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Abstract: Aiming at the time-optimal control problem of hypersonic vehicles (HSV) in ascending stage, a

trigonometric regularization method (TRM) is introduced based on the indirect method of optimal control. This

method avoids analyzing the switching function and distinguishing between singular control and bang-bang control,

where the singular control problem is more complicated. While in bang-bang control, the costate variables are

unsmooth due to the control jumping, resulting in difficulty in solving the two-point boundary value problem

(TPBVP) induced by the indirect method. Aiming at the easy divergence when solving the TPBVP, the continuation

method is introduced. This method uses the solution of the simplified problem as the initial value of the iteration. Then

through solving a series of TPBVP, it approximates to the solution of the original complex problem. The calculation

results show that through the above two methods, the time-optimal control problem of HSV in ascending stage under

the complex model can be solved conveniently.
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0 Introduction

The optimal control problem (OCP) of hyper-
sonic vehicles (HSV) has always been a hot topic
of research. The time-optimal control problem has
great military significance and has attracted wide-

% In some military launches, the

spread attention
mission places an important requirement on the ra-
pidity of the spacecraft reaching the designed state,
which is necessary to develop the algorithm for time-
optimal control.

The methods for solving OCP include direct*’

! methods.

and indirect

The direct method transforms the OCP into a
finite-dimensional nonlinear parameter optimization
Zhang'"

proposed and verified the framework of solving

problem through parametric methods'.

multi-objective trajectory optimization problem of

HSV based on pseudo-spectral methods. Yang et
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al.'"® combined extrapolation and bisection methods
to solve the time-optimal control problem from a so-
lution gained by convex optimization. The direct
method has the merits of strong applicability, but it
is computationally intensive and optimality unguar-
anteed.

The indirect method has high solution accuracy
and the qualities of first-order optimality, but its cal-
culation of the costate variables is a bit complicated.
Based on the riccati equation, Qiao et al.t”! designed
the control law of HSV with the quadratic energy-
consuming index, and designed a spiral dive maneu-
vering trajectory. Considering time-consuming in-

""used a genetic algorithm to gain

dex, Zhang et al.!
the costate variable initial value, and realized the tra-
jectory optimization of HSV in ascending stage. In
the indirect method, enormous effort may be taken
to analyze the switching function, derive the opti-

mal control, and calculate the costate variables that
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do not have physical meaning. It makes the calcula-
tion process too cumbersome. And the costate vari-
ables is difficult to solve.

The OCP of atmospheric vehicles is prone to
singular optimal control, which is hard to solve. In
order to avoid the problem of analyzing the switch-
ing function which may result in singular control,
and solve the problem of easy divergence of two-
point boundary value problem (TPBVP), this pa-
per introduces the trigonometric regularization meth-
od (TRM). This method avoids the need to analyze
the switching function by applying the necessary
conditions of first-order optimality, and gains the op-
timal control easily. The continuation method is also
introduced to make the TPBVP easier to converge.
Finally, the solution of the OCP under the simpli-
fied model is used as the initial value in the itera-
tion, and the solution of the HSV optimal time-con-
suming problem under the complex model is ob-
tained by the continuation method. The simulation
results show that the TRM and the continuation
method effectively realize the optimal time-consum-

ing control of the vehicle.

1 Trigonometric
Method

Regularization

Under the condition of unconstrained control,
the optimal control can be easily obtained by utiliz-
ing the necessary conditions of first-order optimality

JH
T
where H is the Hamiltonian function and « the con-

0 (1)

trol.

In the HSV control problem, the control is usu-
ally magnitude constrained and Pontryagin’ s mini-
mum principle (PMP) should be used

H(u")=min H (2)

where “*” in the upper corner indicates the optimal
value. In the optimal control problem of the vehicle,
the Hamiltonian function can be reduced to the fol-
lowing form.

H=H,+S-u (3)
where H, is the control-independent part of the func-

tion and S the switching function. In common, the

Hamiltonian function and switching function are
used to analyze and determine whether it is bang-
bang control or singular control. When the switching
function is constant equal to zero over a certain peri-
od, it is singular optimal control. And vice versa, it
is bang-bang control.

The trigonometric regularization method""" '
proposes to use the mathematical properties of the
trigonometric function to express the magnitude con-
strained control as the sine function, which will
make the necessary conditions of first-order optimal-
ity available and bring great convenience to solve
the OCP.

