
Aug. 2024 Vol. 41 No. 4Transactions of Nanjing University of Aeronautics and Astronautics

Modeling and Analysis of Vibration Characteristics of 
Rectangular Plate with Circular Through Hole Under 

Complex Boundary Conditions

TANG Tianyi， HE Yijie， WU Jiajun， DONG Menglong， 
WANG Gang， NI Junfang*

School of Mechanical and Electrical Engineering， Soochow University， Suzhou 215131， P. R. China

（Received 13 March 2024； revised 3 June 2024； accepted 21 June 2024）

Abstract: This paper presents a method to study the free vibration of a plate with circular holes. The circular hole is 
regarded as a virtual small plate in which the mass density and Young’s modulus are zero. Therefore， the free 
vibration problem of the circular hole plate can be transformed into the free vibration problem of the equivalent 
rectangular plate with non-uniform thickness. The model is derived from the spectral geometry method （SGM）， and 
the displacement of the plate with circular holes is expanded by the modified Fourier series. Virtual springs are added 
to the boundary of the plate to simulate the boundary conditions of simply supported and fixed supports. The accuracy 
of this method is verified by comparison with the finite element calculation results. The relationship between modal 
numerical solutions of plates with circular holes and boundary conditions and geometry of the plate is studied.
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0 Introduction 

Perforated plate structures are widely used in 
various fields， such as aerospace， shipbuilding， and 
mechanical engineering. Compared with solid 
plates， perforated plates offer several advantages， 
such as high stiffness， low mass， and the ability to 
eliminate stress concentration， heat dissipation， and 
energy absorption. Rectangular plates with round 
through holes have a wide range of practical applica⁃
tions. In shipbuilding， perforated plates can be used 
for drainage and weight reduction； in engineering， 
they can provide space for the passage of cables， 
pipes or drive shafts， and in electronic equipment， 
they can be used for the entry and exit of electrical 
wires and for heat dissipation. The vibration charac⁃
teristics of a perforated plate change after the intro⁃
duction of perforations， and the analysis of these 
characteristics is crucial for the overall structural sta⁃

bility. There are several research methods for ana⁃
lyzing the vibration of perforated plates， including fi⁃
nite difference method， finite element method， 
boundary element method， differential quadrature 
method， Rayleigh-Ritz method， and domain decom ⁃
position method.

Research on the theory and engineering applica⁃
tions of perforated plates， both domestically and in⁃
ternationally， has achieved considerable results. Ali 
and Atwal［1］ proposed a simplified method for dy⁃
namic analysis of perforated plates based on the Ray⁃
leigh principle. Lam et al.［2］ introduced an exact nu⁃
merical method for studying the vibration of perfo⁃
rated non-uniform rectangular plates based on the 
Rayleigh-Ritz method. Sabir and Davies［3］ utilized 
the finite element method to investigate the natural 
frequencies and elastic buckling loads of square 
plates with reinforced square perforations under in-
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plane loading. Wang et al.［4］ improved the represen⁃
tation of displacement allowance functions for rect⁃
angular plates with openings using Fourier series. 
By combining displacement continuity conditions 
and the energy functional variational method， they 
obtained the natural frequencies of the perforated 
rectangular plates by variational optimization of un⁃
known Fourier expansion coefficients to solve the 
standard eigenvalue equation. They also analyzed 
the effects of different boundary conditions， opening 
sizes， and opening positions on the free vibration 
characteristics of perforated plates. Wang et al.［5］ 
studied the free vibration of rectangular plates with 
rectangular and triangular perforations within an 
equivalent geometric framework. Zhang et al.［6］ ex⁃
tended the use of the Hencky bar network model 
（HBM） to analyze the vibration characteristics of 
rectangular plates with rectangular perforations. 
This model can compute the free vibration solutions 
of plates with various boundary conditions. Qiu et 
al.［7］ employed a combined method of finite element 
and indirect boundary element to study the underwa⁃
ter vibration and acoustic radiation characteristics of 
steel plates with circular perforations， simply sup⁃
ported on four sides and without baffles. The studies 
showed that perforations can significantly alter the 
underwater vibration and acoustic radiation charac⁃
teristics of the plates. Wang et al.［8］ modeled an axi⁃
symmetric rotating nano circular plate and solved 
the governing differential equations of motion based 
on the Mindlin plate theory taking into account the 
nonlocal scaling and strain gradient effects using the 
differential product method. Abouelregal et al.［9］ 
used the Laplace transform and Laplace inverse 
transform approximations to obtain solutions in field 
variables based on the Moore-Gibson-Thompson 
equations for a thermoelastic diffusion problem with 
cylindrical holes in an infinite medium. Civalek et al.
［10-11］ investigated the mechanical properties of cross-

