
t1

t2

( )δU - δT - δW dt = 0 (8)

where δU， δT and δW  represent the variation in 
strain energy， kinetic energy and virtual work， re⁃
spectively， which can be expressed individually as

δU = ∑
b = 1

Nb

δU b, δT = ∑
b = 1

Nb

δTb, δW = ∑
b = 1

Nb

δW b (9)

（1） Strain energy variation　
The strain energy variation of the bth blade 

could be expressed as

δU b =∫
0

R∫∫
A

 

(Eεxx δεxx + Gεxη δεxη +

)Gεxζ δεxζ dηdζdx (10)
The moderate deformation of the blade caused 

the nonlinearity of the strain， which can be ex⁃
pressed as
ì

í

î

ï

ï

ï

ï

ï

ï

ï
ïï
ï

ï

ï

ï

ï

ï

ï

ï

ï

ï

ï

ï

ï

ï
ïï
ï

ï

ï

ï

ï

ï

ï

εxx=ε11=

u'+
v'2

2 + w'2

2 -λT ϕ''+( )η2+ζ 2 ( )θ '0 ϕ'+
ϕ'2

2 -

v'' éë
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ûη cos ( )θ0+ϕ̂ -ζ sin ( )θ0+ϕ̂ -

w'' éë
ù
ûη sin ( θ0+ϕ̂ )+ζ sin ( )θ0+ϕ̂

εxη=2ε12=-( )ζ+ ∂λT

∂η
ϕ'=- ζ̂ϕ'

εxζ=2ε13=-( )η+ ∂λT

∂ζ
ϕ'=- η̂ϕ'

(11)

where λT represents the warping function. The 
strain energy term is dimensionless and the order is 
preserved.

（2） Kinetic energy variation　
The kinetic energy variation of the b th blade 

can be expressed as

δU b = m 0 Ω 2 R3∫
0

1

(U u'e δu'e + U v'δv'+ U w'δw'+

U v'' δv'' + U w'' δw '' + U ϕ̂ δϕ̂ +

U ϕ̂' δϕ̂' + U ϕ̂'' δϕ̂'' ) dx (12)
（3） Virtual work variation　
The virtual work variation of the b th blade can 

be expressed as

δTb = m 0 Ω 2 R3∫
0

1

m ( Tue
δue + Tv δv + Tw δw +

Tv'δv'+ Tw' δw'+ Tϕ δϕ + TF ) dx (13)

2. 2 Bearing‑less rotor system　

The flexible beam and twist tube are described 
by the same form of finite elements［29］. The energy 
variation of the flexible beam blade system can be 
expressed as

δΠb =∫
t2

t2 é

ë
ê
êê
ê∑

i = 1

N

( )δU - δT - δW
ù

û
úúúú

b

dt = 0 (14)

The energy equation expression of the b th 
blade is

δΠb =∫
ψI

ψF

δqT (M b q̈+ C b q̇+ K bq- F b) dψ = 0 (15)

According to the arbitrariness of the virtual dis⁃
placement theory， the nonlinear motion equation 
can be expressed as

M b q̈+ C b q̇+ K bq= F b (16)
where M b is the mass matrix， C b the damping ma⁃
trix， K b the stiffness matrix， and F b the load vector 
of the bth blade［30］.

2. 3 Validation of rotor system　

The natural frequencies of the flexible beam 
are calculated using the structural dynamics analysis 
model and ANSYS software， as shown in Table 2. 
As can be seen in Table 2， the calculation results 
are very close to those of ANSYS simulation， indi⁃
cating that the dynamical model has high accuracy.

Fig.5　Flow chart of the modeling process of flexible beam 
blade
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3 Two‑Stage Optimization Model

3. 1 Genetic algorithm　

GA is used widely in optimization. A flow 
chart of the calculation process of GA is shown in 
Fig.6.

The flexible beam structure dynamic optimiza⁃
tion problem can be decomposed into two stages： 
Dynamic optimization and section optimization.

The energy equation and nonlinear motion 
equation of the blade are derived based on the Ham ⁃
ilton variational principle. The dynamic model of 

flexible beam-blade system structure is established 
and verified through an example. The influence of 
the length of the flexible section on the overall sys⁃
tem dynamic characteristics is studied based on the 
blade data， and the selection range of the length of 
the flexible beam with the model blade is obtained.

