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Abstract: Sparse array design has significant implications for improving the accuracy of direction of arrival （DOA） 
estimation of non-circular （NC） signals. We propose an extended nested array with a filled sensor （ENAFS） based 
on the hole-filling strategy. Specifically， we first introduce the improved nested array （INA） and prove its properties. 
Subsequently， we extend the sum-difference coarray （SDCA） by adding an additional sensor to fill the holes. Thus 
the larger uniform degrees of freedom （uDOFs） and virtual array aperture （VAA） can be abtained， and the ENAFS 
is designed. Finally， the simulation results are given to verify the superiority of the proposed ENAFS in terms of 
DOF， mutual coupling and estimation performance.
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0 Introduction 

Direction of arrival （DOA） estimation is a sig⁃
nificant research field in array signal processing and 
is extensively applied to wireless communications， 
radar， and acoustic［1-9］. Many classical DOA estima⁃
tion algorithms， such as MUSIC［10］ and ES⁃
PRIT［11］， are based on uniform linear arrays 
（ULAs）. In order to avoid spatial aliasing， for a 
ULA， the spacing of neighboring sensors cannot ex⁃
ceed a half wavelength. And the estimable sources 
will not be more than the number of array elements， 
which means that at most K-1 signals can be detect⁃
ed by K sensors. Consequently， it is necessary to 
keep adding sensors in order to obtain larger aper⁃
ture and degrees of freedom （DOFs）.

In order to solve the problems of ULAs， vari⁃
ous sparse arrays have been proposed， such as 
coprime arrays［12］， nested arrays （NAs）［13］， and so 

on［14-17］. Difference coarray （DCA） can be obtained 
to improve the estimation accuracy by virtualizing 
the sparse array. In order to further extend the virtu⁃
al array aperture （VAA） and DOF， multiple im⁃
proved structures have been proposed. The sensors 
in a subarray is doubled［18］ to obtain the augmented 
coprime array （ACA）. A new structure， the extend⁃
ed optimum coprime sensor array （EOCSA）［19］， is 
proposed， which can achieve the same or even high⁃
er DOA estimation performance with fewer sensors. 
The redundant sensors are reduced［20］， thus obtain⁃
ing a thinned coprime array （TCA）， which gives 
the larger VAA and DOFs for the same number of 
sensors compared to the ACA. However， the holes 
of coprime arrays after virtualization lead to a de⁃
crease in uniform DOFs （uDOFs）.

DCA is hole-free in the traditional NSs， result⁃
ing in the larger uDOFs and the better estimated 
performance. However， it also has limitations， such 
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as a large loss of DOFs caused by spatial smooth⁃
ing， and mutual coupling between sensors. To solve 
these problems， super nested array （SNA） is pro⁃
posed［21］ to decrease mutual coupling by reducing 
the sensors at specific spacing. A coprime factor is 
introduced to expand the spacing of some elements， 
thus reducing the mutual coupling［22］. The augment⁃
ed nested array （ANA）［23］ disassembles the dense 
subarray and moves it to each side of the sparse sub⁃
array， which is able to increase the array aperture 
and DOF and decrease the effect of mutual cou⁃
pling. The coprime array with displaced subarrays 
（CADiS）［24］ introduces spacing between two 
coprime subarrays， which weakens the mutual cou⁃
pling effect between the array elements and enhanc⁃
es the array aperture. But the holes in the DCA in⁃
crease and therefore the consecutive DOF decreas⁃
es. Based on the CADiS structure， a multi-layer 
filled coprime array （MLFCA） with hole-free coar⁃
ray is proposed［25］. This array constructs a structure 
of multiple duplicated subarrays and fills the holes in 
the DCA， thus obtaining the extended DCA. These 
arrays extend the DCA by changing the position of 
the sensors， or adding new subarrays to fill holes in 
the original DCA. They all aim to extend the con⁃
secutive DCA so as to improve the DOA estimation 
accuracy for circular signals， but the enhancement is 
not obvious for non-circular （NC） signals. Com⁃
pared with the current CADiS， ANA， and SNA， 
the array proposed in this paper not only extends the 
DCA， but also extends the sum coarray（SCA） for 
the properties of NC signals.