laminated composite plates reinforced with carbon 
nanotubes in terms of free vibration and buckling be⁃
havior by numerical solution using the first shear de⁃
formation theory and discrete singular convolution 
method， and investigated the natural frequency anal⁃
ysis of the sandwich beams with different configura⁃

tions of S-shape function gradient， which was 
solved analytically by Navier’s method for the case 
where the boundary conditions were simply support⁃
ed. Zhang et al.［12］ calculated the structural noise 
variation of rectangular concrete plates under differ⁃
ent perforation conditions based on the low-frequen⁃
cy diffraction characteristics of box beam structures. 
The results indicated that after perforating the web， 
the total sound pressure level near the top plate， bot⁃
tom plate， and web was reduced to different degrees 
in the frequency range of 1 Hz to 250 Hz， thereby 
controlling the structural noise of the box beam. Ni 
et al.［13-14］ employed a Taylor series expansion and 
differential product method to establish the govern⁃
ing equations describing the nonlinear damped vibra⁃
tion of graphene nanosheet-reinforced composite di⁃
electric membranes， and developed a two-step hy⁃
brid mechanical model to investigate the nonlinear 
damped vibration of functional gradient graphene 
nanosheet-reinforced composite dielectric mem ⁃
branes with internal pores. Qian et al.［15］ investigat⁃
ed the nonlinear vibration characteristics of function⁃
al gradient graphene nanoplatelet-reinforced compos⁃
ite beams with Kelvin-Voigt damping using numeri⁃
cal methods. Yuan et al.［16］ explored the free vibra⁃
tion characteristics of various perforated and rein⁃
forced plate models using the modified variational 
method， establishing a numerical tool suitable for 
dealing with complex plate structure problems. 
Zhong et al.［17］ addressed the free vibration problem 
of functionally graded perforated parallelogram 
plates. Based on the first-order shear deformation 
laminated theory， they used isogeometric analysis 
（IGA） to investigate the vibration characteristics of 
functionally graded parallelogram plates with rectan⁃
gular perforations. Pan［18］ proposed a semi-analytical 
method for solving the plane stress distribution prob⁃
lem and the bending stress distribution problem of fi⁃
nite plates with arbitrary perforations. Based on 
this， they also presented a semi-analytical method 
for solving the stability problem of perforated plates 
and perforated stiffened plates. Mao et al.［19］ utilized 
the complex potential method from anisotropic elas⁃
ticity theory， employing Faber series and conformal 
mapping techniques to analyze the bending problem 
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of infinitely large anisotropic thin plates with multi⁃
ple elliptical perforations. They obtained the series 
solution form for the bending of infinitely large 
anisotropic thin plates with multiple elliptical perfo⁃
rations.

The spectral geometry method （SGM） has gar⁃
nered widespread attention and research in the aca⁃
demic domain. Kong et al.［20］ focused on the acous⁃
tic-elastic plate coupling model， comparing and ana⁃
lyzing the effects of excitation position， cavity thick⁃
ness， elastic boundary， and other factors on the 
acoustic radiation power， surface velocity， and cavi⁃
ty sound pressure of elastic plates under point force 
and point sound source excitations， as well as the 
differences between the two scenarios. Wang et 
al.［21-22］ employed the SGM to establish displace⁃
ment functions for Timoshenko beams with elastic 
constraints at the ends， proposing a unified ap⁃
proach to study Timoshenko beams with arbitrary 
variable cross-sections. Additionally， using the 
SGM， they represented the vibration displacement 
of rectangular plate structures with submerged elas⁃
tic boundary constraints as Fourier cosine series 
with additional functions and investigated the acous⁃
tic radiation characteristics of submerged elastic 
boundary-constrained rectangular plates. Li et al.［23］ 
investigated the free vibration of beams with materi⁃
al properties and arbitrary variations in cross-sec⁃
tions along the axial direction based on the SGM.

