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Abstract: The presence of non-gray radiative properties in a reheating furnace’s medium that absorbs, emits, and
involves non-gray creates more complex radiative heat transfer problems. Furthermore, it adds difficulty to solving the
coupled conduction, convection, and radiation problem, leading to suboptimal efficiency that fails to meet real-time
control demands. To overcome this difficulty, comparable gray radiative properties of non-gray media are proposed
and estimated by solving an inverse problem. However, the required iteration numbers by using a least-squares
method are too many and resulted in a very low inverse efficiency. It is necessary to present an efficient method for the
equivalence. The Levenberg-Marquardt algorithm is utilized to solve the inverse problem of coupled heat transfer, and
the gray-equivalent radiative characteristics are successfully recovered. It is our intention that the issue of low inverse
efficiency, which has been observed when the least-squares method is employed, will be resolved. To enhance the
performance of the Levenberg-Marquardt algorithm, a modification is implemented for determining the damping

factor. Detailed investigations are also conducted to evaluate its accuracy, stability of convergence, efficiency, and
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robustness of the algorithm. Subsequently, a comparison is made between the results achieved using each method.
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0 Introduction

In certain high temperature surroundings, such
as heaters or combustors, it is challenging to accu-
rately ascertain the temperature distribution due to
the coupled heat exchange model'*. The case
would be deteriorated if absorbing, emitting and
non-gray participating media are involved**'. Accu-
rate evaluation of radiative properties of these me-
dia'®"' significantly increases the difficulty in solving
the radiative heat transfer problem, as well as the
coupled conduction, convection and radiation prob-
lem. In addition, the complete simulation could not

satisfy the real-time control requirements of reheat-

*Corresponding author, E-mail address: miaocui@dlut.edu.cn.
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ing furnaces, despite its potential for high accura-
cy'®. To overcome this difficulty and meet the real-
time demand, total heat exchange factor was intro-
duced ™ with the aim of simplifying the complete
coupled heat transfer simulation. Besides, an esti-
mation of gray-equivalent radiative properties of
non-gray media were made through solving an in-
verse issue in order to increase the efficiency''".
However, the number of iterations using a least
squares method was excessive, resulting in a low in-
verse efficiency'"’, which is disadvantageous and re-
stricts the equivalence’ s engineering applications. If
the inverse problem of thermal conductivity, con-

vection and radiation coupling of absorbing, emit-
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ting and non-gray participating media in a reheating
furnace is to be solved, it is necessary to propose an
effective method.

Numerical methods have been proposed to ad-
dress the inverse problems, including those related
to heat conduction, convection, radiation, and cou-

[12-15]

pled heat transfer problems , which have wide en-

gineering backgrounds and have been receiving

16201 Tn essence, there are

more and more attentions
two major types for inverse approaches: Stochastic
methods, as exemplified by the genetic algorithm,
and gradient-based methods, represented by the
conjugate gradient method. The stochastic have the
merit of global convergence. Higher precision and ef-
ficiency are the benefits of gradient-based algo-
rithms, which are advantageous in engineering appli-
cations, especially for real-time occasions''”. In the
above approach, it is necessary to determinate the
sensitivity coefficient precisely. For sensitivity analy-

sis in inverse heat transfer problems* *

', the complex-
variable-differentiation method'®’ was introduced by
the first author and coworkers, enabling the accu-
rate determination of sensitivity coefficients. Numer-
ical examples verified good performances of a few
gradient-based methods.

A novel approach to determine the damping fac-
tor in the Levenberg-Marquardt algorithm was re-
cently presented”’. The proposed method was
found to enhance the performance of the Levenberg-
Marquardt algorithm, as evidenced by the numeri-
cal results. The performance of the Levenberg-Mar-
quardt algorithm can be significantly influenced by
the manner in which the damping factor is deter-

[27]

mined“"’. For example, some methods would lead
to a very low efficiency, although the convergence
stability may be very good. By using the newly pro-
posed formulation in Ref.[27], our findings indicate
that the Levenberg-Marquardt algorithm exhibited
superior performance among these approaches when
applied to solve an inverse heat conduction prob-
lem, which was more efficient and more conver-
gence stable. Inspired by this, the Levenberg-Mar-

quardt algorithm'*"

is utilized in the current study to
recover the comparable gray radiative properties of

non-gray media. The inverse problem of coupling

heat conduction, convection, and thermal radiation
in a heater is solved to accomplish this. It is antici-
pated that the problem of low inverse efficiency, as
demonstrated by the least-squares method outlined
in Ref.[11], will be effectively addressed through
the application of the Levenberg-Marquardt algo-

rithm.

