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Abstract: In fatigue damage tolerance verification tests of aircraft structures， the simulation and loading of flight-by-

flight spectra require considerable time and resources. To improve the efficiency of load spectrum design and testing， 
an equivalent constant-amplitude spectrum design method for flight-by-flight spectra is proposed based on the 
equivalence of crack growth behavior. By combining the Paris crack growth model with the Walker stress ratio 
correction， the equivalent stress amplitude is directly calculated using structural parameters and load spectrum 
characteristics， enabling a rapid transformation from variable-amplitude spectra to constant-amplitude spectra. The 
original spectrum is discretized based on the load-exceedance curve， and the equivalence relationship between multi-
level block spectra and constant-amplitude spectra is established. Taking a typical lower wing skin structure of a 
transport aircraft as an example， two equivalent spectra are designed and validated through fatigue crack growth tests 
on 2024-T351 center-hole plate specimens. The experimental results show that the fatigue life deviation between the 
equivalent spectra and the original flight-by-flight spectrum is within 10%， demonstrating the effectiveness of the 
proposed method. Moreover， the equivalent spectrum constructed under the condition of invariant mean flight stress 
exhibits higher equivalence accuracy. The influence of spectral shape on the equivalent stress amplitude is further 
analyzed， revealing that the equivalent stress amplitude increases with the spectrum shape coefficient. The proposed 
method provides a useful reference for load spectrum design in aircraft structural damage tolerance verification tests.
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0 Introduction 

In modern aircraft design， the damage toler‑
ance design principle has become a key concept for 
ensuring that aircraft structures can still operate safe‑
ly even after initial defects or cracks occur［1］. Verify‑
ing the damage tolerance characteristics of structure 
through tests is an indispensable part of aircraft mod‑
el development process［2］. In damage tolerance 
tests， the selection of load spectrum directly deter‑
mines the reliability and economy of tests. Tradition‑
al verification methods require the compilation of 

flight-by-flight spectra under simulated service load 
conditions［3-5］， but the actual flight load environment 
is complex， with variable spectra and large disper‑
sion［6-8］. The design and testing of flight-by-flight 
spectra often consume a significant amount of time 
and resources， significantly affecting the efficiency 
of verifying the damage tolerance performance of air‑
craft structures. Therefore， developing simple and 
user-friendly equivalent load spectra has significant 
engineering application value and economic benefits.

Since the development of flight-by-flight spec‑
trum compilation method， the simplification and 
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equivalence of load spectrum have extensive re‑
search. Short spectra such as the short-FAL‑
STAFF and the mini-TWIST have significantly 
shortened the verification time［9-12］. Subsequent 
scholars have proposed different load spectrum 
equivalence methods based on different load spec‑
trum characteristics， different structural material 
properties， and different fatigue damage models［13］. 
Among them， the construction of the constant am ‑
plitude spectrum has received considerable atten‑
tion. Sui et al.［14］ and Wang et al.［15］ transformed the 
flight-by-flight random spectrum into a constant am ‑
plitude stress spectrum and calculated the equivalent 
damage， considering multiple fatigue critical parts， 
and established the constant amplitude load spec‑
trum through optimization calculations. Liu et al.［16］ 
based on the probabilistic fatigue damage model con‑
sidering the load sequence effect， proposed an 
equivalent fatigue damage simplification model for 
multi-level load spectra. Xiang et al.［17］ based on the 
equivalent stress transformation and inverse first-or‑
der reliability method （IFORM）， converted the am ‑
plitude load of random variables into an equivalent 
constant amplitude load spectrum， and proposed a 
general probabilistic fatigue crack propagation pre‑
diction method. Sonsino et al.［18］ compared two 
methods of converting stress or load spectra into 
damage equivalent constant amplitude loads， name‑
ly the modified equivalent stress （MES） and the re‑
quired fatigue strength （RFS） concept. In addition 
to constructing the constant amplitude spectrum， 
some scholars have also conducted research on other 
load equivalence methods. Refs.［19‑21］ etc. con‑
structed different load spectrum damage conversion 
methods based on the detail fatigue rating value 
（DFR） method. Zhao et al.［22］ proposed a multi-axis 
fatigue test spectrum compilation method based on 
damage equivalence for the single-axis stress failure 
mode under multi-axis loads. Xiong et al.［23］ pro‑
posed the identification principle of small loads and 
the equivalent damage fusion method， and accelerat‑
ed the full-scale structure fatigue test while retaining 
the original load history. Jin et al.［24］ considered the 
dispersion of fatigue life and established the equiva‑
lent damage spectrum by small loads damage con‑