This paper treats the circular perforated portion 
of the plate as a virtual small plate with zero density 
and Young’s modulus. Thus， the free vibration 
problem of perforated plates can be transformed into 
the free vibration problem of non-uniform thickness 
equivalent rectangular plates. By employing the 
SGM， the vibration displacement function of perfo⁃
rated plates is expanded using modified Fourier se⁃
ries， and the frequencies and mode shapes of the 
plate are obtained through the Rayleigh-Ritz meth⁃
od. A comparison between the obtained solutions 
and those simulated using finite element software is 
conducted to demonstrate the accuracy of this meth⁃
od. The paper discusses the effects of boundary con⁃
ditions and perforation sizes on the natural frequen⁃
cies， providing references for practical engineering 
applications.

1 Theoretical Analysis 

Fig.1 illustrates a schematic diagram of an elas⁃
tic constrained rectangular plate model with the cir⁃
cular through hole， where the openings are posi⁃
tioned arbitrarily on the plate. In the figure， a and b 
represent the length and width of the plate struc⁃
ture， respectively， and R denotes the radius of the 
circular through hole. Elastic spring constraints， 
namely translational springs ka and torsional springs 
Ka， are applied to the four edges of the plate.

Using Lagrange-Kirchholf theory， the equation 
of the free vibration of the plate is
DΔ2 w ( x,y )- ω2 ρw ( x,y )= 0 ∀ ( x,y )∈ Sp （1）
where the plate displacement w ( x，y ) is

W ( x,y,t )= w ( x,y ) ejωt （2）
Considering that the circular hole portion of the 

plate is an extremely thin part of the plate， and its 
mass and Young’s modulus are set to zero， the dis⁃
placement function of the plate can be expressed as

w ( x,y )= ∑
m = 0

M

∑
n = 0

N

A mn cos ( λam x ) cos ( λbn y ) +

∑
j = 1

4 ( ξ j
b ( y ) ∑

m = 0

M

cj
m cos ( λam x ) +

)ξ j
a ( x ) ∑

n = 0

N

d j
n cos ( λbn y ) （3）

where

ξ1 ( x )= 9L
4π sin ( πx

2L )- L
12π sin ( 3πx

2L ) （4）

ξ2 ( x )= - 9L
4π cos ( πx

2L )- L
12π cos ( 3πx

2L ) （5）

ξ3 ( x )= L3

π3 sin ( πx
2L )- L3

3π3 sin ( 3πx
2L ) （6）

ξ4 ( x )= - L3

π3 cos ( πx
2L )- L3

3π3 cos ( 3πx
2L ) （7）

Fig.1　Model of a rectangular plate with circular through 
hole
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where λam=mπ/a，λbn=nπ/b，Amn， cj
m and dj

n denote 
the unknown Fourier expansion coefficients to be de⁃
termined，the auxiliary function functions ξj

a（x） and 
ξj

b（y） are introduced to overcome the discontinuities 
that may occur when the displacement function and 
its lower order derivatives are periodically extended 
to the whole x-y plane for the calculation of arbitrary 
boundary conditions of the plate structure. The rep⁃
resentations are shown in Eqs.（4—7）. The super⁃
script j represents the serial number of the additional 
terms， and the subscripts b and a represent the val⁃
ues of L in the corresponding expression.