NC signals are important signal forms in mod⁃
ern communication systems which are widely used. 
Unlike circular signals， the covariance matrix and 
the pseudo-covariance matrix both can be utilized in 
DOA estimation， thus generating a larger virtual ar⁃
ray. In order to improve the performance of DOA 
estimation of NC signals， many improved DOA esti⁃
mation algorithms and sparse arrays have been pro⁃
posed. The vectorized noncircular MUSIC（VNCM） 
algorithm［26］ makes full use of DCA and SCA. This 
algorithm directly splices the consecutive parts of 
DCA and SCA to obtain SDCA. DsCAMpS［26］ 

greatly increases the DOFs. NADiS［27］ improves the 
nested array， which can obtain the extended sum dif⁃
ference coarray （SDCA）. However， both DCA and 
SCA of this structure are not consecutive， and thus 
the VNCM algorithm cannot be used for DOA esti⁃
mation.

In this paper， we aim to improve the DOA esti⁃
mation accuracy of NC signals by sparse array de⁃
sign. The main idea is to get the larger uDOFs by 
adding an additional sensor to fill the holes in the 
SCA. Specifically， this array is obtained by two op⁃
erations. Firstly， the improved nested array （INA） 
is proposed， which is composed of three subarrays. 
Its consecutive DCA is used to estimate the circular 
signal［28］， but the SCA is not utilized. So in order to 
fully use the virtual array， an additional sensor is in⁃
troduced to filling the holes to obtain a longer con⁃
secutive SDCA， thereby obtaining the extended 
nested array with a filled sensor （ENAFS）. Com⁃
pared with the conventional sparse arrays， the pro⁃
posed ENAFS obtains increased uDOFs and en⁃
larged VAA. And the mutual coupling effect is low⁃
er due to reducing the number of compact elements. 
The main work of this paper is summarized as fol⁃
lows：

（1） We introduce the INA structure and give 
the exact expression of the fillable holes in the SD ⁃
CA.

（2） We propose an ENAFS structure by add⁃
ing an additional sensor to fill the holes in the INA.

（3） We demonstrate the superiority of the pro⁃
posed ENAFS in terms of DOF， mutual coupling 
and estimation performance through simulation and 
numerical analysis.

Notations： Lower-case bold characters indicate 
vectors （e. g.，a）， upper-case bold characters indi⁃
cate matrices （e.g.， A）， and upper-case outlines de⁃
note sets （e.g.， V）. ( ⋅ ) T

， ( ⋅ ) * and ( ⋅ ) H stand for 
transpose， conjugation and conjugate transpose， re⁃
spectively. a，b  denotes a set of integers 

{ z ∈ Z | a ≤ z ≤ b }. ⊗ denotes the Kronecker prod⁃

uct. ⊙ denotes the Khatri-Rao（KR） product. vec is 
the vectorization operator.
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1 Preliminaries 

1. 1 Received signal model　

Assuming that there are K uncorrelated far-

field signals incident from θ1，θ2，…，θK to an array 
with N array elements， here N is the total number 
of elements； and the element position is L͂ = d 0L =
d 0 { l1，l2，⋯，lN }， here d 0 = λ/2 and λ is the signal 
wavelength. The received signal can be expressed as

x ( t ) = As ( t ) + n ( t ) (1)
where n ( t ) is the additive white Gaussian noise 
with mean 0 and variance σ 2

n， s ( t ) the signal vector， 
A= [ a ( θ1 )，a ( θ2 )，⋯，a ( θK )] ∈ CN × K the direction 
matrix， and its kth direction vector is

a ( θk ) = [ e-j2πl1 d0 sinθk /λ,e-j2πl2 d0 sinθk /λ, ]⋯,e-j2πlN d0 sinθk /λ T
  (2)

We assume that the signals are strictly non-cir⁃
cular， then the received signal vector s ( t ) =
[ s1 ( t )，s2 ( t )，⋯，sK ( t ) ]T can be represented as

s ( t ) =ΦsR( t ) (3)
where sR( t ) is the real-valued signal， Φ=
diag { e-jφ1，e-jφ2，⋯，e-jφK } and the non-circular phase 
of the kth signal is denoted as φk. We also assume 
that all signals can be regarded as quasi-stationary 
processes［29］.