version， and measured the equivalent effect of load 
spectrum using the Bhattacharyya distance. Raoult 
et al.［25］ proposed a general framework for construct‑
ing equivalent fatigue loads， aiming to consider 
some uncertainties of structure.

It can be seen that most of the existing studies 
adopt deterministic fatigue analysis theories to de‑
sign equivalent load spectra， and most of them focus 
on the design of equivalent load spectra of the dura‑
bility verification stage. There is relatively little re‑
search on the equivalent methods for complex load 
spectra in the damage tolerance verification test 
stage. The related research relies on complex dam ‑
age accumulation iterative calculations and lacks di‑
rect representation and equivalence of structural 
crack propagation characteristics. This leads to the 
lack of a fast， convenient and efficient load spectrum 
equivalence method when dealing with complex and 
variable new flight mission profile load spectra.

This paper presents an equivalent constant am ‑
plitude spectrum design method for the flight-by-

flight spectrum. Based on the direct calculation of 
equivalent loads using structural parameters and 
load spectrum parameters， an equivalent constant 
amplitude test spectrum is compiled to achieve rapid 
verification of structural crack propagation. A design 
example of equivalent spectrum is given in combina‑
tion with typical transport aircraft load spectra， and 
fatigue crack propagation life tests of 2024-T351 
center-hole plate specimens are conducted to verify 
the effectiveness of relevant equivalent methods. 
The variation laws of equivalent loads under differ‑
ent spectrum shape characteristics are further dis‑
cussed to provide a reference for the design of load 
spectra in aircraft structural damage tolerance tests.

1 Equivalent Constant Amplitude 
Load Spectrum Design Method 

1. 1 Calculation of equivalent stress in the vari⁃
able amplitude spectrum　

The main variable that affects the structural 
crack propagation rate da dN is the stress intensity 
factor range ΔK. Crack propagation calculations are 
generally carried out based on the Paris equation［26］， 
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which is described as
da
dN

= CΔK m (1)

where a represents the crack length and N the num‑
ber of cycles； C and m are both material constants.

The crack propagation calculation under the 
variable amplitude load spectrum needs to take into 
account the influence of stress ratio. The Walker 
equation provides a method for modifying the stress 
intensity factor［27］. By making the modification， the 
equivalent stress intensity factor range ΔK eq under 
the stress ratio R=0 is obtained， and the corre‑
sponding propagation rate is the same as the crack 
propagation rate under the actual stress intensity fac‑
tor range.

ΔK eq = Kmax( 1 - R ) γ (2)
where Kmax represents the peak stress intensity fac‑
tor under actual stress cycles， R the stress ratio， 
and γ a material constant.

The stress intensity factor is calculated as
K = FS πa (3)

where F represents the structural shape factor. For a 
center-through crack in a flat tensile specimen， F 
can be calculated as［28］

F = 1 - 0.5r + 0.326r 2

1 - r
(4)

where r is the ratio of central crack full length 2a to 
the plate width W， that is， r = 2a/W.

Based on Eqs.（2，3）， the equivalent stress cy‑
cle can be calculated as

ΔS eq = Smax( 1 - R ) γ (5)
Combining Eqs.（1，2）， the crack propagation 

rate can be calculated as
da
dN

= C 0( 1 - R ) m ( )γ - 1 ΔK m (6)

where C0 is a constant， which is obtained by fitting 
the fatigue crack propagation performance test data 
of the relevant material specimens under the stress 
ratio R=0.