The Lagrangian function of the plate structure 
can be expressed as

L  plate = U  plate - T  plate （8）
where Uplate is the total potential energy of trans⁃
verse vibration of the plate and deformation of the 
restraining spring and Tplate represents the total kinet⁃
ic energy of the plate，which can be respectively ex⁃
pressed as
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T  plate = ρhω2

2 ∫ S
w 2 dS （10）

where S denotes the area of the plate， D denotes the 
bending stiffness of the plate， D=Eh3/12（1- μ2）， 
μ denotes the Poisson’s ratio of the plate， and ρ and 
h denote the density and thickness of the plate， re⁃
spectively. kx0 and Kx0 are the stiffnesses of the trans⁃
lational and torsion springs located at x = 0， respec⁃
tively， and the stiffnesses of the remaining three 

sets of springs are also so defined. The Young’s 
modulus and mass density at the hole location are

ì
í
î

ïï

ïïïï

E ( )x,y = 0

ρ ( )x,y = 0
      ( x,y)∈ Sh （11）

To simplify the integral calculations in Eqs.（9， 
10）， the perforated plate is gridded into small cells 
S × T， as shown in Fig. 2. The kinetic and poten⁃
tial energies of the cells whose geometric centers are 
located on the plate are calculated according to Eqs.
（12， 13）. Correspondingly， the kinetic and poten⁃
tial energies of the cells in the holes are omitted. By 
increasing the number of grids on the plate， the ac⁃
curacy of the results can be increased. By using this 
numerical calculation method， the integrals in 
Eqs.（9， 10） will become
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H ( )s,t R ( s,t ) （13）

where S and T are the number of cells along the x 
and y directions， and P （s，t） and H （s，t） are the 
potential and kinetic energies of the （s，t） cells， re⁃
spectively. R （s，t） = 1 if the geometric center of 
the （s，t） element is located on the plate， other⁃
wise， R （s，t） = 0.

Fig.2　Meshing of the rectangular plate containing circu⁃
lar through hole
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Assuming that a simple harmonic point force of 
amplitude F is applied to the face of the perforated 
plate and the point of action is （x0， y0）， the work 
WF done by this force can be expressed as

W F =∬
S

Fwδ ( x - x0 ) δ ( y - y0) dxdy （14）

where δ is the Dirac function.
By substituting Eqs.（12—14） into the La⁃

grangian generalized Eq.（8） for the plate and apply⁃
ing variational differentiation to the coefficients， the 
equations of control for free and forced vibration of 
the open plate structure are obtained shown as

{[K p_h ]- ω2[M p_h ] }{ A} = {F } （15）

where Kp_h， Mp_h， A and F denote the stiffness ma⁃
trix， the mass matrix， the Fourier coefficient matrix 
and the force matrix of the perforated plate， respec⁃
tively， and the free and forced vibration behaviors of 
the perforated plate with circular holes can be ob⁃
tained by solving this system of equations.

2 Convergence and Validation 

The theoretical model of the plate with circular 
holes is constructed in the previous section， and the 
convergence and accuracy of the method used in this 
paper need to be verified next. The dimensions of 
the rectangular plate are set to be a×b=0.5 m×
0.6 m， thickness h=0.001 m， density ρ = 

2 770 kg/m3， Young’s modulus E = 71 GPa， 
Poisson’s ratio υ = 0.33， and the centroid of the 
circular hole is set to be （0.2 m， 0.3 m） with radius 
R = 0.1 m.

The face of the thin plate is set as a free bound⁃
ary， and constraint springs are applied to the four 
sides of the plate to simulate arbitrary boundary con⁃
ditions. The boundary springs consist of a continu⁃
ous translational， which restricts the translational 
motion of the plate in the z-direction and a torsional 
spring which restricts the rotational motion of the 
plate about the z-axis. The following validation ex⁃
amples use the three classical boundary conditions 
of simple， fixed， and free， where the simple bound⁃
ary condition can be realized by setting the transla⁃
tional spring stiffness to infinity and the torsion 
spring stiffness to zero， and the fixed boundary con⁃
dition can be realized by setting both the translation⁃
al spring stiffness and the torsion spring stiffness to 
infinity. For the free boundary condition， both trans⁃
lational and rotational stiffnesses are set to zero. 
The boundary conditions of the four sides of the 
plate are set to be free boundary （FFFF）， simply 
supported boundary （SSSS） and solidly supported 
boundary （CCCC）， and the number of meshes S × 
T = 80×80. Table 1 demonstrates the first nine or⁃
ders of the intrinsic frequencies of the plate with cir⁃

Table 1　The first nine order natural frequencies of plates with circular holes obtained by two methods Hz