Combining the received signal and its conju⁃
gate， we can get the extended received signal as［30］
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A*Φ * sR ( t )+
é

ë
ê
êê
ê ù

û
úúúú
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        A e sR( t ) + n e( t ) (4)
where A e =[( AΦ )T，( AΦ )H ]T is the expanded di⁃
rection matrix， and n e ( t )=[ nT ( t )， nH ( t ) ]T the 
extended noise matrix.

In the fth time frame， here f ∈ 1，F  and F is 
the total number of time frame，the covariance ma⁃
trix of the extended received signal is denoted as

R fx = E [ x e( t ) x H
e ( t ) ] = A eR fsAH

e + σ 2
n I2N (5)

where R fs = E [ sR( t ) sH
R ( t ) ] = diag [ σ 2

f1，σ 2
f2，⋯，σ 2

fK ] 
is the covariance matrix of the fth frame.

In order to obtain the received signal of the vir⁃
tual SDCA， we vectorize the covariance matrix R fx， 
shown as

yf0 = vec ( R fx ) = ( A *
e ⊙A e ) γ f + σ 2

n vec ( I2N ) (6)

where γ f =[ σ 2
f1， σ 2

f2， ⋯， σ 2
fK ]T ∈ CK × 1. And we de⁃

fine B e = J e ( A *
e ⊙A e )［26］. The kth column of B e can 

be expressed as
b e( θk,φk ) = J e(a*

e ( θk,φk ) ⊗ a e( θk,φk ) )=
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a ( )θk ⊗ a*( )θk

(7)

where φk is the non-circular phase of the kth signal， 
a*( θk ) ⊗ a ( θk ) and a ( θk ) ⊗ a*( θk ) can be represent⁃
ed as e-j2π ( )li - lj d0 sinθk /λ( li，lj ∈ L ). Thus they can be re⁃
garded as the direction vectors of the DCA. 
a*( θk ) ⊗ a*( θk ) and a ( θk ) ⊗ a ( θk ) can be represent⁃
ed as e-j2π ( )- li - lj d0 sinθk /λ and e-j2π ( )li + lj d0 sinθk /λ( li，lj ∈ L ). 
Similarly， they can be regarded as the direction vec⁃
tors of SCA.

By sorting b e( θk，φk ) in Eq.（7） according to the 
positions of the array elements， we can obtain the 
direction vector of the SDCA， shown as

b ( θk,φk ) =
é
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úb-
s ( )θk ej2φk

bd( )θk

b+
s ( )θk e-j2φk

= Θ ( θk )φ ( φk ) (8)

where Θ ( θk )=blkdiag｛b-
s（θk），bd（θk），b+

s（θk）｝，here 
blkdiag represents generating a block diagonal ma⁃
trix， b-

s ( θk ) and b+
s ( θk ) represent the direction vec⁃

tors of the SCA for the negative and positive axis， 
respectively，and bd ( θk ) represents the direction vec⁃
tor of the DCA； φ ( φk ) = [ ej2φk，1，e-j2φk ] T.

By performing the same row operation on yf0， 
we can obtain the equivalent received signal vector 
y f ∈ C( )2R 3 + 1 × 1 of the SDCA， shown as

y f = Bγ f + u (9)
where B= [ b ( θ1，φ 1 )， b ( θ2，φ 2 )， ⋯， b ( θK，φK )] 
is the direction matrix of the SDCA obtained by vir⁃
tualization， and u the vector with all zeros except 
for 1 at the middle position. The equivalent received 
signal can be expressed as

Y= BΓ+ ueT
F (10)

where Γ= [γ1，γ 2，⋯，γF ] and eF = [ ]1，1，⋯，1 T.

