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Abstract: Machine learning provides a fast and accurate tool for the prediction of a physical model. In this paper, a
machine learning framework based on the physics-informed neural network (PINN) was established to predict the
linear elastic static deformation of plate and shell structures. In contrast to the purely data-driven neural network,
PINN incorporates the physical laws into the training process, thus reducing the required amount of data. The loss
functions of the PINN are constructed based on the total potential energy functions of the thin-walled structure.
Besides, the proposed PINN can be easily extended to shell structures with multiple patches by adding interface
compatibility constraints into the loss function. The performance of the PINNs with the energy-based loss functions
was evaluated with different shell structures and compared with the finite element results. Numerical examples show
that the highly accurate results can be achieved based on the proposed framework which significantly reduces the
amount of required training data compared to the data-driven neural network.
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0 Introduction

Shell structures are widely used in aerospace,
ship building and automobile industries. The predic-
tion of mechanical responses of thin shell structures
has received considerable attention. Traditional ap-
proaches such as finite element methods (FEMs)
are widely used for the analysis of shell structures.
But, for more complex problems including nonlin-
earities and dynamic behaviors, FEM is still time
consuming. Therefore, numerical methods with fast
evaluation properties, such as reduced order model,
machine learning, etc., have received increasing at-
tention over the past decade'"™.

The construction of a reliable machine learning
scheme relies on vast amount of data, the appropri-

ate model and proper training approach. Typical ma-
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chine learning method such as artificial neural net-
work (ANN) is based on the human brain percep-
tron mechanism. It is demonstrated that, with suffi-
cient data and appropriate training, ANN can pre-
dict rather accurate results. However, when the
training data are not adequate, it may deteriorate
the effectiveness of the ANN',

Physics-informed neural network (PINN) was
initially proposed in Ref.[4] where initial/boundary
conditions were included in the model to solve ordi-
nary and partial differential equations. It then gained
particular attention due to the advances of comput-
ing power ", PINNs incorporate the already-known
physical laws into the process of training, thus redu-
ceing the amount of training data significantly. Rais-
si et al.”” introduced the partial differential equations

(PDEs) and the associated initial and boundary con-
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ditions into the loss function and solved the fluids,
quantum mechanics and reaction-diffusion problems.
In Ref.[6], a deep learning Ritz method was pro-
posed, where the loss function is defined by the en-
ergy functional corresponding to the PDEs. It is
found that, the proposed method can also identify
the unknown parameters in a physical law.

For thin shell problems, the physical quantities
are tensorial components, and the number of vari-
ables is much higher than the other problems, which
brings extra difficulties in constructing ANN. Be-
sides, the governing equations of thin shells have
high order derivatives, which needs extra computa-
tional efforts and may decrease the computational ef-
ficiency. Recently, Li et al."” developed a PINN for
elastic plate structures, and systematically com-
pared the effectiveness of the PDE-based and ener-
gy-based loss functions. In addition, Bastek et al.'®
extended the PINN framework to the analysis of
shell structures and studied the influence of the
small-thickness limit on the accuracy of the PINN.
Besides, Yan et al.””’ extended the concept of PINN
to the composite plates and the shallow cylindrical
shells, where extreme learning machines was pro-
posed to accelerate the training process. Other work
related to the structural analysis using PINN can be
found in Refs.[ 10-127, to name a few.

PINNSs have also been actively developed for a
broad range of scientific and engineering problems
beyond structural mechanics, including transport-
type problems and other coupled PDE systems. Re-
cent studies have reported methodological advances
such as enriched/modified PINN formulations and
improved training strategies (e.g., adaptive loss bal-
ancing) , as well as hybrid PINN frameworks com-
bined with classical numerical techniques for bound-
ary-value and inverse problems. These develop-
ments further demonstrate the rapid and dynamic
progress of PINNs and provide a broader context for
the present work "7,

Our multi-patch strategy is conceptually related
to domain-decomposition PINN frameworks such as
PINNs (cPINNs) and
PINNs (XPINNs), which decompose the computa-

tional domain into multiple subdomains and use sep-

conservative extended

arate neural networks together with interface condi-
tions to couple the subproblems. However, the pres-
ent work is formulated in an energy-based manner,
where the loss function is constructed from the total
potential energy functional and the coupling be-
tween patches is imposed through compatibility con-
straints. In contrast to strong-form XPINN/cPINN
approaches based on PDE residuals, the proposed
weak-form energy-based formulation avoids the ex-
plicit evaluation of high-order derivatives, which is
particularly advantageous for thin-walled plate and
shell problems and improves the robustness of the
multi-patch analysis''*"".

