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Abstract: The shape of ice accretion on aircraft surfaces is crucial to icing wind tunnel tests. Currently， geometrical 
parameters of ice， such as height， angle， and location， are used to characterise the ice shape from a 2-D perspective. 
However， the surface roughness of ice-shape， which is crucial to aerodynamic analysis， is always ignored. In this 
paper， the fractal theory is used to characterise the ice roughness， and the corresponding characterisation method is 
explained. An aerofoil-icing test is conducted in a large icing wind tunnel to verify the feasibility and validity of the 
proposed method. In the test， the icing growth information of the aerofoil surface is collected using laser line scan 
technology. Then， the 3-D ice shape is reconstructed using the collected data. Subsequently， the 3-D ice shape is 
analyzed using fractal theory， where the profile curves at different positions of the ice shape are extracted. 
Additionally， the corresponding fractal dimension and joint roughness characterisation are calculated to summarise the 
linear regression equations of the fractal dimension. Then， the data points from profile curves are extracted to simulate 
the fractal interpolation functions of the ice. Correlation analyses show that ice accretion on the aircraft surface exhibits 
fractal features， and the fractal dimension is proportional to the joint roughness characterisation， which can be used as 
the assessment parameter of surface roughness of ice. Consequently， the fractal interpolation simulation of the ice-

shape curves represent an excellent approximation of the ice accretion on aircraft surfaces. The fractal characterisation 
of rough surfaces provides a new approach for scientifically quantifying 3-D ice features.
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0 Introduction 

Aircraft icing is a common phenomenon that 
can cause dangers during flights. Consequently， nu‑
merous studies have focused on icing predictions， 
post-icing aerodynamic characteristics， and aircraft 
icing-safety protection. In particular， analysis of ice 
formation mechanisms， ice types， and the ice evolu‑
tion law on aircraft surfaces is a fundamental re‑
search field. Due to the influence of atmospheric 
conditions and flight parameters， ice accretion on 
aerofoils occurs in various shapes and sizes， with 
complex and irregular structures. Consequently， 
quantitatively evaluating the structural characteris‑

tics of ice can be challenging. Some studies focus on 
quantitatively describing the 3-D ice shape. Current‑
ly， 2-D quantification methods are used. However， 
these methods rely on a single parameter， such as 
the angle and height of the ice horn， making the 
characteristics of the ice shapes difficult to be fully 
described.

Moreover， other studies have shown that 
roughness greatly affects the aerodynamics of the 
aircraft， the convective heat transfer of the surface， 
and the final form of the ice after icing［1-3］. Neverthe‑
less， when studying the effect of ice shape fidelity 
on aerodynamic performance［4-5］ ， smooth simula‑
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tions can adequately represent the ice accretion by 
neglecting the roughness of the ice surface. There‑
fore， establishing a systematic description of the sur‑
face roughness of complex ice shapes for aircraft ic‑
ing research is required.

Since the 1990s， the effect of ice roughness has 
been extensively studied by experimental and nu‑
merical methods. Some studies have documented 
the ice growth processes using high-speed cameras. 
The features are manually extracted to obtain the 
roughness data from the photographic images［6-9］. 
According to the records of early wind tunnel tests， 
spectral analysis can be used to calculate roughness 
parameters， and the results can be used for subse‑
quent research［10-11］.

The NASA Lewis Center developed the con‑
cept of effective roughness of icing surfaces［12］ ， 
which represents the uniform distribution of equiva‑
lent particle microelements on the ice surface. Shin 
et al.［13-14］ proposed an empirical formula for surface 
equivalent particle roughness with respect to liquid 
water content， temperature， mean droplet diame‑
ter， chord length， and other factors. However， few 
test results are available and even these could be bi‑
ased because of subjective factors of the research‑
ers， making previous results inadequate. In China， 
little research has been conducted in this field， and 
most focused on the relationship between roughness 
and convective heat transfer， assuming the rough‑
ness parameters without systematic research［15-18］. 
Most of the ice-shaped surfaces simulated by these 
assumed parameters have been uniformly structured 
with undulating morphologies， while ice surfaces 
are disordered and uneven. Consequently， the simu‑
lated results have differed substantially from the ex‑
periments.