1. 2 Reduced dimensional MUSIC　

The matrix Θ ( θk ) in Eq.（8） contains only an⁃
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gles and the vector φ ( φk ) contains only non-circular 
phases. It separates the DOA and non-circular phase 
in the direction vector. Therefore the reduced dimen⁃
sional MUSIC algorithm can be used for DOA esti⁃
mation［31］. The spectral function of RD-MUSIC al⁃
gorithm is given by

P ( θ ) = eH (ΘH( θ ) Ê n Ê H
n Θ ( θ ) )-1

e (11)

where e= [ 0，1，0] T and Ê n represents the estimate 
of the noise subspace.

2 Extended NA with a Filled Sensor

2. 1 Prototype NA　

A prototype NA contains a dense subarray and 
a sparse subarray. Fig.1 shows the structure of a pro⁃
totype NA with 10 array elements， where the adja⁃
cent numbers represent a physical spacing of half a 
wavelength. Fig.1（a） is the positions of physical ar⁃
ray elements； Fig.1（b） is the DCA of the NA， 
which is continuously distributed in [ - R 1，R 1 ] =
[ - 29，29]； Fig.1（c） is the SCA， which is continu⁃
ously distributed in ±[ R 2，R 3 ] = ±[ 2，36]； and 
Fig.1（d） is the SDCA， continuously distributed in 
[ ]-R 3，R 3 = [ - 36，36]. NA can be directly used 
for DOA estimation of NC signals. However， the 
overlap between DCA and SCA can seriously re⁃
duce the uDOFs， resulting in a decrease in the 
DOA estimation accuracy.

2. 2 Extended NA based on hole representation 
and filling strategy　

In order to increase the uDOFs and reduce the 
redundancy between DCA and SCA， an extended 
NA with a filled sensor， termed ENAFS， is de⁃
signed in this subsection.

Definition Assume that N 1 ≥ 1 and N 2 ≥ 2， 

the proposed ENAFS is defined by
ì
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SENAFS = ( S1 ∪ S2 ∪ S3 ∪ S4 ) d
S1 = 0
S2 = N 1 + 0,N 2 - 1 ( N 1 + 2 )
S3 = ( )N 1 N 2 + 2N 2 - 1 +( 0,N 1 - 2 ,N 1 )

S4 ={N 1 N 2 + 2N 1 N is even
N 1 N 2 + 2N 1 - 2 N is odd

  (12)

where d = λ/2； S1， S2， S3 and S4 represent the four 
subarrays， respectively. The optimal choices of sub⁃
array parameters can be expressed as follows.

（1） When the total number N is odd， N 1 =
( N - 1 ) /2 - 1，N 2 = ( N - 1 ) /2.

（2） When the total number N is even， N 1 =
N/2 - 2，N 2 = N/2.

Fig.2 illustrates the proposed ENAFS. For the 
proposed structure， the following properties hold 
for its virtual arrays.

Property 1 The proposed ENAFS has the 
following properties.

（1） The DCA is continuous in the range 
-R 1，R 1 ， where R 1 = N 1 N 2 + N 1 + 2N 2 - 3.

（2） The SCA is continuous in the range 
± R 2，R 3 ， where R 2 = N 1 N 2 + 2N 2 - 2， R 3 =
2N 1 N 2 + 2N 1 + 4N 2 - 4.

（3） The SDCA is continuous in the range 
-R 3，R 3  and the number of uDOFs is 4N 1 N 2 +

4N 1 + 8N 2 - 7.
Proof
（1） It is known that DCA is symmetric， so 

that the consecutive range -R 1，R 1  can be equat⁃
ed to the range 0，R 1 . And 0 is always contained 
in the DCA， so it is enough to prove that it is con⁃
secutive in 1，R 1 .