In this paper, we develop an energy-based
PINN framework for the linear elastic static analysis
of thin-walled plate and shell structures. The pro-
posed PINN uses the total potential energy function-
al as the loss function, thus avoiding the explicit
evaluation of high-order derivatives required in
strong-form PINNs. Furthermore, essential bound-
ary conditions and patch compatibility constraints
can be naturally incorporated into the loss function,
facilitating the modeling and analysis of complex
shell structures.

The main contributions of this work can be
summarized as follows:

(1) An energy-based PINN framework is pro-
posed for the linear elastic static analysis of thin-
walled plate and shell structures, improving numeri-
cal robustness by avoiding high-order derivatives.

(2) The proposed method is validated on repre-
sentative plate and shell benchmarks, showing ex-
cellent agreement with FEM reference solutions.

(3) The framework is extended to multi-patch
shell structures by introducing interface compatibili-
ty constraints, enabling the efficient analysis of com-
plex geometries such as wing box structures.

(4) The results demonstrate that high predic-
tion accuracy can be achieved with significantly re-
duced training data compared to purely data-driven
neural networks.

The paper is organized as follows. The govern-
ing equations of thin-shell structures and the con-
structions of the physics-informed neural network

are presented in Section 1. The numerical examples
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are given in Section 2. Finally, we summarize the

main findings and draw conclusions in Section 3.

1 Theories

In this section, we first introduce the basic
equations governing the behavior of thin shells in
Section 1.1. Then, we briefly introduce the underly-
ing theories of the physics-informed neural network

in Section 1.2.
1.1 Governing equations of thin shells

The total potential energy of the thin shell is ex-
pressed as
n=uU-+V (1)
where U is the strain energy stored in the shell, it
can be expressed as U = U,, + U,, where U, and
U, are the membrane and bending strain energy
which can be expressed, respectively, shown as

C 2 1,
Um—ﬂsz((sa+sg) +2<1p>(4y;ﬂ

saeﬂ))ABdadﬂ (2)

D 2 1 .
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/ca/cﬁ> ) ABdadp (3)

and V in Eq.(1) is the work done by external forc-
es, which can be written as
V:*JP-udS*JT-udF (4)
S r

where P is the distributed force vector on the shell
surface S, T the traction at the boundary I', and u
the displacement vector of the shell

The quantities C and D in Egs.(2, 3) are the
stretching and bending stiffness, shown as

. Eh ER’
C= ;. D=—""—"— (5)
I—=p 12(1 — u?)

where E is the Young’s modulus, A the thickness of
the shell, and g the Poisson’s ratio.
The membrane strain components in Eq.(2)

can be represented as
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The bending strain components in Eq.(3) can

be represented as'*’
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where A and B are the lamé coefficients of the shell
mid-surface; u,,u; and u, are the displacement com-
ponents in the curvilinear a, # and normal » direc-
tions (here n denotes the unit normal perpendicular
to the shell mid-surface, 1.e., the shell thickness di-
rection) , respectively; and R, and R, are the radius
of curvature along the a and 3 curves, respectively,

as shown in Fig.1.

Fig.1 Curvilinear coordinate system of shell’s mid-surface

1.2 Computational framework of PINN

In this section, we first introduce the basic the-
ory of the classical artificial neural network. Then,
we describe the construction of the energy-based
loss function which constitutes the foundation of the
proposed physics-informed neural network.

1.2.1 Fundamentals of artificial neural net-
work

The basic architecture of ANN consists of three
types of neuron layers: Input, hidden and output

layers, as shown in Fig.2.
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Input layer

Hidden layer

Ouput layer

Fig.2 Architecture of a multi-layered neural network

In hidden layers, the output 2 of the jth neuron

in the kth layer can be described as

zh(zwgaff Urbf) (12)
i=1

where a! ' is the output of the ith neuron in the (41—
1) th layer, w; the weights assigned to the jth neu-
ron in the kth layer that connects to the ith neuron in
the (£#—1)th layer, &/ the bias of the jth neuron in
the 4th layer, and 2(-) the nonlinear activation func-
tion. It is noted that, the activation function does
not apply to the output layer of the neural network.

The commonly used activation functions are:
the logistic sigmoid function, the hyperbolic tangent
function and the rectified linear unit function (Re-
LU)'™, etc. Both logistic sigmoid and hyperbolic
tangent functions are nonlinear continuous which are
able to approximate any target functions with arbi-
trary number of layers''’.