The fractal theory was proposed in the 
1970s［19］， drawing much attention in the fields of 
economics， material engineering， chemistry， and 
various other disciplines［20］. As an inimitable branch 
of mathematics， fractals provide a theoretical foun‑
dation to analyse irregular objectives in natural and 
human society. It should be noted that surface 
roughness measurements and characterisation have 

long been research topics in tribological simula‑
tions［21-22］， and their research methods have certain 
implications to the scientific characterisation of ice-

shaped surface roughness.
Consequently， this study uses the fractal theo‑

ry to analyze the characteristics of ice surfaces. First‑
ly， a laser scanning measurement system is used to 
scan the ice accretion in an ice wind tunnel， process 
the scanned data， and reconstruct the 3-D digital ice 
form. Secondly， the ice growth process is examined 
to verify whether the ice has a fractal structure. Sub‑
sequently， the fractal dimension and joint roughness 
coefficients of the surface profile curve derived from 
the digital model are calculated， and the correlation 
between the fractal dimension and joint roughness 
coefficients is explored. Finally， the fractal dimen‑
sion of ice used to construct the fractal interpolation 
curves is determined to reconstruct the ice-shaped 
surfaces.

1 Fractal Theory Analysis for Ice 
Joint Roughness 

1. 1 Fractal definition　

A fractal is defined to be a set for which the 
Hausdorff dimension strictly exceeds the topological 
dimension. However， this definition excludes some 
sets with evident fractal characteristics. Thus， the 
definition is improved and a fractal is defined to be a 
set F holding the following properties［19］：

（1） F has a fine structure，i.e.， detailed at arbi‑
trarily small scales.

（2） F has many irregularities that can be diffi‑
cult to describe by traditional geometrical language， 
both globally and locally.

（3） F has some forms of self-similarity， ap‑
proximate or statistical.

（4） Usually， the fractal dimension of F is 
greater than its topological dimension.

（5） In most cases， F can be defined in a simple 
way，for example， recursively.

1. 2 Fractal dimension　

The fractal dimension is a crucial feature pa‑
rameter of fractals， usually a non-integer. In particu‑
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lar， the measured relationship between a fractal and 
the fractal dimension must obey a power law， i. e.，  
as δ → 0， for constant c and s， then

M δ ( F ) ~cδ- s (1)
where s is the dimension of the fractal set F， and c 
the dimensional length of the set. If we take the log‑
arithm of both sides of Eq.（1）， then

lg M δ ( F ) ~ lg c - s lg δ (2)
Note that lg M δ ( F )-( lg c - s lg δ ) → 0 

as δ → 0

s = lim
δ → 0

lg M δ ( F )
-lg δ

(3)

When δ is in a suitable range， the value of s 
can be obtained by estimating the slope of the func‑
tion expressed in Eq.（2）， i.e.， lg M δ ( F ) and log δ.

Various methods can be used to calculate the 
fractal dimension. In particular， the box-counting 
method is simple， easy to implement and offers 
good suitability. It is one of the most widely used 
methods to calculate the fractal dimension. It uses a 
series of boxes or lattices whose lengths define δ 
that covers the fractal set. The different sizes of lat‑
tices intersecting the fractal set， denoted as 
M δ ( F )， can then be counted. When the lattice 
length δ → 0， the logarithmic rate of increase in the 
number of covered lattices is the box-counting di‑
mension.

1. 3 Characterisation of fractal dimension of 
ice⁃shaped roughness　

The first step to determine the ice surface 
roughness is to measure the ice shapes in an icing 
wind tunnel. Subsequently， an image processing 
method can be used to calculate the box-counting di‑
mension of the ice profile at the cross-sections of ice 
accretion. The detailed process is shown in Fig.1.

The steps can be summarised as follows：
（1） Create 2-D ice profile prints of the cross-

sections of ice accretion， with pixels of N × N，N =
2k，k ∈ N+. Then， convert the image into a binary 
image， and develop a 0 and 1 pixel matrix.

（2） Divide the pixel matrix into two disjoint 
blocks， and each block is a ω × ω matrix， where 
ω = 2i ( i = 0，1，2，⋯，k ). Then， record the number 
of blocks containing element “1”， denote them as 

M ω ( F )， and repeat the procedure for all blocks to 
obtain a sequence of ( ω，M ω ( F )).