S1 is the sensor located at the origin， and its 
own DCA is

diff ( S1,S1 )= { ρ͂1
i } = { 0 } (13)

S2 is a sparse subarray and its own DCA is de⁃
noted as

diff ( S2,S2 )= { ρ͂2
i } = { ( N 1 + 2 ) l2v }

      1 ≤ i ≤ N 2 - 1,    1 ≤ l2v ≤ N 2 - 1 (14)

Fig.1　Structure of the prototype NA (N = 10)

Fig.2　Array geometry of ENAFS
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S3 is a uniform subarray with N 1 sensors， and 
its own DCA is

diff ( S3,S3 )= { ρ͂3
i } = { l3v }

                    1 ≤ i ≤ N 1,    1 ≤ l3v ≤ N 1 (15)
For subarray 2 and subarray 3， the DCA be⁃

tween them can be expressed as
diff ( S3,S2 )= { ρ͂32

i } = { l3v + [ ]N 1 +( N 1 + 2 ) l2v }
1 ≤ i ≤ N 2 N 1, 0 ≤ l2v ≤ N 2 - 1,0 ≤ l3v ≤ N 1 - 1

(16)
By placing the three nested subarays， an INA 

can be assembled with a DCA that is consecutive in 
the range -R 1，R 1 . Combining Eqs.（13—16）， 
for the INA consisting of S1， S2 and S3， the DCA is 
consecutive in the full range [1，N 1 N 2 + N 1 +
2N 2 - 3]. Therefore the item （1） of Property 1 is 
established.

（2） The same as the proof of the item （1）， 
SCA is also symmetric. Thus it is only necessary to 
prove that it is consecutive in the range R 2，R 3 .

For the INA consisting of S1， S2 and S3， we 
can obtain their SCAs， shown as

sum ( S1,S1 )= { 0 } (17)
sum ( S2,S2 )= { }2N 1 +( N 1 + 2 )( l2v + l2ω )
                                     0 ≤ l2v,l2ω ≤ N 2 - 1 (18)
sum ( S3,S3 )= {( 2N 1 N 2 + 4N 2 - 2 )+

                    ( 0,2N 1 - 2 ,2N 1 ) } (19)
The sets of SCA between S1， S2 and S3 can be 

respectively denoted as
sum ( S2,S1 )= { N 1 +( N 1 + 2 ) l2v ) }

                   0 ≤ l2v ≤ N 2 - 1 (20)
sum ( S3,S1 )= { ( N 1 N 2 + 2N 2 - 1 )+

                    ( 0,N 1 - 2 ,N 1 ) } (21)
sum ( S3,S2 )= { ( N 1 N 2 + N 1 + 2N 2 - 1 )+
                       ( N 1 + 2 ) l2v +( 0,N 1 - 2 ,N 1 ) }
                                        0 ≤ l2v ≤ N 2 - 1 (22)
Combining Eqs.（17—22）， we can obtain that the 

first virtual element of the SCA is R 2 = N 1 +( N 1 +
2 )( N 2 - 1 )= N 1 N 2 + 2N 2 - 2. And there are holes 
in the consecutive parts of the SCA due to the holes 
in S3， i.e.

H = H 1 + H 2 （23）

H 1=
ì
í
î

ïï
ïï

N 1 N 2+4N 1+ 0,N 1-1 ( N 1+2 ) N is even
N 1 N 2+4N 1+2+ 0,N 1 ( N 1+2 ) N is odd

(24)

H 2 = -H 1 (25)
Due to the symmetry of the positive and nega⁃

tive holes， we can obtain the complete set of holes 
from H 1. When N is even， the starting position of 
the holes is N 1 N 2 + 4N 1， and the spacing is N 1 + 2. 
It can be viewed as a virtual SCA of an additional 
sensor and S2. When N is odd， the starting position 
of the holes is N 1 N 2 + 4N 1 + 2，and the spacing is 
N 1 + 2. It can also be viewed as a virtual SCA of an 
additional sensor and S2. Consequently， whether the 
total number is odd or even， the holes in the SCA 
can be filled by adding a certain element. In order to 
generate the increased SCA， we introduce an addi⁃
tional sensor， denoted as S4， to fill the holes in the 
SCA of the INA. The position of the additional sen⁃
sor can be obtained by the following equation

S4 = H 1 - S '2 (26)
where the number of S '2 is the same as H 1. When N 
is even， S '2 takes the last N 1 elements of S2. When 
N is odd， S '2 takes the last N 1 + 1 elements of S2. 
According to Eq.（26）， we can obtain the location 
of the additionaol sensor. Moreover， a consecutive 
SCA can be obtained by introducing the S4， and 
R 3 = 2N 1 N 2 + 2N 1 + 4N 2 - 4.