Considering a purely data-driven neural net-
work, a loss function has to be defined to evaluate
the fitting error of a neural network to a given data
set. For thin-shell problems, the typical training da-
ta set can be defined as the displacement values at a
set of locations. Then the mean square error
(MSE) loss function of a regression problem can be
defined as

np 1 ) . L2 . S\ 2
L= (= )+ (g )+ (= i)'

=17p
(13)
where 7, is the number of training samples, the su-
perscript 7 the 7th training sample, and “~” the ob-

served values in the training data set.

Training is a process to optimize the weights
and bias of the ANN such that the loss function is
minimized. Classical optimization method is the sto-
chastic gradient descent (SGD) method, in which
the weights and bias of the ANN are updated as

w(m+l) — w(m) . aal;: (14)
aLp
b<m+1):b(m)77] abf (15)

where w and b are the matrix and vector form of the
weights and bias, respectively, where the super-
scripts m—+1 and m represent the iteration numbers,
and 7 is a user-defined hyper-parameter called learn-
ing rate.

Alternatively, more computationally efficient
methods, such as the Levenberg-Marquardt method
and the Adam method™", can be used to update the
weights and bias of the ANN. The Adam algorithm
is summarized as follows.

Algorithm 1 Adam method

(1) Initialize: w"”, " ANN mapping Y =/ (w,

b), the loss function L = f(w, b,Y ), constants a,

A, pand €
(2) Set m"=0, v"=0
(3) form=0, 1, 2, ---, ndo
(4) Compute Jacobian matrix J'"' = 9L"" /o'
(5) Compute m"""= y,m"™ + (1—y,)J"
(6) Compute v "' = y,0" + (1—y ) J"©OJ"
(7) Compute m" "V =T m(’;(‘mt o0 =
,v(m* 1)
1— /8(771 )
ﬂ:l(1“+1)
(8) Compute " "' =w"" — p——
Vol + ¢
9)C ompute Ly
(10) if L™ < tolerance then go to Step (14)
(11) else go to Step (3)
(12) end if
(13) end for
(14) Return optimized weights and biases

(w(m+1) bm+1 )

In Algorithm 1, the symbol (® represents the
element-wise product of two matrices, y, and y, are
the hyper-parameters that control the exponential de-

cay rates for the moment estimates, and € is a small
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value. Typically, these parameters take values of
y,=0.9, 7,=0.999, »=0.001 and € = 10 ",

It 1s noted that, the derivatives of loss function
with respect to the weights and bias in Egs.(14,15)
can be determined with the gradient back-propaga-
tion method "',

1.2.2 Physics-informed neural network

Physics-informed neural network leverages the
governing equations of a specific problem, thus may
reduce the amount of data required for the training
of the neural network. There exist several ways to
construct the loss function of PINN for thin-shell
problems, such as the PDE-based (strong form)
and the energy-based (weak form) methods, as
shown in Fig.3. In this paper, we mainly focus on
the weak form approach, where the total potential
energy of the shell is taken as the loss function

Ly=II=U+YV (16)

Neural network

Loss function

Partial
derivatives

Fig.3 Flow chart of machine learning framework by differ-

ent approaches

According to the principle of minimum poten-
tial energy, the minimization of the loss function
Eq.(16) will result in the admissible displacements
corresponding to the equilibrium configuration of the
shell.

It 1s noted that, the essential boundary condi-
tions should be considered during the construction of
PINN. A simple way to impose these conditions is
to modify the activation function of the output layer.
For example, considering a simply supported beam
with its length equal to L,. Then the activation func-
tion f (o) of the output layer can be modified as

flo)=f(o)x(x—L,) (17)

For more complex geometries and boundary
conditions, such as clamped boundary conditions,
more elaborated distance functions can be construct-
ed. Alternatively, one can switch to the weak form
by adding a penalty term in the loss function. For

more details, we refer interested readers to Ref.[ 8].

The evaluation of the loss function Eq.(16) re-
quires the numerical integration of the total potential

energy, which can be approximated as

n

Lem Y UL+ UL)S = D (Feu) S
i=1 i=1

n,

ST+u)'T (18)

=
where n, and n, are the number of sampling points of
the shell’ s mid-surface and the Neumann boundary,
respectively; U, . and U . the membrane and bend-
ing strain energy density at the 7th sampling point
and can be obtained from Egs.(2,3); F and T the
volume force vector field and surface traction vol-
ume force; and S! and I'! are the discrete area and
length around the sampled point. Supposing the
number of sampling points is sufficiently large, they

can be approximated as S. = S/n,, I''=I'/n,,.