The two-stage optimization process is shown in 
Fig.7.

3. 2 Structural dynamics optimization　

The optimization model of the bearing-less ro⁃
tor dynamic can be expressed as

MinF 0 = F 0( X ) (17)
X = (kβ,kφ,kξ,ks,L) (18)

s.t.
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F 0 = Fβ1 - Fβα1

Fβ - Fζ > fb

F B
φ1 ≤ Fφ1 ≤ F U

φ1

k B
β ≤ kβ ≤ k U

β1

LB ≤ L ≤ LU

(19)

where F 0 is the objective function； X the optimiza⁃
tion variable set， including the stiffness k and the 
length of the flexible beam L； β，φ，ξ represent the 

motion in three directions： flapping， lead-lagging 
and torsion； F represents the natural frequency， in 
which the subscripts B and U represent the lower 
and upper boundaries； and fb represents the interval 
of lead-lag-torsion frequencies［26］.

（1） Optimization target　
The first-order natural frequency ratio of hinge-

less and bearing-less rotors is 1.08Ω—1.15Ω. The 
ratio of the expected frequency to the actual first-or⁃
der flapping natural frequency shall be close to the 
required value and can be expressed as Eq.（17）.

（2） Optimization variables　
The first-order natural frequency ratio of hinge-

Table 2　Comparison of natural frequencies obtained by 
theory calculation and ANSYS calculation Hz

Order

1
2
3
4
5

Modal

Lagging 1st
Flapping 1st
Flapping 2nd
Torsion 1st

Flapping 3rd

Theory
calculation

8.789
17.568
54.911

107.526
152.332

ANSYS
calculation

8.792
17.584
54.951

107.545
152.487

Fig.6　Flow chart of GA

Fig.7　Flow chart of the two-stage optimization method
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less and bearing-less rotors is 1.08Ω—1.15Ω. The 
ratio of the expected frequency to the actual first-or⁃
der flapping natural frequency shall be close to the 
required value and can be expressed as Eq.（18）.

（3） Optimization constraints　
The design variables of dynamic optimization 

include the length of the flexible beam L and the 
stiffness of the root of flexible beam k， which is 
composed of tension stiffness ks， torsional stiffness 
kξ， flapping stiffness kβ and lead-lagging stiffness 
kφ， as shown in Eq.（19）.

3. 3 Section optimization　

3. 3. 1 Section optimization　

The mathematical model of the bearing-less ro⁃
tor section geometry optimization can be expressed 
as

MinK = Kξ(Y ) (20)
Y = ( a,b ) (21)

s.t.
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b = S/a
Kβ - kβ < ε
Kφ - kφ < ε
aB < a < aU

(22)

（1） Optimization target　
The aim of geometry section optimization is to 

reduce the section torsional stiffness of the flexible 
beam to accommodate the required degrees of free⁃
dom.

The torsional stiffness should be significantly 
lower than the flapping stiffness and lead-lagging 
stiffness. Similarly， in the extension direction of the 
flexible beam， the torsional stiffness of the torsional 
deformation part should also be at a minimum［31］. 
The target can be expressed as Eq.（20）.

（2） Optimization variables　
The design variables are the geometric parame⁃

ters of the flexible beam section. In this paper， a 
rectangular section with a determined area Y is se⁃
lected as shown in Eq.（21）.

（3） Optimization constraints　
The design variables are the geometric parame⁃

ters of the flexible beam section. In this paper， a 
rectangular section with a determined area Y is se⁃
lected as Eq.（22）.

3. 3. 2 Lamination optimization　

Similar to the geometry section optimization， 
the mathematical model of the lamination optimiza⁃
tion can be expressed as

MinK = Kξ(Y ) (23)
Y = ( θ3i ) (24)

s.t.

ì
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î

ï
ïï
ï

ï
ïï
ï
ï
ï

-90° ≤ θ3i ≤ 90°
Kβ - kβ < ε
Kφ - kφ < ε
nm < i < n

(25)

where θ3i represents the lamination angle of the ith 
ply， nm the number of intermediate plies， and n the 
total number of laminations.