1 Coupled Conduction, Convec-

tion and Radiation Problem

The coupled heat problem of conduction, con-
vection, and radiation in a high temperature reheat-
ing furnace is considered. The reheating furnace is
comprised of four distinct zones: The preheating
zone, the first heating zone, the second heating
zone, and the soaking zone. Its key parameters are

presented in Table 1.

Table 1 Key parameters of the reheating furnace

) Height of Fuelcon-
Furnace Length/ Width/ Air-fuel

upper hearth/ sumption/

zone m m X ratio
m (m*h™")
Preheat-
) 24 12.8 0.9 1130.2 2.53
ing zone
First heat-
. 10 12.8 1.9 5633.84 2.53
ing zone
Second
heating 11 12.8 1.45 9183.95 2.42
zone
Soaking
10 12.8 1.45 4115.88 2.42
zone

The heated slab, with dimensions of 12 m in
length, 1.293 m in width, and 0.23 m in depth, en-
ables the production of 370 t of steel per hour. The
calorific value of the fuel is 8 800 kJ/m”.

A heater is designed to reheat slabs that enter
from its one side (preheating zone) and move to the
exit (soaking zone). Given the interplay of combus-
tion, fluid flow, and coupled heat transfer phenome-
na®®’, mathematical models in reheating furnaces are
highly sophisticated "', Fuels are assumed to be in-
stantaneously burned completely. The gas flows
slowly and the velocity is assumed to be a constant.
Considering the elevated temperatures present, ther-
mal radiation becomes the major mode of heat trans-

fer, it is critical to precisely specify the radiative
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characteristics of combustion gases. Carbon dioxide
and water vapor are the main components of the
gas, which absorb and emit infrared radiation at spe-
cific wavelengths and they are also known as non-
gray participating media because their radiative prop-

erties vary with wavelengths''*'.

The gases flow,
and convective heat transfer is conducted between
gases and solid surfaces. Heat conduction is conduct-
ed in solids, from surface to inside. The analysis
above reveals that the coupled heat transfer problem
exhibits a highly nonlinear behavior.

The zonal method by introducing imaginary

7]

planes'®’ is used for solving the radiative transfer

problem, and the radiative properties of non-gray
media have been evaluated through using the Ed-
wards exponential broadband model (for a single
gas) and the Leckner series (corresponding to mix-
ture )",

The high temperature system is divided into
model zones. In each nearly cubic model zone, there
are six surface zones (three walls, two imaginary
planes and one slab) and one gas zone (non-gray
gas) , as shown in Fig.1. Therefore, there are seven

energy balance equations.

Wall

e

Imaginary plane /l

Non-gray gas

Imaginary plane

Slab
Fig.1 A model zone

The expression of the energy balance equation
for the gas region of the ith model region is shown as
Qi T Qeom T Q.+ Qi Quoi — Qei — Quore.. =0

(1)
where Qq..; 1S the net heat of the gas zone; Q. the
convective heat transfer; Q,...; the heat from the ad-
jacent model zone; Q,; the heat from the air; Qq;
the heat from fuel; Q.m.; the heat from combustion,
and Q. ; the radiation of the gas zone with all other
Zones.

The basic geometrical and operational parame-

ters of the reheating furnace are utilized to solve the

coupled heat exchange issue in this paper.