2 Examples

In this section, the accuracy and robustness of
the proposed PINNSs for the analysis of plate and
shell structures are studied. Three numerical exam-
ples are presented, which are the plate under uni-
form pressure, the half-cylindrical shell and the rela-
tively complex wing box structures. The prediction
results of PINN will be compared to the FE results
to validate the accuracy of the proposed PINN. It is
noted that, in the following examples, we use ran-
dom sampling strategies for the surface domain, and

uniform sampling strategy for the boundary domain.
2.1 Deflection of a plate

In this example, a four-edge clamped square
plate under uniform pressure is studied, as shown in
Fig.4. The length and thickness of the plate are L=
20 mm and 2=1 mm, respectively. The Young’ s
modulus of the plate is E=70 GPa, and the Pois-
son’s ratio is ©=0.3. The uniform pressure is set to
be p=0.1 GPa.

}
A
b
A A A A A

Fig.4 Plate deflection problem
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To construct the PINN, the inputs are taken as
the inplane coordinates of the sampling points, and
the outputs are taken as the in-plane and out-of-
plane displacements u, v, w. The PINN consists of
three different neural networks each representing a
displacement component, as shown in Fig.5. Be-
sides, five hidden layers and five neurons in each

hidden layer are adopted in this example.

Fig.5 Deflection of a plate example: The basic structure of
the PINN

The activation function of the PINN is chosen
as the Tanh function. To incorporate the essential
boundary conditions, the activation functions of the

output layer are modified as

fulo)=0o+(x+10)(x—10)(y+ 10)(y — 10)
(19)
flo)=o[(x+10)(x—10)(y+10)(y—10)]
(20)

where f,, (o) represent the activation functions of
the outputs « and v components.

To train the PINN, a number of 10 000 sam-
ples are obtained and re-collected after every 200
training steps. The total number of training steps is
set to be 10 000,
Figs.6(a) and (b) show the contour plots of the
plate deflection obtained with PINN and FEM, re-

spectively. Besides, a relative error between the

and the learning rate is 10 °.

two models is also shown in Fig.6(c). The deflec-
tion curves along middle line of the plate is shown in
Fig.7. It 1s found that the proposed PINN provides
results consistent with the FEM reference solution.
The FEM solution is used as the reference solution
for validation. The close agreement between the
PINN predictions and FEM results demonstrates

the effectiveness of the proposed method.

Vol. 43

10.0 Plate deflection/mm
35
3.0
25
g o 2
25 15
=5:0 1.0
75 0.5
-10. 0 0.0

x / mm
(a) FEM results
Plate deflection/mm

35
3.0
2.5
2.0
1.5
1.0
0.5
0.0

Relative error

0.200
0.175
0.150
0.125
0.100
0.075
0.050
0.025
0.000

Fig.6  Comparisons of the plate deflection results

x/ mm
(b) PINN results

10.0

y/mm

=2.5
-5.0
~73
-100

x / mm
(c) Relative errors compared to FEM

8 10
x/ mm

Fig.7 Comparisons of the deflection along the middle line
of the plate

The accuracy of the prediction can be estimated

by the coefficient of determination R*, which is de-
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fined as

N 2
z(yz 7 y:)
R=1-"1— 21)
No¢* (

where N is the number of samples, y, the prediction
result, y, the target result, and o the overall vari-
ance of the target. In this example, the value of R*
is 0.993 6, which is very close to 1, showing that
the deformation of the plate predicted by the pro-
posed PINN is highly accurate.

2.2 Cylindrical shell example

In this example, a half-cylindrical shell subject-
ed to a uniform pressure p=1 GPa is studied, as
shown in Fig.8. The shell is clamped at the two
straight boundaries and free at the two curved
boundaries. The length and radius of the shell is L=
20 mm and R=10 mm, respectively, and the shell
thickness is A~~1 mm. We set the Young’s modulus

and the Poisson’s ratio the same as the first exam-

ple.

Fig.8 Half cylindrical shell example

The PINN consists of five hidden layers with
five neurons in each hidden layer. To simplify the
construction of the PINN, a cylindrical coordinate
system is used. Thus, the number of inputs reduces
to (0, f), and the outputs are the three displace-
ment components u,, iy, ,.