Modal order

FFFF

SSSS

CCCC

M = N = 2
M = N = 4
M = N = 6
M = N = 8

M = N = 10
M = N = 12
M = N = 14
M = N = 16
M = N = 18
M = N = 20

FEM
M = N = 20

FEM
M = N = 20

FEM

1
9.940
9.896
9.884
9.881
9.879
9.878
9.877
9.876
9.876
9.876
9.863

16.384
16.363
33.814
33.923

2
13.074
12.884
12.778
12.748
12.742
12.741
12.741
12.740
12.740
12.740
12.735
33.513
33.464
50.159
50.310

3
21.161
20.534
20.184
20.061
20.029
20.023
20.021
20.020
20.019
20.018
20.008
42.660
42.583
68.386
68.625

4
26.362
26.194
26.003
25.873
25.805
25.787
25.784
25.784
25.783
25.782
25.752
62.028
61.940
85.306
85.559

5
29.612
29.547
29.457
29.385
29.334
29.311
29.302
29.299
29.297
29.296
29.267
73.662
73.626

102.402
102.801

6
43.110
41.681
40.958
39.737
38.819
38.432
38.320
38.291
38.284
38.282
38.241
90.216
90.052

123.490
123.760

7
53.675
51.334
51.225
51.059
50.929
50.853
50.827
50.819
50.817
50.816
50.757

105.294
105.230
140.289
140.820

8
53.869
53.358
52.736
52.210
51.908
51.832
51.821
51.818
51.816
51.814
51.733

109.153
109.030
140.771
141.420

9
61.759
59.250
58.235
57.700
57.427
57.316
57.284
57.277
57.275
57.272
57.226

112.701
112.690
144.400
145.021
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cular holes computed by the present method and fi⁃
nite element method （FEM）. The finite element 
method is modeled and calculated using ANSYS 
software with shell181 cells， and the grid cell size is 
set to 0.005 m.

As can be seen from Table 1， with the gradual 
increase of the truncation number M=N， the intrin⁃
sic frequency of the plate with circular holes under 
the free boundary gradually converges， and the mod⁃
al solution values obtained by the present method ba⁃
sically coincide with the results of the finite element 

calculations when M=N=20， proving that the con⁃
vergence of the present method is reliable. Figs. 3 
and 4 show the 1st， 3rd， 5th， 7th and 9th order 
modal shapes of the plate with circular holes ob⁃
tained by the present method under both free and 
solidly supported boundary conditions， respectively， 
and compare with those obtained by ANSYS. It can 
be seen that the vibration patterns obtained by the 
two methods are very consistent， which verifies the 
accuracy of the present method in predicting the free 
vibration of the perforated plate.

Fig.5 shows the comparison between the ampli⁃
tude-frequency response at （0.3 m，0.1 m） on the 
perforated plate and the excitation point selected at 
（0.4 m，0.5 m） on the plate. The amplitude of the 
excitation force is 100 N， the direction is along the 

z-axis， and the boundary conditions are SSSS and 
CCCC， respectively. It can be found that the ampli⁃
tude-frequency response of the plate obtained by the 
present method is very much in line with that ob⁃
tained by the finite element method.

Fig.3　Comparison of modal shapes of free boundary plate obtained by the present method and FEM

Fig.4　Comparison of modal shapes of clamped boundary plate obtained by the present method and FEM
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3 Results and Discussion 

In engineering applications， the boundary con⁃
ditions for the installation of planar thin plates， the 
size of the through holes， and the thickness of the 
plates all have an impact on the vibration behavior 
of the plates. The validation part of Section 2 yields 
the intrinsic frequencies and vibration patterns of the 
plate with circular holes under three classical bound⁃
ary conditions. In this section， the choice of bound⁃
ary conditions is enriched with the addition of three 
boundary conditions， FFSS， FFCC， and SSCC， 
and the geometrical and material parameters of the 
plate with circular holes used in the previous section 
are adopted. Fig.6 demonstrates the first six orders 
of the intrinsic frequencies of the plate under the five 
boundary conditions.