（1） Optimization target　
The optimization target is the lamination angle 

（-90° ≤ θ3 ≤ 90°）， which has a great influence on 
the section characteristics as Eq.（23）.

（2） Optimization variables　
The optimization variable of the lamination op⁃

timization was the lamination angle （-90° ≤ θ3 ≤
90°）， which had a great influence on the section 
characteristics as Eq.（24）.

（3） Optimization constraints　
The constraints of lamination optimization 

were similar to those of section optimization as 
Eq.（25）.

4 Results 

The results of this paper are presented in two 
parts： The processes of the optimization and the val⁃
idation of the optimization results.

The first part includes the processes and details 
of the structural dynamic optimization， section opti⁃
mization and lamination optimization.

The second part includes the strength analysis 
and dynamic analysis of the optimization results. 
Here， the optimization results obtained are demon⁃
strated to be reliable and reasonable.

4. 1 Structural dynamics optimization　

The first-order frequencies of flapping and lead-

lagging are taken as optimization objectives， and the 
weight coefficient is taken as the evaluation func⁃
tion. The population size is 50 and the population 
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generation is 30. The optimization processes are 
shown in Fig.8.

As can be seen in Fig. 8， the fitness and aver⁃
age distance converge quickly， indicating that the 
genetic algorithm has good performance.

Through the optimization process， length and 
torsional stiffness of the flexible beam are obtained 
to satisfy the frequency requirement and as con⁃
straints to guide the subsequent geometric optimiza⁃
tion step. The dynamic optimization results are 
shown in Table 3.

Through the structural dynamics optimization 
of bearingless rotor flexible beam， the length and 
torsional section stiffness are obtained and used as 
constraints to guide the subsequent optimization of 
the section parameters.

4. 2 Section optimization　

Based on the section characteristics obtained 
through the dynamic optimization， the geometric pa⁃
rameters of the flexible beam section are also opti⁃
mized using the genetic algorithm. The optimization 
processes is shown in Fig.9.

As can be seen in Fig. 9， the fitness and aver⁃
age distance converge quickly， indicating that the 
genetic algorithm has good performance.

The results of stiffness values and geometric 
parameters of optimization are shown in Table 4.

According to the results shown in Table 4， we 
can conclude that： Compared with the kinetic opti⁃
mization， the torsion stiffness decreases by 18.1%； 

Fig.8　Process of structural dynamic optimization of flexible 
beam

Table 3　Results of structural dynamic optimization with 
single objective

Modal

Lagging
Lagging
Torsion
Stretch

Frequency/
Hz

1.11
0.65
4.41

Stiffness/
( N·m2 )

1.442 3×106

6.091 6×105

5.293 0×105

2.100 0×105

Flexible beam 
length/m
0.718 5

Fig.9　Process of section geometry optimization of flexible 
beam

Table 4　Results of the section geometry optimization N·m2

Geometry

Kinetic optimization results
a = b

a =15.964,b =1.684 2

Stretch
stiffness

4.987 6×107

5.584 7×107

Torsion
stiffness

5.293 0×105

7.427 5×105

4.333 2×105

Flapping
stiffness

1.442 3×106

1.057 6×106

1.395 7×106

Lagging
stiffness

6.091 6×106

1.056 5×106

1.159 0×106
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and compared with the equal area rectangular 

scheme ( a = b )， the torsion stiffness decreases by 

41.7%. These results indicate that the section opti⁃

mization under the constraint of leg-lagging stiffness 

has considerable effect on the optimization of tor⁃

sional stiffness.

4. 3 Lamination optimization　

The section optimization is carried out based 

on the geometric parameters of the flexible beam ob⁃

tained through the geometric optimization. This pa⁃

per presents two schemes of lamination optimization 
as shown in Fig.10 and Fig.11， respectively.

Fig.10　Process of section lamination optimization of flexible beam (Scheme 1)

Fig.11　Process of section lamination optimization of flexible beam (Scheme 2)
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According to the results in Fig.10 and Fig.11， 
the fitness and average distance converge quickly， 
indicating that the genetic algorithm has good perfor⁃
mance.