Assuming that the load spectrum consists of k 
load cycles， the crack propagation length under the 
ith load cycle Δai， can be equivalently regarded as 
the crack propagation length under a stress cycle 
with R=0. Then

Δai = C 0 ΔK m
eq,i (7)

where ΔK eq，i represents the equivalent stress intensi‑
ty factor range.

If the crack length does not change significantly 
within a block spectrum period， then the F can be 
approximately regarded as constant. The crack prop‑
agation length under a block spectrum ΔaS can be 
expressed as

ΔaS = ∑
i = 1

k

Δai = ∑
i = 1

k

C 0 ΔK m
eq,i (8)

The average crack propagation rate within a 
block spectrum period is

( da
dN )

S

= ΔaS

k
=

C 0∑
i = 1

k

ΔK m
eq,i

k
= C 0 ΔK m

eq (9)

where ΔK eq represents the equivalent stress intensi‑
ty factor range for a constant amplitude load spec‑
trum

ΔK eq = ( )∑
i = 1

k

ΔK m
eq,i

k

1
m

(10)

Consequently， the equivalent stress range of 
constant amplitude load spectrum can be determined 
as

ΔS eq = ΔK eq

F πa
= ( )∑

i = 1

k

ΔSm
eq,i

k

1
m

=

         
é

ë

ê

ê
êê
ê
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ú
ú

ú∑
i = 1

k

( )Smax ,i( )1 - Ri
γ m

k

1
m

(11)

where ΔS eq，i represents the equivalent stress range 
of the ith stress cycle when it is corrected to R=0. 
The stress peak and stress ratio of the ith stress cy‑
cle are respectively Smax，i and Ri.

1. 2 Discretization and equivalence of load spec⁃
trum　

The fatigue load spectrum of aircraft structure 
is generally compiled based on the discrete load-ex‑
ceedance curve obtained through actual measure‑
ment statistics［29］. The exceedance represents the 
number of fatigue loads that exceed a certain level in 
the load spectrum， and the load-exceedance curve 
visually represents the composition of different lev‑
els of loads in the load spectrum. Particularly， under 
the condition that the mean load value is constant， 
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for the multi-level block spectrum composed of p-

level loads obtained by discretizing the load ampli‑
tude-exceedance curve［30］， as shown in Fig.1（a）. 
Assuming that the stress peak， stress valley， stress 
ratio， stress amplitude， and quantity of the ith level 
load are Smax，i， Smin，i， Ri， S a，i， ni， respectively， 
where i ∈ [ 1，p ]， the total number of load cycles of 
the multi-level block spectrum is k. This load spec‑
trum can be equivalent to a set of constant ampli‑
tude load spectra （stress ratio R=0）， and similar 
crack propagation effects can be achieved. The 
stress peak of the equivalent constant amplitude 
load spectrum is Smax，eq， which can be calculated as

Smax ,eq = ΔS eq =

é

ë

ê

ê

ê

ê
êêê
ê

ê
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ê
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i = 1

p { }[ ]Smax ,i( )1 - Ri
γ m
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1
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(12)

Based on the above method， the flight-by-

flight spectrum can be equivalently regarded as a 
constant amplitude spectrum for fatigue crack propa‑
gation tests， as shown in Fig.1（b）. Further， if it is 
necessary to establish an equivalent constant ampli‑
tude load spectrum under a specified mean stress 
Sm，eq， as shown in Fig.1（c）. By combining Eq.（5）， 
the corresponding equivalent stress amplitude S a，eq 
can be calculated as follows， and it is solved 
through numerical methods

ΔS eq = Smax( 1 - R ) γ = ( S a,eq + Sm,eq ) ( 2S a,eq

S a,eq + Sm,eq )
γ

(13)
Finally， the flowchart of generating an equiva‑

lent constant amplitude load spectrum based on the 
flight-by-flight spectrum is shown in Fig.2.