In steady state, the heat flux between the inner
surface and the outer surface of each wall is equal to
the amount by heat conduction between the inner
and outer surfaces. The energy balance for each of

the three walls is expressed by

[ N
(G,.s, E, +>'SS/E, —SG.E, —
j=1
55 t,— 1.
ZS/SJ Eb” A’\/+ hs/([gr o Zsz):7 (2)
a1
A, a

where ?S,, ?S,, % and ?SJ are the total radia-
tive exchange areas, which are calculated by radia-
tive properties; E, is the blackbody emissive pow-
er; A the model area; A the convective heat coeffi-
cient; ¢ the temperature in Celsius; d the depth; A
the thermal conductivity; N the number of surfaces
within the model; subscripts co, s and g represent
the surrounding, surface and non-gray medium, re-
spectively.

The net radiative heat flux of the imaginary
plane equals zero when it is considered as a black-
body. This property greatly reduces the computa-
tional effort by ensuring that the total radiative ex-
change between adjacent model domains is correctly
described. The energy balance for each of the two
imaginary planes is defined as
G.S,E, —S,G.E, +

N _ N _
( >SS.E, — >SS E,

j=1 j=1

+ G, \SIE,

N N
51G11E1>\,+(ESJS/EI)”ES/S]‘EIL,) =0

i=1 i=1

For the slab surface zone, its heat flux consists
of the radiative and the convective, as shown in
Eqgs.(4,5). The convection heat transfer coefficient
between the surface and the gas in the zones is deter-
mined by using the empirical formula"*'.
qY,.Y,,I -

—— N ——
G[Sm Ebu’ + zsjsm Eb5 /nG Eb ZSI)IS Ebs

ji=1 ji=1

(4)
Ges, = hs (1, — 1s) (5)
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Due to the slight temperature variations along
the width and length of the slab, its three-dimen-
sional heat transfer equation can be simplified to a
one-dimensional transient form along its depth direc-
tion, i.e., Eq.(6), and the y-coordinate represents
the axis along the depth of the slab.

Ay y) il
dr :@

at..,
PYPIR Rt 2

0ty ) (L) oy

The temperature function is given as an initial

condition
Lo( ) (7)

The boundary conditions are of the second type

[mp(y77-)| =0

with heat fluxes containing both convection and radi-

ation applied to the upper and the lower surfaces, re-

spectively.
aZm ( y)
A([mp)api‘y:d)”: QU (8)
Y
0t,,( )
7;{([mp)¥7|y:0:qb (9)
dy

In Egs. (6—9), ¢ is the mass specific heat; 7,, the
temperature function; z the time; subscripts u and b
represent upper and bottom. To solve the transient
heat conduction equation of the slab, the finite dif-
ference method is employed, which has been previ-
ously validated.

The computational procedure for solving the
coupled heat exchange issue is shown in Fig.2.

The initial estimated temperature vector, ab-
breviated as ¢,, is first assigned to each zone of the
model. Subsequently, the non-gray radiative proper-
ties are computed, followed by the determination of
the total radiative exchange areas; the temperatures
of the gas, two hypothetical planes, and three walls
in each model zone are determined by solving the en-
ergy balance Eqs.(1—3) ; each model zone’ s heat
flux on the slab’s surface is calculated; the comput-
ed temperature vector ¢ in each model zone is ob-
tained by solving the slab’ s heat conduction equa-
tion. The iterative procedure continues until the dif-
ference between the guessed and calculated tempera-
ture vectors is within a specified tolerance. If conver-
gence is not achieved, the guessed temperature vec-
tor is updated, and the process is repeated {rom the

beginning.

Assume ¢,
T

v

Calculate non-gray radiative
properties

!

Calculate total radiative
exchange areas

!

Solve equations to obtain
temperatures for gas, walls and
imaginary planes

!

Calculate heat flux g on
slab surfaces

!

Solve heat conduction equation of
the slab and then obtain ¢

e

N I'y
| Output results |

Update ¢,

End

Fig.2 Computational procedure for solving the coupled con-

duction, convection and radiation problem

The solution methods for solving the coupled
conduction, convection and radiation problem were

validated in Ref.[ 11].