As can be seen in Fig.6， the overall trend of 
the intrinsic frequency of the plate increases during 
the change of boundary conditions from FFSS to 
CCCC. This is due to the fact that the increase in 
the stiffness and number of constrained springs leads 
to a larger overall stiffness value of the plate， which 

results in an increase in the intrinsic frequency. The 
most pronounced upward trend in boundary condi⁃
tions is from FFCC to SSSS. This is because the ef⁃
fect of linear spring stiffness on the intrinsic frequen⁃
cy is greater than the effect of torsional spring stiff⁃
ness on the intrinsic frequency. Among the five 
boundary conditions， the plate has the highest intrin⁃
sic frequency for the CCCC boundary condition and 
the lowest intrinsic frequency for the FFSS bound⁃
ary condition.

Next， to compare the effect of the size of the 
open circular hole on the vibration characteristics of 
the plate， the geometrical and material parameters 
of the plate with the circular hole used in the previ⁃
ous section are still used， and the radius of the open 
circular hole is varied to observe the change in the in⁃
trinsic frequency of the plate. Fig.7 demonstrates 
the comparison of the first six orders of intrinsic fre⁃
quencies of the flat plate with circular hole radii of 
0 m （no openings）， 0.05 m， 0.1 m， and 0.15 m for 
the four boundary conditions of FFSS， SSSS， 
SSCC， and CCCC， respectively. From the results 
in the figure， it can be seen that the first six orders 
of the intrinsic frequency of the plate under the 
FFSS boundary all decrease with the increase of the 
radius of the open circular hole， whereas there is no 
obvious pattern of the effect of the radius of the 
open circular hole on the intrinsic frequency of the 
plate under the other four boundary conditions. Ob⁃
serving the fundamental frequency of the plate， it is 
found that there is a significant jump in the funda⁃
mental frequency increase when the radius of the cir⁃

Fig.5　Comparison of amplitude-frequency response at 
(0.3 m, 0.1 m) on the plate containing circular 
through hole

Fig.6　The first six order natural frequencies of plate con⁃
taining circular through hole with different boundaries
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cular hole is varied from 0.1 m to 0.15 m under the 
SSSS， SSCC and CCCC boundaries. The reason is 
that when the radius of the circular hole is changed 
from 0.1 m to 0.15 m， the mass of the plate decreas⁃
es dramatically compared with the previous one， 
but the stiffness of the plate does not decrease signif⁃

icantly due to the simple or solid support of the four 
edges， so the intrinsic frequency has increased sig⁃
nificantly.

The previous parametric analyses are carried 
out under some classical boundary conditions. In 
practical engineering， the plate boundary installa⁃
tion conditions are often complex， not limited to 
classical boundaries such as solid support and simple 
support， but more often elastic boundary support oc⁃
curs. The first four orders of the intrinsic frequency 
of the perforated plate with respect to the stiffness of 
the translational and torsional springs are given in 
Fig.8. In order to make the analysis more intuitive， 
the springs are first dimensionless， ka

3/D represents 
the stiffness of the translational springs， while Ka/D 
represents the stiffness of the torsion springs， and 
the spring stiffnesses of the four boundaries of the 
plate are equal. From the figure， it can be seen that 
the intrinsic frequency of the plate gradually increas⁃
es and eventually stabilizes at one value as the linear 
and torsion spring stiffnesses increase. The improve⁃
ment of the intrinsic frequency of the plate structure 
by the translational spring stiffness is more pro⁃
nounced compared with the limited improvement of 

Fig.7　Variation of the first six orders of natural frequencies 
of plate containing circular through hole as a function 
of the radius of the circular hole

522



No. 4 TANG Tianyi, et al. Modeling and Analysis of Vibration Characteristics of Rectangular Plate with…

the intrinsic frequency of the plate structure by the 
torsional spring stiffness. The intrinsic frequency re⁃
sults of the plate stabilize when the linear spring 
stiffness k 3

a /D > 7， and similarly when the torsion 
spring stiffness k 3

a /D > 4.
The results in Fig.9 demonstrate the effect of 

plate thickness h on the amplitude frequency re⁃
sponse of the perforated plate at （0.3 m，0.1 m） for 
different boundaries. From the figure， it can be no⁃
ticed that the first resonant frequency of the ampli⁃
tude frequency response of the plate increases as the 
plate thickness increases， which is due to the fact 
that the increase in plate thickness enhances the fun⁃
damental frequency of the perforated plate. It is not 
difficult to find that the first resonant frequency of 
the amplitude-frequency response of the plate is lin⁃
early related to the change in plate thickness. It can 
also be seen from the figure that the amplitude of 
the response displacement decreases with the in⁃
crease of the plate thickness， which indicates that in⁃
creasing the plate thickness can effectively suppress 
the vibration behavior of the perforated plate.