2 Experimental Verification 

2. 1 Specimen and material　

To verify the implementation effect of the 
above load spectrum equivalent method， crack prop‑
agation tests are conducted on typical structures un‑
der the flight-by-flight spectrum and the equivalent 
spectrum. The specimens are taken and designed 
from the lower skin panel of a transport aircraft 
wing， using 2024-T351 aluminum alloy material. 
The specimen dimensions are shown in Fig.3. By 
using wire-cutting to pre-form cracks at the center Fig.1　Discretization and equivalence of load spectrum

Fig.2　Equivalent constant amplitude load spectrum design 
flowchart
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hole and loading them with the E-type flight load 
spectrum given in Section 2.2 of this paper to form 
natural cracks. The loading is stopped when the new 
increase in the length of single-sided crack reached 
1 mm， and this length is taken as the initial crack 
length. The crack propagation rate curves and mate‑
rial parameters are shown in Fig.4 and Table 1， 
which are obtained from the material performance 
data provided by the specimen supplier.

2. 2 Load spectrum　

2. 2. 1 Development of original load spectrum　

The original test load spectrum SP0 is com‑
piled based on the service load measured data of this 
transport aircraft and then transformed into a stress 
spectrum. The stress spectrum of specimen repre‑
sents the actual stress conditions of the critical part 
of aircraft. The entire flight-by-flight spectrum block 
includes 5 types of flights and 6 000 take-offs and 
landings， as shown in Fig.5. The quantity and 

length of the flight spectrum， as well as the stress 
peak values， are presented in Table 2. The mean 
flight stress of specimen （corresponding to the 
stress at 1g load factor of aircraft） is Smf=66 MPa. 
Assuming that the compressive load has no effect on 
crack propagation， the minimum stress of the stress 
spectrum is set to 0. Under the entire spectrum 
block， the stress amplitude vs. exceedance curve of 
flight load and the stress peak vs. exceedance curve 
of ground-air-ground cyclic load are shown in Fig.6.  
The stress amplitude of flight load spectrum is ran‑
domly distributed. The load-exceedance curve is 
smooth. There are 5 types of flights in 6 000 flights. 

Fig.3　Specimen dimensions

Fig.4　Crack propagation rate curves of 2024-T351

Table 1　　Material parameters of 2024⁃T351  (R=0)

fracture toughness 

K Ic / ( MPa ⋅ m
1
2 )

34

C0 / (mm ⋅( MPa ⋅

m
1
2 )-m ⋅ cycle-1)
1.42 × 10-8

m

3.59

γ

0.68

Fig.5　Generation of flight-by-flight spectrum
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The maximum and minimum stress values for each 
flight type are fixed. The stress peak-exceedance 
curve of ground-air-ground load presents a discrete 
step-like shape.

2. 2. 2 Equivalent load spectrum design　

Based on the load spectrum given in Fig.6 and 
the discretization and equivalence methods of load 
spectrum presented in Section 1， the equivalent con‑
stant amplitude spectrum SP1 with a stress ratio 
R=0 is designed according to Eq.（12）， as shown 
in Fig.7（a）， and the peak stress Smax，eq=57.2 MPa. 
Furthermore， if the mean flight stress remains un‑
changed， the equivalent constant amplitude spec‑

trum SP2 can be designed based on Eq.（13）， as 
shown in Fig.7（b）， and the stress amplitude S a，eq=
23.3 MPa.

2. 3 Fatigue test and results　

The fatigue crack propagation test on the 2024-

T351 plate specimens is conducted using the electro-

hydraulic servo fatigue test system MTS 370.10. 
Three specimens are tested under each spectrum of 
the original spectrum SP0， equivalent spectrum 
SP1， and equivalent spectrum SP2. The test fre‑
quency is 5 Hz. The crack propagation process is ob‑
served and recorded until fracture. The typical mor‑
phologies of the specimens after fracture and the 
curves of crack length varying with the flight cycles 
are shown in Fig.8 and Fig.9. The cracks in the 

Fig.6　Load composition of flight load and ground-air-
ground cyclic load in the spectrum block

Table 2　Statistics on various flight types in a block spec⁃
trum

Flight 
type

A
B
C
D
E

Total

Flight 
cycle

1
13

215
1 431
4 340
6 000

Load spectrum length

627
321
147
59
27

23 8014

Peak stress/
MPa
135
123
102
89
81
—

Fig.7　Equivalent constant amplitude spectrum

Fig.8　Morphologies of typical failure specimens
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specimens all start from the center and extend per‑
pendicularly to the tensile load direction to the edge 
of the plate. The crack growth begins at the initial 
location and gradually accelerated. The crack 
growth paths and growth curves of specimens are 
relatively consistent. The crack lengths， fatigue 
lives at the moment of fracture， and the correspond‑
ing deviation data of the equivalent spectra com ‑
pared to the original spectrum are statistically shown 
in Table 3.