2 Levenberg-Marquardt Algorithm

The aim of this research is to propose an effec-
tive method to determine the equivalence of non-
gray radiative properties. This is achieved by solv-
ing an inverse problem that involves the coupling of
conduction, convection, and radiation. To solve the
inverse issue, the

Levenberg-Marquardt algo-

rithm"?"

is employed, because it has good perfor-
mances in solving an inverse heat problem. The tem-
perature simulated by the direct problem solution is
taken as the known real temperature in the inverse
analysis and the equivalent gray radiation properties
of the non-gray media are recovered. The introduc-
tion of the minimization problem for the dimension-
less objective function in Eq.(10) enables the esti-

mation of comparable gray radiation properties

based on simulated temperature measurements.
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F(Ilyl'z, 71'1():

2

(10)

*

1 zw: tl*_tz(l‘la-rz""er)
M = t;

where =[x, x4, -+, 2 ] is the vector of retrieval
parameters; M the overall count of temperature
measurements; f; and ¢z, are the calculated and the
simulated measured temperatures, respectively; (=
1,2,---,M, and K is the total number of parameters
to be recovered. The retrieval parameters vector is
updated by
{ai" Ny ={ai} + {0V} (11)
where P represents the iteration number; % ranges
from 1 to K, and the value of & can be obtained by
[J'T+ pdiag(J T )]o=J"[t; —t(x)] (12)
where J is sensitivity coefficients matrix. The com-
plex-variable differentiation method is utilized to
compute every sensitivity coefficient precisely. The
damping factor ¢, plays a significant role in the in-
verse process and may have a significant impact on
its performance. Some methods for damping factors
may lead to a very low efficiency, thereby reducing
the Levenberg-Marquardt algorithm’s benefit of gen-
erally outstanding precision. Damping factor is deter-
mined as
p=F(x)" (13)
The iteration process is halted when either the
target function or the difference between F""' and
F” reaches a given tolerance.
F<for|F""' —F"|<¢ (14)
Fig.3 illustrates the computational process for
handling the inverse issue. The procedure begins
with the provision of the initial estimate, x°, of the
equivalent gray emissivities for each model region;
next, the direct problem procedure is called and the
calculated temperature at the measurement point is
obtained; then the objective function F is calculat-
ed; when the specified stopping criterion is met, the
iterative procedure is terminated; otherwise, calcu-
late J and p; and obtain & through solving Eq.(12)
afterwards; after that, x° is updated, and the pro-
cess repeats from the beginning.
It is evident that the computational procedure
for solving the direct problem is invoked in each in-

verse analysis.

I Guess initial x°
|

'

Call the direct problem procedure
and obtain calculated temperatures at

measurement points
Solve
Eq.(12)
to I Calculate the objective function

obtain ¢

Calculate F<lor

J, u ‘ FP+17 FP| < 5
¥ Y
I Output results I
End

Fig.3 Computational procedure for solving the inverse cou-

pled conduction, convection and radiation problem

3 Results and Discussion

A good inverse approach for a specified prob-
lem should be accurate, efficient, convergence sta-
ble and robust. Four key aspects of the Levenberg-
Marquardt algorithm are explored in this research.
Specifically, this study examines the potential of the
Levenberg-Marquardt algorithm to address inverse
problems associated with coupled conduction, con-
vection, and radiation in the context of absorption,

emission, and non-gray participating media.
3.1 Validation of accuracy and efficiency

In this case, the accuracy and efficiency of the
algorithm for solving the inverse coupled heat ex-
change issue is examined. Each model zone is associ-
ated with one equivalent gray emissivity. Additional-
ly, there is the total number of 11 equivalent gray
emissivity distributed along the furnace’s length. In
each model zone, there are two measurement
points: One locates at the upper surface and the other
at the center of the slabs. So the total number of tem-
perature measurements is 22. According to Fig.4, the
convergence curves of the 11 parameters are dis-
played when the L.evenberg-Marquardt algorithm i1s
applied. The initial guesses for each parameter are
set to 0.2. During the iteration process, the objec-
tive function F is decreasing. As shown in Eq.(14),

the iteration is stopped until the objective function is
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Fig.4 Convergence curves of 11 equivalent gray emissivi-

ties with initial guesses as 0.2

within a specified tolerance £. The final objective
function is 1.297<107°, which implies the high ac-
curacy of this algorithm.