（3） Obtain a diagram by fitting the data 
( - lg ω，lg M ω ( F )) using the least square method. 
Calculate the slope of the fitting line， and the box-

counting dimension will be obtained when the slope 
takes a negative value.

2 Measurement of 3⁃D Ice Shapes 
in Icing Wind Tunnels 

2. 1 Testing equipment and method　

Icing experiments for a straight wing were per‑
formed in a 3 m × 2 m icing wing tunnel in China 
Aerodynamics Research and Development Centre. 
The span and chord of the wing were 1.98 m and 
2.2 m， respectively. The main material was alumini‑
um alloy. The operating condition were as follows： 
H = 3 km，V = 50 m/s，Ts = -22.5 ℃ ，α = 3.5°，
MVD = 20.0 μm， and LWC = 0.8 g/m3.

During the experiments， a visible laser line 
scanning system was used to recover the 3-D shape 
development of the continuous growth of ice accre‑
tion on the model. The system included a high-

speed camera， a laser， and a high-precision rotating 
platform. The camera imaging resolution was 
4 096 pixel × 3 000 pixel， and the maximum frame 
rate under full frame was 68 frame/s. The diameter 
of the high-precision rotating platform was 102 mm 
with a rotational angle range of 360°， at a resolution 

Fig.1　Algorithm for determining ice-shaped surface 
roughness
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of 0.01° . Moreover， the fastest speed was approxi‑
mately 20 （°）/s with positioning accuracy repeatabil‑
ity of ≤ ±0.005°. The laser output wavelength was 
approximately 635 nm， and the minimum line width 
was approximately 1 mm. The output power could 
be adjusted from 0 to 120 mW.

When measuring the iced surface， the laser pro‑
duced a laser sheet that was projected onto a reflec‑
tor， and the reflection was re-projected onto the 
iced surface of the model. The reflector was then ro‑
tated using a high-precision rotary table， controlling 
the laser sheet scan of the iced surface. This system 
did not require spatial movement during measure‑
ment， so it could be installed on any side frame of 
the icing wind tunnel test section. The test site is 
shown in Fig.2.

2. 2 Testing results　

During the experiment， a single scan was per‑
formed at four different time， i. e.， 5， 10， 15， and 
20 min. The span of the scanned model was 
30 mm， and the ice growth on the wing was mea‑
sured. The Meshmixer software application was 
used to reconstruct the digital ice surfaces using 3-D 
points clouds， as shown in Fig.3.

Post-processing was performed to intercept the 
2-D ice profile at cross-sections of the ice accretion. 
For example， the profile at X = 40 mm and t = 
10 min is shown in Fig.4.

2. 3 Fractal characteristics of growth ice　

Fig.5 shows an image from a field measure‑
ment. At early stages of the icing process， super 
cooled droplets define the leading edge and water-

film development. Owing to instability， the surface 
of the film begins to exhibit roughness［23-24］. As the 

unfrozen water flows back along the chord， it 
breaks up into individual rivulets. Thus， the rough‑
ness elements on the water film can be observed as 
nucleation points.

The rough layer thickens over time， which 
makes it difficult for the droplets to be collected on 
the leeward sides. Thus， the icing volume of wake 
regions decreases. Moreover， the increase in rough‑
ness is accompanied with a decrease in the thickness 
of the boundary layer and the roughness elements in‑
teracting with flows， enhancing the convective heat 
transfer.

At a later growth stage （t = 15—20 min）， the 
distribution of roughness elements on the wing re‑
mains practically constant. Moreover， the ice is su‑
perimposed in the previous locations， and the 
growth rate of roughness elements is becoming ap‑
propriate.