The optimization results of the two general 
lamination schemes are shown in Table 5.

Based on the data in Table 5， the lamination 
parameter scheme of flexible beam is obtained to re⁃
duce the torsional stiffness of the section. The re⁃
sults show that the torsional stiffness of Scheme 1 
reduces by 66% compared with the full 0° layering 
scheme， whereas the torsional stiffness in Scheme 2 
decreases by 36.1%. This indicates that the optimi⁃
zation scheme has a significant effect on reducing 
the torsional stiffness.

4. 4 Strength analysis　

A composite material flexible beam composed 
of 36 laminations is established. Fixed constraints 
and centrifugal force are applied at the root of the 
beam and the tip of the beam， respectively. The 
stress distribution of each lamination is obtained. 
The total deformation of the flexible beam under 
centrifugal force is 22.18 mm. The stress distribu⁃
tions of the dangerous lamination are shown in Ta⁃
ble 6. According to the results in Table 6， the safety 
factor of each dangerous stress lamination is less 
than 1， which indicates that the composite material 
flexible beam does not fail under the centrifugal 
force load of the blade.

4. 5 Dynamic analysis of flexible beam　

The modal analysis of the flexible beam blade 
model is carried out to analyze its dynamic character⁃

istics. During the rotation of the rotor， the effect of 
the pre-stress generated by the centrifugal force will 
affect its natural frequency. Therefore， to analyze 

Table 5　Optimization results of section lamination

Lamination
Scheme

Kinetic results
0°

Scheme 1

Scheme 2

Layup
parameter

0°
[94.579 93.954

176.119 179.754
92.983 110.221
95.000 102.425
98.719 91.788]s

[±45 85.523
1.414 80.406
8.255 84.702

0     0]s

Stretch/
( N·m2 )

9.880 0×107

1.027 6×107

5.662 5×107

Twist/
( N·m2 )

5.293 0×105

4.825 8×105

1.654 3×106

4.440 8×105

Flapping Bending/
( N·m2 )

1.442 3×106

1.974 4×106

4.746 8×106

1.259 9×106

Pendulum Bending/
( N·m2 )

6.091 6×105

2.099 6×105

2.180 2×105

1.174 7×106

Table 6　Checklist for dangerous stress lamination of flexible beams

No.

1

2

9

17

Lamination 
angle/(°)

45

-45

0

0

Maximum
stress/MPa

134.780

133.300

71.819

87.237

σx/MPa

134.640

133.160

71.810

87.233

σy/MPa

43.131 0

42.479 0

4.373 1

3.103 6

τxy/MPa

10.237 00

9.010 30

0.707 94

1.332 00

f

0.607 8

0.481 4

0.050 7

0.020 8

Lamination
material

Carbon cloth/
Resin

Carbon cloth/
Resin

Glass cloth/
Resin
Glass

unidirectional
tape/Resin
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the dynamic characteristics of the rotor’s flexible 
beam and the blade in its working condition， it is 
necessary to validate it under working speed.

The first 6-order frequencies are shown in Ta⁃
ble 7.

Figs.12—14 show the first one order of tor⁃
sion， first two orders of lead-lagging， and first three 
orders of flapping of resonance diagrams. According 
to the results shown in Figs.12—14， the natural fre⁃
quencies of flapping and torsion meet the require⁃
ments： The flexible beam is 0.5Ω away from the 
passing frequencies of the blade， 0.25Ω away from 
the excitation force frequency， and the natural fre⁃

quencies of flapping and torsion keep a correspond⁃
ing distance. These results indicate that the dynamic 
characteristics meet the design requirements.

It is worth noting that the first-order natural fre⁃
quency of torsion at the working speed in Fig. 12 is 
close to the exciting force caused by 3Ω. This is 
mainly because the natural frequency of torsion is al⁃
so associated with the stiffness of the control wire 
system. Therefore， the design of the torsional dy⁃
namic characteristics should also consider the design 
of the control system.

5 Conclusions 

VABS program is used to calculate the section 
characteristics， and the mass and stiffness character⁃
istics of the section are also obtained. A dynamic 
analysis method of the isolated blade is established 
based on the Hamilton variation principle and the 
moderately deformation beam theory.