The measured temperature data are simulated
by solving the non-gray gas radiative direct prob-
lem, in which a modified zonal method is used to
solve the radiative transfer equation (RTE). The
calculated temperatures data are those obtained after
the iteration of the inverse problem calculations men-
tioned in Fig.3, using the equivalent gray radiative
properties. The calculated and the simulated mea-
sured temperatures compete well with each other,
as shown in Table 2.

It implies the Levenberg-Marquardt algorithm
is highly accurate in terms of equivalent non-gray ra-
diation properties. Furthermore, the algorithm ex-
hibits a remarkable precision when resolving inverse
coupled heat exchange issues, which comprise ab-
sorption, emission, and non-gray participating medi-
um. This is because the recovered outcomes are
equivalent to those achieved by using the least-
squares method.

Fig.5 indicates that the total number of itera-
tions of the two algorithms is 9 for one and above
120 for the other when the initial guesses are set to
0.2 for each parameter. It reveals that the Leven-
berg-Marquardt algorithm is much more efficient
than the least-squares method for solving the inverse
coupled heat transfer issue. In order to guarantee
convergence when solving the inverse problem, the
relaxation factor in the least-squares method has to
be a very small value. If the relaxation factor be-
comes smaller, it will result in a low inverse effi-

ciency. Consequently, the efficiency by using the

Table 2 Calculated and simulated measured tempera-

tures
o, t/C
Simulated measured Calculated
1 100.32 100.319 5
2 211.13 211.129 2
3 349.01 349.012 4
4 528.99 528.986 6
5) 735.66 735.659 4
6 916.09 916.090 0
7 1041.19 1041.190 1
8 1139.27 1139.2714
9 1206.79 1206.789 6
10 1231.05 1231.0477
11 1250.93 1250.930 1
12 44.36 44.358 0
13 129.65 129.654 2
14 235.27 235.2651
15 365.15 365.151 2
16 519.32 519.323 3
17 681.32 681.320 2
18 829.52 829.520 7
19 966.77 966.770 0
20 1 087.60 1 087.595 6
21 1168.79 1168.793 7
22 1212.90 1212.9010
0.05
0.04 |
0.03 [
R 0.02
0.01 |
0.00 \'
ooy 2 4 6 3 10
Iteration number
(a) Levenberg-Marquardt algorithm
30
25 ?g
20
5t
R ?
10
5t
0 -
-5 . . .

0 20 40 60 80 100 120
Iteration number

(b) Least-squares method

Fig.5 Objective function with the iteration number



No. 5 HE Zheng, et al. Efficient Inverse Analysis for Solving a Coupled Conduction, Convection and-+- 627

least-squares method is much lower. On the other
hand, the formulation described in Ref.[27] for de-
termining the damping factor in the Levenberg-Mar-
quardt algorithm could guarantee both high efficien-

cy and good convergence stability.
3.2 Validation of convergence stability

In this section, we examine the impact of the
initial guess on the inverse results to assess the con-
vergence stability of the Levenberg-Marquardt algo-
rithm for the equivalence of non-gray radiative prop-
erties. Other initial guesses are examined, 0.000 01,
0.5 and 0.9 for each parameter, and convergences

could be obtained. Figs.6—8 show the convergence

0.1
0.0

;0.1 ‘)
0 2 4 6 8 10 12 14 16 18

Tteration number

0.8
] 07 | —=— st —<— 6th
s - 2nd 7th
Z 06 —-3rd  —=8th
g 05F ~v—4th -+ 9th
S o4l 5th  —e—10th
e ——11th
& 0.3

8 02

<

2

&

s3]

Fig.6 Convergence curves of 11 equivalent gray emissivi-

ties with initial guesses as 0.000 01
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0.5 ¢
0.4
0.3
0.2
0.1
0.0
-0.1

Equivalent gray emissivities

0 2 4 6 8 10 12
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Fig.7 Convergence curves of 11 equivalent gray emissivi-

ties with initial guesses as 0.5

1.0

S
o

S
=N

e
o

Equivalent gray emissivities
f=1
»

S
=}

0 4 8 12 16 20 24
Tteration number

Fig.8 Convergence curves of 11 equivalent gray emissivi-

ties with initial guesses as 0.9

curves of the 11 parameters. The inverse results are
exactly the same as those in Fig.4, which confirms
that the Levenberg-Marquardt algorithm is not only
accurate but also exhibits convergence stability when
used to solve the inverse coupled heat transfer issue.