It should be noted that the actual objective 
hardly satisfies the first property of fractals， and is 
usually restricted to a particular scale. The character‑

Fig.2 Equipment and test site

Fig.3　Single scan performed at four different time

Fig.4　Profile curves (X = 40 mm, t = 10 min)
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istic scale for this paper is the millimetre scale. For 
the ice macroscopic roughness characteristics， the 
ice crystals at the millimetre scale are small struc‑
tures， so the first property is satisfied. Visually， ice 
presents a complex and disordered form， both glob‑
ally and locally. By magnifying the ice profile， the 
observed icing regions are uncompleted， with sever‑
al fine peaks. Thus， ice formation has self-similari‑
ty， and its growth process is scale-independent. At 
the mid-growth stage， the constant impact of drop‑
lets increases the height of the elements roughness， 
forming the final ice shape. The growth ice is simi‑
lar in structure to the final ice shape， which is an it‑
erative process. Subsequently， the fractal dimension 
of the 2-D ice profile can be calculated using the box-

counting dimension method， as shown in Fig.6 
（X =  40 mm and t = 10 min）. Its box-counting di‑

mension is 1.173 4， which is greater than its topo‑
logical dimension. Thus， each fractal property can 
be verified， demonstrating that the ice on the wing 
can be considered as a fractal set.

3 Analysis of Ice Roughness and 
Fractal Dimension 

Fig.7 shows the 2-D ice profile at the cross-sec‑
tions of the ice accretion. Figs.7（b—e） show the in‑
terceptions at different locations （X1 = 10 mm， 
X2 = 20 mm， X3 = 30 mm， and X4 = 40 mm） and 
different time （t1 =  5 min， t2 =  10 min， t3 =  15 min， 
and t4 =  20 min）.

3. 1 Ice roughness and fractal dimension calcu⁃
lation　

In actual engineering applications， the arithmet‑
ical mean deviation of the profile （Ra）， the ten-

point height of irregularities （Rz）， and the maxi‑
mum height of the profile （Ry）， are the primary 
evaluation parameters for surface roughness［25］. In 
particular，Ra is the absolute arithmetic mean of the 
contour deviated distance | yi | within a sample range 
of the part surface， which can be determined as

Ra = 1
n ∑

i = 1

n

|| yi (4)

Rz is defined as the sum of the average of five 
contour peak heights and the average of five contour 
bottom depths. It can be determined as

Rz = 1
5 (∑i = 1

5

ypi + ∑
i = 1

5

yvi ) (5)

Ry is defined as the distance within the sample 
length from the peak line （ypmax） to the bottom line 

Fig.5　Leading edge ice time sequence

Fig.6　Box-counting dimension of profile curves (X = 
40 mm, t = 10 min)
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（yv max）. It can be determined as
Ry = ypmax + yvmax (6)

The results of roughness parameters of profile 
curves are summarized in Table 1. In Table 1， D is 
the box-counting dimension.

3. 2 Correlation analysis　

The relationship between the roughness and 
the fractal dimension was studied. In particular， a 
correlation analysis was performed to determine if 
the two variables were correlated［26］. Pearson corre‑
lation is a typical measure of the degree of correla‑

tion between two variables， and this measure ranges 
between − 1 and 1. A positive value implies a posi‑
tive correlation， while a negative value implies a 
negative correlation. The Pearson correlation coeffi‑
cients between Ra，Rz， Ry and the box-counting di‑
mension D were calculated， as shown in Fig.8.

Fig.8 shows that all coefficients are positive. 
Thus， the roughness is positively correlated with 
the fractal dimension. The correlation coefficient be‑
tween Ra and D is between 0.6 and 0.8， implying a 
strong correlation. The correlation coefficients for 
both Rz and Ry are greater than 0.8， implying a very 

Fig.8 Pearson correlation coefficients

Fig.7　Profile curves at different chord wise positions

Table 1　Calculated results of roughness parameters of 
profile curves

Location/
mm

10

20

30

40

Time/
min

5
10
15
20
5

10
15
20
5

10
15
20
5

10
15
20

Ra

0.365 2
1.015 2
1.801 2
2.586 3
0.350 7
1.054 8
1.710 1
2.026 7
0.475 1
1.349 9
1.758 1
3.302 4
1.209 6
0.737 1
1.146 5
2.326 5

Rz

1.2079
3.929 2
6.107 2
7.744 9
1.265 1
5.262 7
5.949 3
8.363 6
2.645 4
6.726 3

10.159 8
15.599 5
4.327 2
3.336 4
6.218 2

11.858 7

Ry

1.319 8
4.188 5
6.281 3
7.977 2
1.376

5.847 5
6.161 9
8.831 2
2.838 4
7.242 3

10.965 1
16.381 2
5.488 9
3.522 6
6.409 1

12.250 3

D

1.131 5
1.169 4
1.157 6
1.157 4
1.127 4
1.171 4
1.171 7
1.177 5
1.140 5
1.235 5
1.233 2
1.259 5
1.143 2
1.173 4
1.211 2
1.259 5
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strong correlation. Consequently， fractal analyses 
can be further evaluated.