S4 ={N 1 N 2 + 2N 1

N 1 N 2 + 2N 1 - 2
    N is even

N is odd
(27)

（3） Because N 1 ≥ 1， R 1 = N 1 N 2 + N 1 +
2N 2 - 3， and R 2 = N 1 N 2 + 2N 2 - 2， we can de⁃
rive that R 1 ≥ R 2 is always valid. Thus the SDCA is 
consecutive in the range -R 3，R 3 .

As an example， for the INA structure with 
nine array elements， the set of hole locations can be 
represented as H 1=｛29，34，39，44｝，H 2=｛-29，
-34，-39，-44｝=-H 1， and the additional sensor 
S4 = N 1 N 2 + 2N 1 = { 21}. Fig.3 shows the ENAFS 
structure. The total number is 10， and the consecu⁃
tive part is [ - 52，52]. The ENAFS yields a larger 

Fig.3　Coarrays of ENAFS(N = 10)
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consecutive SDCA than the NA with the same num ⁃
ber of sensors.

3 Performance Analysis 

3. 1 Coarray redundancy　

The proposed ENAFS can reduce the redun⁃
dancy between DCA and SCA and significantly in⁃
crease the uDOFs. To present the advantages more 
clearly， we demonstrate the VAA， redundant virtu⁃
al sensors， and DOF for different sparse arrays in 
Table 1. We also compare the redundancy of differ⁃
ent sparse arrays in Fig.4. Redundancy ratio η is an 
important metric for judging the performance of an 
array， and it indicates the duplication of the virtual 

array elements. A small redundancy ratio indicates 
that most of the virtual arrays are utilized. We can 
see that because the SCA and DCA of NA and 
SNA 2［21］ have many duplicate parts， the redundan⁃
cy increases as array elements increases. In the 
DsCAMpS［26］， both DCA and SCA have long con⁃
secutive segments， but there is repetition between 
the two， leading to a high redundancy. The ANAⅠ
1 and ANAⅡ1 proposed in Ref.［17］ have very low 
coarray redundancy， but the proposed structure is 
still superior to these arrays. Because the first subar⁃
ray of the ENAFS has the large spacing of array ele⁃
ments and the second subarray has the smaller spac⁃
ing of array elements， the SCA is more outwardly 
expanded， resulting in very small redundancy ratio.

3. 2 DOF and VAA　

Table 2 gives a comparison of main parameters 
of different array structures for N=15. Fig.5 and 
Fig. 6 compare the DOF and VAA for different ar⁃
ray structures. Due to its design targeting SDCA， 
NADiS［27］ can achieve significantly larger DOF and 
VAA. Although the ENAFS does not have a clear 

advantage in VAA， due to its low redundancy， 
maximum DOFs can be obtained. And the DOF of 
NA is not satisfactory due to the large co-array re⁃
dundancy. ANA can get a more prominent DOF of 
DCA （dDOF）， but the DOF is also not as good as 
the proposed ENAFS because its DOF of SCA 
（sDOF） is limited.