It should be emphasized that a modification is
implemented in Eq.(13) for determining the damp-
ing factor, because the inverse problem is highly
nonlinear. The power n in Eq.(13) is not a constant,
and it is adjusted in the present work. In order to en-
sure good convergence stability, n is assumed to be
a small value between 0.000 01 and 1.0 if the dimen-
sionless objective function exceeds a given value,
such as 107", Otherwise, n is a greater value be-
tween 2 and 100 to guarantee a high efficiency.

For comparison, effects of initial guesses on in-
verse results by using the least-squares method are
also investigated. The results show that a conver-
gence could be obtained when initial guesses are
0.000 01 or 0.5, and the results are the same as
those in Fig.4. However, a convergence could not
be obtained when initial guesses are 0.9. The algo-
rithm reliably converges to the optimal solution,
providing accurate results for the inverse problem at
hand compared to the least-squares method. It is
mainly attributed to the introduction of the damping
factor in the Levenberg-Marquardt algorithm.

Furthermore, it can be determined that the to-
tal number of iterations required for convergence is
17, 12, and 26 for the three cases from Fig.6, Fig.7,
and Fig. 8, respectively, which also manifests that
for the inverse coupled heat transfer problem, the
Levenberg-Marquardt algorithm is substantially
more effective than the least-squares method.

Another aspect should be emphasized here.
The present inverse problem is highly nonlinear, be-
cause it is an inverse coupled conduction, convec-
tion and radiation problem involving absorbing,
emitting, and non-gray participating media. For this
kind of problem, the least-squares method could be
also efficient, if initial guesses are very close to ex-
act values. However, one could usually give rough
initial guesses as in this study. Therefore, the least-
squares method is either slow or unstable for solving

the present inverse problem.
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3.3 Effects of measurement errors

In the inverse analysis illustrated above, the
temperature measurements are assumed to be error-
free. However, temperature measurements inevita-
bly contain errors when used in actual applications.
Two tests are conducted to determine how these in-
accuracies affect the inverted findings.

The scenarios described in the Ref. [11] are
simulated. In the first test, an overall test data mea-
surement errors of 0.5%, 1.0%, and 1.5% are set.
Other calculation conditions are kept the same as
those in the above analysis.

Table 3 shows the recovered equivalent gray
emissivities, in which ¢ represents measurement er-
ror. An observation can be made that as ¢ rises from
0.5% to 1.5%, the precision of the inverse problem
findings decreases. The inverse results progressive-
ly deviate further from the exact values as the mea-

surement error grows.

Table 3 Recovered equivalent gray emissivities with dif-

ferent measurement errors

No. Eu
=0% £=0.5% &=1% ¢=1.5%
1 0.246 13 0.27529  0.30916  0.349 15
2 0.23627  0.25619  0.27844  0.303 30
3 0.22174  0.23968  0.25959  0.282 03
4 0.19963  0.21209  0.22563  0.240 12
5 0.17367  0.18666  0.20114  0.21783
6 0.19630  0.21509  0.23669  0.260 68
7 0.178 37 0.19345  0.21037  0.231 83
8 0.14959  0.15953  0.17030  0.182 14
9 0.14324  0.15331  0.16394  0.17583
10 0.16696  0.23113  0.42686  0.52875
11 0.12706  0.18275  0.21178  0.22313

The relative discrepancy E. is defined as

T €exact

E.=|° X 100% (15)