A two-stages optimization method of flexible 
beam is established. Its results show that the torsion⁃
al stiffness of the design section of the flexible beam 
is significantly reduced. The dangerous stress lami⁃
nations of composite flexible beams are in safe 
range. The dynamic characteristics of the flexible 
beam blade system are obtained at the working 
speed， and the resonance diagram is drawn in the 
design speed range. The results show that the de⁃
sign scheme meets the design requirements.

The optimization results show that the torsion⁃
al stiffness decreases by 36.1% compared with the 
full 0° laying scheme without optimization and the 

Table 7　The first 6‑order frequencies of the flexible 
beam blade at the working speed

Modal

Lead⁃lag 1st
Flapping 1st
Flapping 2nd

Twist 1st
Flapping 3rd
Lead⁃lag 2nd

Simulation
frequency/Hz

10.860
21.514
54.386
61.057
92.400
93.675

Frequency
ratio Ω

0.60
1.12
2.85
3.19
4.84
4.90

Fig.12　Flapping resonance diagram of flexible beam

Fig.13　Lagging resonance diagram of flexible beam

Fig.14　Feathering resonance diagram of flexible beam
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dynamic requirements are achieved. The natural fre⁃
quencies of flapping and torsion meet the require⁃
ments （0.5 away from the passing frequencies of the 
blade， 0.25 away from the excitation force frequen⁃
cy， and the flapping and torsion frequencies keep a 
corresponding distance）. The results indicate that 
the optimization method can significantly improve 
the performance of the flexible beam.

Further research of the following characteris⁃
tics is recommended： （1） The torsional frequency 
of the bearing-less rotor is also associated with the 
structural characteristics of the twisted tube part and 
therefore， a dynamic optimization design research 
including the twisted tube will yield more accurate 
results. （2） The dynamic optimization design of 
flexible beam structure is only developed based on 
the rectangular section， but real engineering design 
would require more complex sections.

Traditional optimization methods of flexible 
beam design could only optimize either the geomet⁃
ric or the dynamic characteristic. This paper estab⁃
lishes a two-stage optimization method based on ge⁃
netic algorithm that can optimize both section and 
dynamic characteristics， significantly improving the 
performance of the flexible beam. The method and 
modals proposed could be potentially used to guide 
the design and optimization of the flexible beam in 
other bearing-less helicopter rotor systems.
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基于遗传算法的直升机旋翼柔性梁结构动力学优化研究

高亚东 1， 皮润格 1，2， 黄大伟 1

（1.南京航空航天大学直升机旋翼动力学国家级重点实验室，南京  210016，中国；

2.中国航空综合技术研究所装备服务产品部，北京  100028,中国）

摘要：柔性梁的设计是无轴承旋翼系统设计的重要环节之一。直升机旋翼工作在复杂的动力学环境中，设计柔

性梁时必须要同时满足强度和动力学要求。针对传统的优化设计方法只优化其中一方面的缺陷，本文提出了一

种能兼顾强度和动力学性能的优化方法。该方法基于 Hamilton 变分原理、变分渐近梁截面分析（Variational as⁃
ymptotic beam section analysis， VABS）程序和遗传算法（Genetic algorithm， GA）建立，分为初级优化和次级优化

两步。首先采用遗传算法对柔性梁桨叶系统进行结构动力学初级优化，得到设计段最优化剖面刚度特性方案；

然后基于初级优化结果对结构设计参数进行次级优化，得到满足目标设计要求的柔性梁结构参数设计方案。优

化结果表明，在满足动力学要求的前提下，扭转刚度较优化前降低了 36.1%。同时旋翼动力学分析结果表明，挥

舞和扭转的固有频率满足设计要求（两频率距旋翼通过频率 0.5Ω，距激振力频率 0.25Ω，挥舞和扭转频率保持相

应距离）。上述结论表明通过该优化方法得到的设计方案能够显著提高柔性梁的性能。

关键词：无轴承旋翼系统；柔性梁；动力学优化；哈密尔顿变分原理；变分渐进梁截面分析；遗传算法
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