2. 4 Discussion　

As can be seen from Table 3， the relative devi‑
ations of failure crack lengths and fatigue lives of 
specimens between the equivalent spectra and the 
original spectrum are all within 10%， indicating that 
the equivalent spectrum design method presented in 
this paper can effectively simplify the structural dam ‑
age tolerance verification tests. The mean failure 
crack length under the equivalent spectrum is slight‑
ly greater than that under the original spectrum， 
which is related to the maximum loads of the equiva‑
lent spectra SP1 and SP2 being lower than that of 
the original spectrum. The relative deviation of the 
mean fatigue life between the equivalent spectrum 
SP2 and the original spectrum is small， indicating 
that the equivalent load spectrum established by 
maintaining the mean flight stress unchanged and re‑
taining the original characteristics of spectrum has a 
better equivalent effect. Meanwhile， the fatigue life 
under SP2 is slightly shorter than that under the 
original spectrum. The test results under this spec‑

trum are relatively conservative， and therefore it is 
also the more recommended equivalent spectrum.

It is worth noting that the classical Walker 
equation is primarily formulated for uniaxial loading 
conditions and mode Ⅰ crack growth. Therefore， 
for multiaxial stress states or mixed-mode crack 
growth （mode Ⅰ‑Ⅱ‑Ⅲ）， the applicability of this 
method is limited and further validation is required.

2. 5 Influence of spectral shape　

Obviously， as can be seen from Eq.（12） and 
Fig.1， the determination of equivalent load level is 
influenced by the load distribution characteristics in 
the load spectrum. These distribution characteristics 
are reflected in the shape of load-exceedance curve. 
The load-exceedance curve of stress spectrum of 
structural details can be described as［31］

ln H i = ln H 0 ⋅[ 1 -( S a,i /S a, max )ν ] (14)
where H i represents the exceedances of the ith am‑
plitude stress S a，i， H 0 the total number of cycles in 
the load spectrum， S a，max the maximum stress ampli‑
tude in the load spectrum， and ν the spectral shape 

Fig.9　Crack propagation curves of specimens

Table 3　Statistics of crack length and fatigue life for failed specimens

Load spectrum

SP0

SP1

SP2

Failure crack length
Failure crack 
length af /mm

70.4
68.3
70.0
72.7
74.7
71.5
69.0
74.1
70.5

Mean failure crack 
length af,m /mm

69.6

73.0

71.2

Relative 
deviation δ /%

—

4.9

2.3

Fatigue life
Fatigue life

Nf (Flight cycles)
104 889
108 265
113 734
108 196
118 619
124 643
97 680

105 639
111 201

Mean fatigue life 
Nf,m (Flight cycles)

108 963

117 153

104 840

Relative 
deviation δ /%

—

7.5

-3.7
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coefficient. The magnitude of ν reflects the concavi‑
ty or convexity degree of load-exceedance curve［32］. 
As shown in Fig.10， in a steep spectrum （ν<1）， 
there are fewer high-load quantities and more low-

load quantities， while in a flat spectrum （ν>1）， the 
quantity of high loads significantly increases.

The equivalent spectrum stress levels corre‑
sponding to different spectral shapes are also differ‑
ent. For the load spectrum given in Fig.6， assuming 
that the maximum stress， minimum stress， length， 
mean flight stress and other characteristic parame‑
ters of the spectral blocks remain unchanged， only 
the spectral shape is changed. Taking the spectral 
shape coefficient of 0.3—5 as the calculation condi‑
tion， based on the mean flight stress unchanged in 
Fig.7（b）， equivalent constant amplitude spectra are 
designed， and the corresponding equivalent stress 
spectrum amplitudes are given. The curve of equiva‑
lent stress amplitude varying with the spectral shape 
coefficient is established， as shown in Fig.11. It can 
be seen that as the spectral shape coefficient increas‑
es， the proportion of high load in the load spectrum 

gradually increases， and the corresponding equiva‑
lent stress spectrum amplitude also increases. Based 
on this curve， the equivalent spectrum correspond‑
ing to different spectral shapes can be quickly deter‑
mined to meet the needs of rapid verification tests 
for structural damage tolerance under different flight 
tasks.