Eexact

The inverse heat transfer problem is highly non-
linear due to the presence of radiative transfer and
absorption, emission and non-gray radiation proper-
ties, so the values of E,, are very great and their val-
ues at different measurement errors are given in Ta-
ble 4. Moreover, all measurements are supposed to
contain the same measurement error. However,
measurement errors at some measurement points

may be very small or could be neglected in practical

Table 4 Relative errors of recovered equivalent gray

emissivities with different measurement errors

E.,

No- — os% —1Y% —15%
1 11.847 4 25.608 4 41.855 9
2 8.4310 17.848 2 28.370 1
3 8.090 6 17.069 5 271895
4 6.2415 13.024 1 20.282 5
5 74797 15.817 4 95.427 5
6 9.572 1 20.575 6 32.796 7
7 8.454 3 17.940 2 29.971 4
8 6.644 8 13.844 5 217595
9 7.030 2 14.451 3 22.752.0
10 38.434 4 155.666 0 216.692 6
11 43.829 7 66.677 2 75.610 0

applications, so the inverse accuracy would be high-
er in practical applications.

In the second test, random measurement errors
are considered to simulate real practical applica-
tions, and their effects on recovered equivalent gray
emissivities are investigated. A random error compo-
nent is incorporated into the precise temperature in
order to consider the random measurement error

1=l X (1-+&9/2.576) (16)
where 7 can take on any value within the range of
— 1 to 1 with equal probability.

Fig.9 shows random numbers imposed on mea-
surements for each measurement error, 0.5%,
1.0% and 1.5%. Convergence could be obtained for
each measurement error by using the Levenberg-
Marquardt algorithm, and Fig. 10 shows the recov-
ered equivalent gray emissivities. As anticipated,
the inverse accuracy diminishes as the measurement
error increases. For comparison, we also employ
the least-squares method to recover the equivalent
gray emissivities. A convergence could be achieved
if the measurement error is 0.5%, and the results
are the same as those by using the Levenberg-Mar-
quardt algorithm. However, convergence could not
be obtained even very small relaxation factors are
adopted, if the measurement error is 1% or 1.5%.
This implies that the Levenberg-Marquardt algo-
rithm performs better in solving the pathological
problems of inverse coupled conduction, convection
and radiation issue involving absorption, emission,

and non-gray participating media. Consequently, it
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can be concluded that the Levenberg-Marquardt al-
gorithm demonstrates greater robustness compared
to the least-squares method when addressing the cur-
rent inverse problem. In addition, the lLevenberg-
Marquardt algorithm with improved convergence
stability in solving the current highly nonlinear in-

verse problem is also verified.

1.0
08 |
06}
04}
02F A & » . . .
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Fig.9 Random numbers imposed on measurements

Fig.10 shows that equivalent gray emissivities
could be accurately recovered at low temperatures
(with a relatively small number of retrieval parame-
ters) , even with measurement errors. However,
the results deviate the exact values much at high
temperatures. It is because the nonlinear effect,
mainly caused by radiation, is heavier at high tem-
peratures for the present inverse coupled heat ex-
change issue. Therefore, the measurements should
be as accurate as possible for accurately solving the

inverse problem in real practical applications.
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Fig.10 Recovered equivalent gray emissivities with random

measurement errors

4 Conclusions

This paper proposes the Levenberg-Marquardt
algorithm to address an inverse coupled heat transfer

issue in a reheating furnace incorporating absorp-

tion, emission, and non-gray participating media.
The algorithm is shown to effectively recover com-
parable gray radiative characteristics of non-gray me-
dia. In order to enhance the efficacy of this algo-
rithm’ s performances, a modification has been in-
corporated into the recently proposed formulation
for determining the damping factor. It is comprehen-
sively investigated whether high accuracy, great effi-
ciency, convergence stability and good robustness
can be guaranteed when this algorithm solves the in-
verse problem.

The results show that the Levenberg-Mar-
quardt algorithm is with high accuracy for recover-
ing the comparable gray radiative properties. The is-
sue of low inverse efficiency in solving the current
inverse problem can be effectively addressed, which
means that the Levenberg-Marquardt algorithm is
more efficient than the least-squares method. More-
over, in the context of highly nonlinear inverse prob-
lems, the Levenberg-Marquardt algorithm demon-
strates superior convergence stability and robust-
ness. It is mainly attributed to the introduction of the
damping factor in the Levenberg-Marquardt algo-
rithm. In addition, the newly presented formulation
for determining the damping factor and its modifica-
tion in the present work could guarantee both high

efficiency and good convergence stability.
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