4 Conclusions 

The spectral geometry method is used to study 
the vibration of an elastically restrained plate with 
circular holes， the displacement of the plate with cir⁃
cular holes is expressed using a modified Fourier se⁃
ries expansion， an auxiliary function is introduced to 

Fig.8　Variation of natural frequencies of plate containing 
circular through hole as a function of the stiffness of 
linear and torsion springs

Fig.9　Effect of plate thickness h on the amplitude-frequen⁃
cy response at (0.3 m,0.1 m) for plate containing cir⁃
cular through hole with different boundaries
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overcome the discontinuities that may occur when 
the displacement function and its lower-order deriva⁃
tives are periodically extended to the whole x‑y 
plane， the vibration modes of the plate with circular 
holes are solved by the Rayleigh-Ritz method， and 
the accuracy of the present method is verified by 
comparing with results obtained by simulation with 
finite-element software ANSYS. The effect of 
boundary condition and circular hole size on the in⁃
trinsic frequency is discussed. The study introduces 
an analytical approach that offers significant engi⁃
neering value by accurately predicting the vibration 
characteristics of plates with circular holes across di⁃
verse boundary conditions. Notably， the proposed 
method in the paper is distinguished by its low-di⁃
mensional vibration control equation set， which en⁃
sures rapid convergence， high computational effi⁃
ciency， and maintains sufficient accuracy， thereby 
establishing it as a reliable tool for engineering appli⁃
cations. The following conclusions are obtained：

（1） The first six orders of the intrinsic frequen⁃
cy of the plate all decrease with the increase of the 
radius of the open circular hole at the FFSS bound⁃
ary， and there is a significant jump in the fundamen⁃
tal frequency increase when the radius of the circular 
hole is varied from 0.1 m to 0.15 m at the SSSS， 
SSCC， and CCCC boundaries.

（2） As the linear and torsion spring stiffnesses 
are increased， the intrinsic frequency of the plate 
gradually increases and eventually stabilizes at one 
value. The results of the intrinsic frequency of the 
plate tend to stabilize when the linear spring stiff⁃
ness k 3

a /D > 7 and when the torsion spring stiffness 
k 3

a /D > 4.
（3） The first resonant frequency of the ampli⁃

tude-frequency response of the plate increases as the 
plate thickness increases. The first resonant frequen⁃
cy of the amplitude-frequency response of the plate 
is linearly related to the change of the plate thick⁃
ness， and the amplitude of the response displace⁃
ment decreases with the increase of the plate thick⁃
ness， which indicates that the increase of the plate 
thickness can effectively suppress the vibration be⁃
havior of the perforated plate.
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复杂边界条件下含圆形通孔的矩形板振动特性建模及分析

唐天逸， 何逸杰， 吴佳俊， 董梦龙， 王 刚， 倪俊芳
（苏州大学机电工程学院，苏州  215131,中国）

摘要：提出了一种研究带圆孔弹性约束平板自由振动的方法。该方法将圆孔视为一个虚拟小板，其密度和杨氏

模量为零，则带圆孔板的自由振动问题可以转化为非均匀厚度等效矩形板的自由振动问题。该模型基于谱几何

法（Spectral geometry method， SGM）导出，用修正的傅里叶级数展开带圆孔板的位移；在板的边界加入虚拟弹簧

以模拟板的简支和固支边界条件。通过与有限元计算结果的对比，验证了该方法的准确性。同时本文还研究了

带圆孔板模态数值解与边界条件和板的几何尺寸的关系。

关键词：圆孔板；谱几何法；能量法；虚拟弹簧
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