3 Conclusions 

This paper presents a constant amplitude equiv‑
alent spectrum design method for the flight-by-flight 
spectrum， providing a reference for the load spec‑
trum design in fatigue damage tolerance verification 
tests for aircraft structures. The specific conclusions 
are as follows：

（1） The crack propagation test results of the 
2024-T351 center-hole plate specimens show that 
the crack propagation life deviation under the equiva‑
lent spectrum compared to the original spectrum is 
within 10%， verifying the feasibility and reliability 
of the method proposed in this paper.

（2）The equivalent spectrum based on the 
mean stress invariance has a smaller crack propaga‑
tion life deviation compared to the equivalent spec‑
trum based on the stress ratio R=0， indicating that 
the design of equivalent spectrum should try to 
maintain the characteristics of original load spectrum 
as much as possible.

（3） The amplitude of equivalent load spectrum 
increases with the increase of spectral shape coeffi‑
cient of load-exceedance curve. By establishing the 
curve of equivalent load versus spectrum shape coef‑
ficient， the equivalent constant amplitude spectrum 
design under different flight mission spectral shapes 
can be quickly achieved.
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结构裂纹扩展飞续飞谱的等效常幅谱设计方法与试验验证

朱高尚 1， 赵 洽 2， 曹 镜 2，3

（1.中航西飞民用飞机有限责任公司，西安 710089，中国； 2.南京航空航天大学航空航天结构力学及控制全国重

点实验室，南京 210016，中国； 3.南京航空航天大学通用航空与飞行学院，常州 213300，中国）

摘要：为提高飞机结构损伤容限验证试验加载效率，针对飞续飞载荷谱试验资源消耗大、实施复杂的问题，提出

一种等效常幅载荷谱设计方法。该方法以应力强度因子范围等效为基础，结合 Paris 裂纹扩展模型和 Walker 应

力比修正关系，通过结构参数与载荷谱参数直接计算等效应力幅值，实现飞续飞载荷谱向常幅载荷谱的快速等

效转换。基于载荷超越曲线对原始载荷谱进行离散化处理，建立多级载荷块谱与常幅载荷谱之间的等效关系，

并提出在保持平均飞行应力不变条件下的等效谱构建方法。以某型运输机机翼下壁板典型结构为研究对象，构

建飞续飞载荷谱，并设计两种等效常幅载荷谱方案。通过 2024‑T351 铝合金中心孔板试件疲劳裂纹扩展试验，

对原始谱与等效谱下的裂纹扩展行为和疲劳寿命进行了对比验证。试验结果表明：所提出方法得到的等效常幅

载荷谱与原始飞续飞载荷谱在裂纹扩展寿命上的偏差均小于 10%，验证了该方法的可行性与有效性；在保持平

均飞行应力不变条件下构建的等效谱具有更高的等效精度。此外，通过改变载荷谱超越曲线的谱形系数，分析

了谱形特征对等效应力幅值的影响规律，结果表明等效应力幅值随谱形系数增大而增加。研究结果可为飞机结

构损伤容限验证试验中的载荷谱简化设计提供参考。

关键词：飞机结构；裂纹扩展；疲劳载荷谱；等效试验；应力强度因子

研究亮点：

1. 提出一种结构裂纹扩展飞续飞谱的等效常幅谱设计方法。

2. 通过 2024‑T351 铝合金中心孔板裂纹扩展试验验证了方法有效性。

3. 保持平均飞行应力不变的等效谱具有更高的等效精度。

4. 揭示了载荷谱谱形系数对等效应力幅值的影响规律。
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