Assume that the magnitude of the control is

Unnin <= U <= Uppes (4)
where uyp, ., are the lower and upper bound of
control, respectively. Then let

u— 2 SIN U TR + 2 (5)

where g 18 trigonometric control, which is uncon-
strained by magnitude. By introducing the trigonom-
etry, the problem of solving optimal control «" is
transformed into the problem of finding optimal trig-
onometric control urr. The optimal trigonometric
control can be gained from Eq.(1). It also ensures
that the actual control is limited as Eq.(4). After
such transformation, the problem of analyzing the
switching function is avoided. The actual control
and the trigonometric control can be converted to
each other as Eq.(5).

The control may jump during the flight and
lead the costate variables unsmooth, which make
TPBVP converted by indirect method hard to solve.
Therefore, the error control is introduced to smooth
the control. The smoothing effect is shown as Fig.1.

In order to achieve smoothing, while replacing

the actual control with a sine control earlier, the er-

u — Ideal
U — Smooth
= — Error

u,

‘min

Fig.1 Control smoothing effect



54 Transactions of Nanjing University of Aeronautics and Astronautics

Vol. 41

ror control can take the form of a cosine function,
thereby forming a control triangle, as shown in
Fig.2 (assuming the control bound is 1), where the
dashed line is the cosine error control, the green line
1s the sine smooth control, and the red line is the
bound of the control. To achieve different smooth-
ing effects, an error parameter ¢ is introduced. The
smaller the e, the weaker the error control effect,
and the smooth control is closer to ideal control. For
OCPs, this error control can be added to the inte-
gral index, so the performance index J in the OCP

1S rewritten as
J:¢[I(l‘f)atf]+JI[L(lﬂu’[)Jﬁ
0

Upay — Upi
max min COSHTRI(’ ] d[ (6)

4

where ¢ is the terminal index, and J Ldz the origi-
0

nal integral index.

\

AY
. \
\
SiNUpyg \ COSUmq
\

\
\

c . Urric /\\‘ B

Fig.2 Control triangle

By utilizing the TRM, the optimal trigonomet-
ric control can be calculated conveniently, and the
actual control can be reverted from Eq.(5). Then
the OCP is converted to TPBVP of differential

equations of states and costate variables.

2 Continuation Method

For solving the TPBVP, the current classical
methods include shooting method, finite difference
method and finite element method'™”. These meth-
ods solve the TPBVP through iteration. But if the
initial value of iteration is not set properly, the cal-
culation is likely to diverge'*'. For the TPBVP con-
verted by the OCP, the costate variables have no
physical meanings, so their initial values are diffi-
cult to give reasonably.

The continuation method is a method of transi-
tioning from solving a simplified problem to solve a

complex one. If the OCP can be simplified by ignor-

ing some nonlinear terms, and its solution can be
solved analytically, the continuation method is suit-
able to be used. Through taking the solution of the
simplified problem as the initial value, and solving a
series of TPBVP, the original complex OCP can be
solved by the method" """,

Assuming n nonlinear terms need to be ignored
in order to simplify the problem, n continuation pa-
rameters are introduced. Add these continuation pa-
rameters to each nonlinear term as multipliers, and
make all parameters equal to zero. Then the com-
plex problem reduces to a simplified one that can be

solved. The solution of the simplified problem is set

to be the initial value. Let Ak =4k + dk
(kyy by, o+, k,=0), and solve the TPBVP induced
by  the indirect method. Continue  with

ki =k, + dk,, let the previous solution as initial val-
ue and solve the TPBVP at current k,. Repeat the
process until £, = 1. Leave 4, unchanged and follow
this step to conduct k,, ks, -+, k,. Fig.3 shows the
schematic diagram of the continuation method.
When the process completes, the solution of the

original complex problem is obtained.

k' =k’ + dk, Let the solution of k be

the initial guess, and solve TPBVP of k'

Let the solution of &,
be the initial guess &’

i=i+]l

k/ =1k + dk, Let the solution of k" be
the initial guess, and solve TPBVP of &/

Fig.3 Diagram of the continuation method

3 The Problem of Optimal Control
of HSV

The equations of motion of HSV are listed as

follows
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y=u,
. V., 1 Dcos@ Lsind
v, =— — -+ —wucosy — —

R.+y m m m

v,° P 1
v, = ' — + —usiny —
" Rty (R.A4y)f m 7 (7)

Dsind = Lcos0

+

m m
) u
m=——

Isp

where y is the flight height, m the vehicle mass, #«
the earth’ s gravitational constant, R, the radius of
the earth, I, the fuel specific impulse, « the thrust
of the engine, » the angle of thrust relative to the lo-
cal horizontal direction; v,, v, are the projections of
the velocity vector in the local horizontal and verti-
cal direction, respectively, and L, D the aerody-
namic lift And 6=

and drag, respectively.

arctan(zj}) is the flight path angle. The downrange
v,
V.U,

R.+y

of the HSV is omitted here. The term

1s the
v,°

R.+y

coriolis acceleration and is the centrifugal ac-

celeration.
L and D are calculated by
1

L :EC“O"UzS
1 (8)
D :EC[UOUZS

where Cy, Cp, are the lift and drag coefficients, re-

spectively; v= /v’ +v); S is the reference area

and o the air density

Y

o=poe " 9)
where p, is the density at zero altitude and /4 the sca-
lar height factor .