3. 3 Multiple regression analysis　

If the fractal dimension associated with a single 
roughness coefficient is used to express the rough 
surface， there could be a problem that the fractal di‑
mension may not correspond to the roughness. For 
instance， the roughness parameters of profile X = 
40 mm and t = 10 min decrease overall， although 
the fractal dimension increases. Consequently， the 
problem requires a multi-variable coupling analysis.

Regression analysis is a set of statistical pro‑
cesses for estimating the relationship between a de‑
pendent variable and one or more independent vari‑
ables. Considering Ra， Rz， and Ry as independent 
variables and the box-counting dimension as a de‑
pendent factor， a multiple regression analysis using 
two regression models can be performed［27-28］.
3. 3. 1 Regress regression method　

Regress regression methods are typically used 
in regression analysis. These methods can remove 
abnormal samples during the analysis to improve the 
fit of the regression equation. In this paper， multiple 
regression analysis was performed， and the residu‑
als for each sample are shown in Fig.9.

The vertical lines in Fig. 9 indicate the confi‑
dence intervals of the residuals for each sample， 
which are close and involve the zero value. The 
tenth sample does not contain zero values and is an 
outlier sample， which is removed from subsequent 
analyses. Thus， only normal samples are consid‑

ered， and the regression formula of the box-count‑
ing dimension is expressed as

D = -0.049 8 × Ra + 0.041 × Rz -
0.020 7 × Ry + 1.132 4 (7)

R2 = 0.939 4，F = 56.864 4，P = 5.517 6E - 07
where R2 measures the goodness of fit and takes val‑
ues between 0 and 1. The closer to 1 this value is， 
the better the fit. In this case， R2 = 0.939 4 implies 
that the fitted equation has a high fitting degree. Ad‑
ditionally， F is a parameter that allows evaluating 
whether the sample is appropriate for analysis， i.e.， 
it can verify eligibility. The probability P corre‑
sponding to F represents the confidence level of the 
result. The smaller the value， the higher the confi‑
dence in the result. A value of P = 5.517 6E - 07 
implies a significance level of α = 0.05.
3. 3. 2 Stepwise regression method　

Stepwise regression is a variable selection re‑
gression analysis method to screen out insignificant 
samples and reserve variables that greatly affect the 
outcome of the fitted equation. This method estab‑
lishes the optimal regression formula with a mini‑
mum of variables， as shown in Fig. 10. In Fig. 10， 

Fig.9　Residual results from regression analysis

Fig.10　Stepwise regression analysis
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the variables X1， X2， and X3 in the diagram corre‑
spond to Ra， Rz， and Ry， respectively. The red text 
and line indicate that the variables are rejected， the 
blue text and line indicate that the variables are re‑
tained， i. e.， only Ra and Rz are considered for fit‑
ting the fractal dimension equation

D = -0.052 1 × Ra + 0.02 × Rz + 1.131 55 (8)
R2 = 0.872 302，F = 44.401 4，P = 1.549 5E - 06

The results clearly indicate that the fit is good， 
and the equation holds. The results of the fit for 
both models can be summarized as follows：

（1） The regression formulas for both models 
fit well， demonstrating that the linear relationship 
between the fractal dimension and the roughness pa‑
rameters holds.

（2） Both models are practical and effective. In 
particular， the stepwise regression model screens 
out some variables that do not contribute significant‑
ly. Thus， this method helps to intuitively under‑
stand the variables that have a major influence. 
Moreover， if multiple independent variables are 
present， this method can improve data availability 
and rationality. However， removing the indepen‑
dent variables can cause other problems， such as 
Edgenuity.

（3） Due to the small sample size collected， the 
applicability of the obtained equation is limited.