Table 1　Comparison of properties for different sparse arrays

Array

DsCAMpS

ACA
NA

ENAFS

Number of 
sensors

2N 1 +
P 2 N 2 - 2

2N 1 + N 2 - 1
N 1 + N 2

N 1 + N 2 + 2

VAA

4P 2 N 1 N 2 - 4N 2

8N 1 N 2 - 4N 2

4N 1 N 2 + 4N 2

4N 1 N 2 + 4N 1 + 8N 2 - 4

Redundant virtual 
sensors

2( P 2 - 2 ) N 1 N 2 +
4N 2 + 4N 1 - 2

4N 1 + 2N 2 - 2
2N 1 N 2 + 2N 2 - 4

2N 1 + 4N 2 - 1

DOF

ì

í

î

ï
ïï
ï

ï
ïï
ï
ï
ï

2( 2P 2 - 1 ) N 1 N 2 + 2N 2 + 2N 1 - 1
N 1 > N 2 > 2

2( 2P 2 - 1 ) N 1 N 2 + 2N 1 - 1
N 1 > N 2 = 2

4N 1 N 2 + 2N 1 - 1
2N 1 N 2 + 2N 1 + 2N 2 + 3
4N 1 N 2 + 4N 1 + 8N 2 - 7

Fig.4　Redundancy ratio of different arrays

Table 2　Comparison of virtual array parameters for dif‑
ferent arrays

Array

DsCAMpS

ANA Ⅰ1

ANA Ⅱ1

SNA 2
ACA
NA

ENAFS

Array parameter
M = 3,N =

4,P 2 = 3
N 1 = 8,L 1 = 5
L 1 = 2,L 2 =

2,N 2 = 4,d12 =
6,d21 = 5

N 1 = 7,N 2 = 8
M = 5,N = 6

N 1 = 7,N 2 = 8
N 1 = 6,N 2 = 7

VAA

132

272

316

256
216
256
244

dDOF

61

135

159

127
69

127
119

sDOF

122

30

42

124
90

142
134

η/%

37.6

6.5

12.3

56.0
23.3
85.5
5.0

DOF

133

155

179

161
129
145
241
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4 Simulation Results 

In this section， we used the signal model and 
the RD-MUSIC algorithm introduced in Section 1 
to evaluate the performance of the proposed 

ENAFS. We use the Monte-Carlo trials to compare 
the performance of different arrays. 500 experiments 
are performed for each comparison and the perfor⁃
mance is evaluated using the root mean square error 
（RMSE）， where RMSE is defined as

RMSE = 1
500K ∑

n = 1

500

∑
k = 1

K

( θk - θ̂ k,n )2 (28)

where θ̂ k，n represents the estimation of the kth signal 
in the nth trial.

4. 1 Reduced dimensional MUSIC spectra　

We show the reduced dimensional MUSIC 
spectra of several sparse arrays under the condition 
that N=10， where the red line represents the real 
DOA. Fig.7 depicts the MUSIC spectrum， where 
the number of sources K=14， the number of snap⁃
shots J=500， the signal⁃to⁃noise ratio SNR=0 dB 
and the absence of mutual coupling. Fig.8 shows the 
MUSIC spectra of different sparse arrays in the pres⁃
ence of mutual coupling， where K=14， J=500， 
SNR=0 dB and c1 = 0.25ejπ/3［20，32-34］.

All arrays can discriminate 14 sources with 10 
array elements. However， due to various factors such 
as the number of uDOFs and array spacing， there is a 
gap in the performance between different arrays. The 
best MUSIC spectra is obtained for ENAFS in the 
presence and absence of mutual coupling， which is at⁃
tributed to larger SDCA and sensors spacing.

Fig.5　VAA of different sparse arrays

Fig.6　DOF of different sparse arrays

Fig.7　RD-MUSIC spectra without mutual coupling

Fig.8　RD-MUSIC spectra with mutual coupling
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4. 2 Comparison of RMSE with different SNRs

In order to compare the performance under dif⁃
ferent SNRs， we performed simulations using 
RMSE as the evaluation criterion. Fig.9 depicts the 
comparison of RMSE of different sparse arrays in 
the absence of mutual coupling， where the number 
of snapshots J=500 and the number of sources K=
14. As can be seen from Fig.9， in the absence of 
mutual coupling， the ENAFS has more accurate 
DOA estimation results than several other arrays 
due to having the longest SDCA.

Fig.10 illustrates the comparison of RMSE in 
the presence of mutual coupling， where J=500， K=
14 and c1 = 0.15ejπ/3. It can be seen that the ENAFS 
also gives better estimation performance in the pres⁃
ence of mutual coupling. The ENAFS performs sig⁃
nificantly better than other arrays under low SNR. 
As the SNR increases， the gap gradually becomes 
small， but the advantage still exists. This is attribut⁃
ed to the large array element spacing and long SD ⁃
CA.