The vehicle itial states are set as
y(0)=0, v,(0)=0, (10)
0,(0)=0, m(0)— my=20
The desired final states in ascending stage are
y(t)—yi=0, v.(t,)—vi=0,v,(t;)=0 (11)
where “#” in the upper corner indicates the desired

value.

The engine thrust is limited as

0 U<ty (12)
The performance index is

According to the TRM described previously,
the thrust should be converted as

Umax . U max

=—5 ,+ 14
u 5 SIN Urgic 2 (14)
And the Hamiltonian function is
H="""¢ o8 trryc + v, +
—v,v, 1 D cos @
A Ol + —wucosy— €os +
R.+y m m
v’ Y
Aoy — -+
}|:RC + (Rc + y )Z
1 . Dsind u
—usinyg — — AT (15)
m I,

umax .
where the term 7ecos urric 18 the error control.

According to the PMP, the optimal thrust angle
should satisfy

_AI’.I'
cosp=—"——
JAL AL
‘ (16)
. — Ay
sinn =

[A2,+ AL

The optimal thrust can be easily derived out as
follows according to the necessary conditions of first-

order optimality

AwcosytA,sing A,
m I,
arctan
€
Urtric = ) (17)
A cOST + Ay, siny A
m Is)
arctan P+ x
13

The two triangular control should be reverted
to the actual control by Eq.(14), and substituted in-
to Eq.(15). The optimal control should choose the
one that minimize Eq.(15).

According to the optimal control theory, two
bound conditions are supplemented

{H(z;)+1=0,4,()=0} (18)

The differential equations for costate variables

are
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i— 8H AV, 0, n Ay U2 Assuming the earth is an infinitely large plane
! 9y (R, +y7? (R.+y) and the aerodynamics is unconsidered. The simpli-
e . D fied equations of motion can be described as
Lyg—(%, cosf+ A, sind) — + 1ed equat 1 sent >
y=wv,,0,=—C0s7
. L m
(A, cos@— A, sinf) — (20)
O,=-—siny— g, m=——
L T T S
N du. Rty Rty where the four nonlinear terms are ignored and g is
Ll,poef%S( 202+ v?) .y Copoe P Sv the gravity acceleration which seen as a constant. So
o o Eqs.(10—13, 20) form the simplified time-optimal
2mo, [1+ | problem of HSV.
oy y The differential equations for costate variables
. Crpoe "Svy Cl poe "S(2v; + 0] of simplified model are
v | P
2m 1+f; 2m, 1+7 A, =0
v.x y J— y —
oH LA SR (21)
Ay=—"—=—2, ~ w COS
y dv, Rty i= u( A, COSUT){W siny)
y m
Copoe "Sv), CDPOB "S(W + 2v)) The simplified problem can be solved analyti-
» fy§ cally by analyzing the corresponding switching func-
2m [1+— 1 TL . , . .
v tion and conducting definite integral calculations on
Cove %S( 20+ ) Coove Sv} Eq.(21). The analysis and calculation process is
Au > — Ay - omitted here. Then the solution of the simplified
2mu, |1+ 1; 2m |1+ 1)9 model can be gained, among which the costate
Uy * . - .
I curves of the simplified problem are shown as Fig.4.
. u
Ap=——-—=— (A, cosp+ A, siny)—
adm  m*
D =15 | =65
(A cosO+ A, sing)+ .
m° . = 20r '2 =7.0 -
L \5\ - = = - -
j( Ay COS 0 — Ay, SIN (9) ~ 23 = 92
" 30} 80}
(19) 0 50 o 50
Eqs.(7,10,11,14,16—19) constitute the TP- Time /s Time /s
) (a) 4, curve (b) A, curve
BVP of states and costate variables, where Egs.(7,
2 -
19) are the ordinary differential equations and ol
Eqgs.(10,11,18) consist the boundary conditions. b= E
. . . k- —5L \E 1F
Apparently, the differential equations of cos- N 2
tate variables are quite complex due to the strong -10}
. . . . ' 0 :
nonlinear terms of coriolis acceleration, centrifugal 0 50 0 .50
. o Time /s Time /s
acceleration, aerodynamic lift and drag. Therefore, (c) A, curve (d) A, curve

these make it impossible to solve the TPBVP direct-

ly.