4 Fractal Interpolation Simulation 
of Ice Shape 

Based on the above mathematic model， once 
the correlation parameters for a particular ice profile 
have been calculated， a small volume of the original 
ice data can be combined with these parameters to 
interpolate an ice profile. Interpolated ice shapes 
have many applications， such as the numerical simu‑
lation of ice accretion on an aerofoil or the product 
cast of ice shape for wind tunnel tests， which re‑
quire scaling and simplifying of the ice shape. More‑
over， the interpolated ice shapes can be highly effec‑
tive in generating digital ice shapes by simply using 
a number of original data points. Additionally， the 
degree of closeness and simplification from interpo‑
lation can be flexible and controllable to satisfy dif‑
ferent engineering requirements.

In this paper， 15 points acquired from the ice 

shape were used as the interpolation data for the 
fractal interpolation with IFS and linear interpola‑
tion［29］. For example， the profile at Z =  225 mm 
and t = 10 min was considered （Fig.11）.

In general， the generated ice profiles by using 
the two interpolation methods maintain the basic 
contours of actual ice shapes. After enlargement， 
linear interpolation connects adjacent interpolation 
points with straight lines， covering the irregular 
characteristics of the data. By contrast， fractal inter‑
polation employs the self-similarity principle to re‑
store the rough surface of ice effectively. In this pa‑
per， fractal interpolation outperforms linear interpo‑
lation in parts with bigger horn curvature.

5 Conclusions 

The fractal dimension was considered to char‑
acterise the surface roughness of ice shapes. Based 
on the complex ice shapes obtained from large icing 
wind tunnel tests， the box-counting dimension was 
calculated by extracting their surface profile. Subse‑
quently， the relationship between the fractal dimen‑
sion and the joint roughness coefficient was investi‑
gated， and the fractal interpolation method was 
used to generate digital ice shapes.

Fig.11　Fractal interpolation for ice shape
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Ice formation has fractal characteristics and the 
fractal dimension can be used as one of the quantita‑
tive indicators to evaluate the integrity， complexity， 
and irregularity of ice shapes， with the integer part 
indicating the topological dimension of the fractal 
set and the fractional portion indicating the ability of 
the set to fill the space. The roughness quantitative 
evaluation method contains real information regard‑
ing the ice shape. The combined fractal dimension 
describes the surface structure of ice and fully re‑
flects the ice morphology. Fractal interpolation can 
simulate the ice surface and display more realistic re‑
sults than traditional interpolation methods.
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基于分形理论的翼面复杂冰形表面粗糙度分析

农 历 1，3， 冼 军 2， 胡站伟 3， 左承林 3， 易 贤 3

（1.中山大学系统科学与工程学院,广州  510000，中国； 2.中山大学数学学院,广州  510000，中国； 
3.中国空气动力研究与发展中心结冰与防除冰重点实验室,绵阳  621000，中国）

摘要：模型表面的结冰外形是结冰风洞试验关注的核心信息，现有研究一般采用冰角高度、冰角角度、驻点冰厚

等几何参数对二维冰形进行表征，忽略了冰形表面粗糙程度这一重要特征。针对此问题，提出将分形理论应用

于结冰冰形的粗糙度表征，建立了基于分形理论的结冰表面粗糙度表征方法。首先在大型结冰风洞开展翼型结

冰试验，采用激光线扫描在线测量系统对结冰生长过程中不同时刻翼面结冰的表面轮廓进行测量，获得翼面结

冰的三维数值外形；然后结合分形理论对冰形进行分析，提取翼面不同位置冰的截面轮廓曲线，计算截面曲线的

分形维数和粗糙度表征参数，以此归纳出分形维数的线性回归公式，并从截面曲线中提取数据点进行分形插值

模拟实测冰形。研究结果表明，翼面结冰冰形粗糙表面具有分形特征；分形维数与粗糙度表征参数呈正相关，可

作为冰形表面粗糙度的评定参数；分形插值模拟冰形曲线，逼近程度优异；冰形粗糙度的分形表达法为科学量化

三维冰形特征提供了新思路。

关键词：粗糙度；分形理论；计盒维数；多元回归分析；特征表征
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