4. 3 Comparison of RMSE with different snap‑
shots　

The performance variation of RMSE with snap⁃
shot is an important factor in evaluating arrays. Fig.11 
illustrates the change of RMSE with snapshots with⁃
out mutual coupling， where SNR=5 dB and K=14. 
It can be seen that ENAFS produces a smaller 
RMSE， which is due to the larger SDCA. The 
RMSE order is the same as the SDCA size order， 
in the order of DsCAMpS， NA， ACA， SNA 2， 
and ENAFS. This suggests that a large SDCA can 
improve the estimation accuracy.

4. 4 Comparison of RMSE with different 
strengths of mutual coupling

The proposed ENAFS reduces the mutual 
coupling effect since it reduces the number of 
dense array elements. Fig.12 illustrates the change 
of RMSE with mutual coupling， where SNR = 
0 dB， number of sources K=12 and J=500. The 
result shows that the RMSE of different arrays in⁃

Fig.9　RMSE versus SNR for different arrays without mutu⁃
al coupling(J=500, K=14)

Fig.10　RMSE versus SNR for different arrays with mutual 
coupling(J=500, K=14 and c1 = 0.15ejπ/3)

Fig.11　RMSE versus snapshots for different arrays without 
mutual coupling(SNR=5 dB, K=14)

Fig.12　RMSE versus mutual coupling strengths for differ⁃
ent arrays(SNR=5 dB, J=500 and K=12)
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creases with the enhancement of mutual coupling. 
DsCAMpS has the largest RMSE because of its 
small uDOFs. ACA has a smaller RMSE than the 
NA because of its larger array element spacing. 
The proposed ENAFS has the minimum RMSE.

4. 5 Comparison of resolution probability of 
different arrays　

Fig.13 illustrates the resolution probability of 
different arrays for two closely located sources. We 
set the angle of the first source to be θ1=30°， and 
the spacing between the two sources is set as
Δ= [ 0.2°,0.3°,0.45°,0.6°,0.75°,0.9°,1.05°,1.2°,

1.35°,1.5°] (29)
It can be seen from Fig.13 that when the 

source spacing is small， ACA and DsCAMpS have 
a small resolution probability. Due to the long con⁃
secutive SDCA of ENAFS， it can achieve angle es⁃
timation with very small source spacing. When the 
spacing between the two sources is just 0.45°， 
ENAFS can achieve an estimated success rate of 
86.4%. When the source spacing is larger than 0.6°， 
ENAFS can achieve almost 100% resolution proba⁃
bility.

5 Conclusions 

We proposed an ENAFS array configuration 
for DOA estimation of NC signals. By analyzing the 
holes in the SCA of INA， we found that a longer 
consecutive SDCA could be obtained by introducing 
an additional sensor. We derived the locations of the 
holes and calculated the location of the additional 

sensor. Further， we designed the ENAFS by add⁃
ing an additional sensor. The proposed ENAFS can 
obtain increased uDOFs， extended VAA and lower 
co-array redundancy. Comparisons and simulation 
results verified the superiority of the proposed 
ENAFS for DOA estimation of NC signals.
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用于非圆信号 DOA估计的扩展填充嵌套阵列

李晓龙 1，2， 张小飞 1，2， 申子晗 1，2

（1.南京航空航天大学电子信息工程学院，南京  211106，中国； 2.南京航空航天大学电磁频谱空间认知动态系统

工业和信息化部重点实验室，南京  211106，中国）

摘要：稀疏阵列设计对于提高非圆（Non⁃circular， NC）信号的到达方向（Direction of arrival，DOA）估计精度具有

重要意义。本文提出了一种基于孔洞填充策略的带填充传感器的扩展嵌套阵列（Extended nested array with a 
filled sensor， ENAFS）。首先介绍了改进的嵌套阵列（Improved nested array， INA）结构并证明了它的性质。随

后，通过添加额外的传感器来填充孔洞，扩展了和差共阵列（Sum⁃difference coarray， SDCA），因此获得了更大的

均匀自由度（uniform Degree of freedom， uDOF）和虚拟阵列孔径（Virtual array aperture， VAA），从而设计了

ENAFS 结构。最后，仿真结果验证了所提出的阵列结构在自由度、互耦和 DOA 估计性能方面的优越性。

关键词：非圆信号；扩展嵌套阵列；稀疏阵列；到达方向估计；和差共阵列
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