However, when the model is simplified, the
solution of the OCP can be solved analytically. The
continuation method can be used here to solve the
HSV time-optimal problem under the complex mod-

el.

Fig.4 Costate curves of simplified problem

The continuation method is utilized through im-
bedding continuation parameters into the original
model. Parameters 4y, k., ks, b, are introduced as
multipliers of the four nonlinear terms. The original

model 1s modified as
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5} =, 35
3.0F
U,V
U, =—h——— "+ —ucosy — =
I?e + y ) 2.5
D cos 0 Lsind = 20f
3 TRy =
m m 8 15F
2 g
) v, . (22) 210t
'UJ,Z/QR + — e - —usiny — = 10
Ty (R.+y)y m 0.5
Dsind L cos?@ . , . ;
ks Tk 00020 40 0 0 100
m m .
Time /s
"= 7% Fig.5 Height curve
sp

The costate equations should be modified corre-
spondingly. The modified equations of costate vari-
ables and Eqs.(10,11,14,16,17,22) form another
TPBVP in the continuation model.

When &, £, ks, &, = 0, Eq.(22) reduces to the
simplified problem which has been solved analytical-
ly. Then the solution acts as an initial value of the
first step of continuation. Firstly, the process starts
from 4. It should be noted that at each step of con-
tinuation, the previous solution must be set as initial
value at the current step. When %2, =1, progress
ks, ks, ky in the same way, and the solution of the
time-optimal problem of HSV under the complex
model is obtained.

The parameters used in the problem are shown
in Table 1.

Table 1 Parameters used in the problem

Parameter Value
Unax /N 9.2 X 10°
I,/(mes™') 3000
my/kg 3 % 10
v/ (mes™) 3.4 X 10°
yi/m 3% 10"
R./m 6.378 X 10°
n/(m?es™?) 3.983 X 10"

The simulation results are shown as Figs.5—10.
As can be seen from Figs.5—6, the HSV reaches
the desired final states. Fig.8 shows that the HSV
flies at the maximum thrust all the way, and the fuel
is consumed at a constant speed as Fig.6 shown.
The second plot of Fig.8 shows that the thrust angle
is slowly becoming negative, so that the vertical ve-

locity becomes zero in the final. The switching func-

Horizontal velocity /
(m+s7)

4000

+ 2000F

% 20 40 60 80 100

Time /s
(a) Velocity projection on local horizontal direction

= 1000
2z
Q
L
o » 500
SE
£ 0
o
>
100
(b) Velocity projection on local vertical direction
Fig.6 Velocity curves
3.0
25k
o
fi¥)
> 20F
2 15t
=
1.0+
0'50 20 40 60 30 100
Time /s
Fig.7 Mass curve
10
Z
=
3 5T
E 0 1 1 1 1
0 20 40 60 80 100
Time /s
(a) Thrust curve
e 60F
S 40t
on L
é iig L 1 1 1
0 20 40 60 80 100
Time /s
(b) Thrust angle curve

Fig.8 Control curves
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Fig.9 Switching function
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Hamiltonian funct

-0.999 995

1000000 4060 80 100

Time /s

Fig.10 Hamiltonian function

tion in Fig.9 is always negative, supporting the cor-
rection of #'=u,,.. The Hamiltonian function in
Fig.10 equals to — 1 within the error of 107", con-
sidering meets the necessary conditions of optimali-
ty. The slight fluctuations are due to the introduc-
tion of error control and the calculation error of the
computer.

The paper tries to solve the problem by the tra-
ditional indirect method to verify the convenience
and effectiveness of the above method. However,
the traditional method to solve TPBVP of the opti-
mal problem under such a complex coupled model
always diverges, while the above method solves it

successfully.

4 Conclusions

Based on the indirect method of optimal con-
trol, this paper introduces the TRM, which elimi-
nates the need for switching function analysis. For
the problem that the costate variables have no rea-
sonable initial value guess in the TPBVP under the
complex model, resulting in the divergence easily,

the continuation method is introduced. The OCP un-

der the complex model can be gradually approached
and solved by taking the solution of the simpler
problem as the initial value. Finally, through the
analysis and simulation of the time-optimal problem
of HSV in ascending stage, the effectiveness of the
above method is successfully verified.

There are some constraints such as heat con-
straint and load constraint due to the structure of the
vehicle during the flight. But those constraints are
not considered in the paper. Further research may
lay on the state constraints for the optimal control

method.
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