In the cylindrical coordinate system, the bound-

ary conditions can be formulated as

wol, =ul _ =wl,_ =0 (22)
i, =ul _ =ul,_ =0 (23)
du, du,
= =0 24
a0 a0 @4
0=0 0=mn

Then the activation functions of the output lay-

er are reformulated as

fulo)=0c-0(0—m) (25)
S lo)=0-0(0—m) (26)
flo)=o-[0(0—7)] (27)

To train the constructed PINN, 10 000 sample
points on the shell’s mid-surface are adopted and up-
dated after each 200 training steps. The total num-
ber of training steps is set to be 6 000. Fig.9 shows
the displacement contour plots of the PINN and
FEM model as well as their relative errors. It can be
observed that, the energy-based PINN model pre-

dicts highly consistent results compared to the refer-

10.0 Plate deflection/mm
3.0
25
2.0
\A 1.5
-2.5
1.0
-5.0
75 0.5
-10. 0 0.0
x / mm
(a) FEM results
10.0 Plate deflection/mm
3.0
] 25
. 2.0
g 0.0
T 1.5
~2.5
1.0
-5.0
=75 05
-10.0 : 6.0
10 5 0
x/ mm
(b) PINN results
10.0 Relative error
0.200
0.175
0.150
g 0.125
0.0
S 0.100
=2.5 0.075
-5.0 0.050
~7.5 0.025
1. 0 0.000

(c) Relative errors compared to FEM

Fig.9 Comparisons of the deformation of cylindrical shell

example
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ence solutions. The displacements of the two mod-
els along the curve of #=L/2 are shown in Fig.10,
which confirms the accuracy of the PINN. Besides,
the value of R* for this example is 0.992 1 which is

very close to 1.

3.0

_zmm=mag — Target
--- PINN

Deflection / mm
— = NN
S W o
. . r ;
S
/

S
9
T

LT =5 0 5 10
x/mm

Fig.10 Comparisons of the displacement along the middle
line of the cylindrical shell (3=1/2)

2.3 Wing box structure

In this example, a relatively complex example
of a wing box structure is studied. The simplified
wing structure consists of five patches and is
clamped at one end, as shown in Fig.11. The geo-
metric parameters and material properties of the
wing box are shown in Table 1. We assume that
the mean thickness of the wing is 80% of the maxi-
mum thickness. The upper surface of the wing box
is subjected to a uniform distributed pressure of p=
3150 Pa.

Leading edge
patch #3

Bottom skin #2
Fig.11 Wing box structure example

To facilitate the construction of PINN, we es-
tablish the local coordinate system for each patch,
as shown in Fig.12. For each patch, an independent
neural network is established, the inputs are taken

as the local coordinates (a, #) and (4, 8), and the

Table 1 Geometric parameters and material properties

of wing box

Parameter Value
Maximum thickness of wing/mm 150
Thickness of the skin/mm 12
Thickness of the beam/mm 10
H/mm 120

L/mm 7 000
W/mm 600
Young’s modulus E/GPa 70
Poisson’s ratio u 0.3

outputs are chosen as u,, wuy, u,. Then, these five
neural networks are combined together to form the
PINN of the wing box structure, as shown in
Fig.13. It is noted that, five hidden layers with five

neurons each layer are used in this example.

Fig.12 Local coordinate system of each patch of the wing

box

Fig.13 Wing box structure example: Schematic illustration

of the PINN

In order to enforce the coupling constraints be-
tween patches, the loss function of the wing struc-
ture 1s extended as

Ly=II=U+V+L,+1L, (28)
where L; is the residuals of the constraints at the
patch boundaries, shown as

L= Nl iA(Au”‘)Z (29)

i=1 4V j=1

where 7, is the number of the coupling boundaries,
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N, the number of training samples along the ith
boundary, Au’ the difference of the displacements
and rotations between the two coupled patches, and
A the penalty factor, which is taken as 1 in the re-
ported examples.

In Eq.(28), L, is MSE of the displacement at
the coupling interfaces used to improve the predic-
tion accuracy of the PINN, which is formulated as

Ly=|u—al (30)

For the training of the PINN, 10 000 samples
are used to compute the strain energy of each patch,
and 2 000 samples are used for the evaluation of
boundary constraints. For the evaluation of L,, a
relatively small number of sampling points of 160
are used. The learning rate of the PINN is set to be
10*, with a batch size of 200 and the total number
of training steps of 6 000. In order to add the bound-
ary conditions, the activation functions of the output

layer are modified as

flo)=o0+p (31)
flo)=0+p (32)
flo)=0-p" (33)

Fig.14 shows the comparisons of the wing box
displacement contour plots obtained by FEM and
energy-based PINN. Besides, the distributions of
the displacement along the central line of the upper
skin are shown in Fig.15. It can be found that, the
proposed energy-based PINN predicts rather accu-
rate results compared to the FEM reference solu-
tions. In order to study the prediction accuracy of
the PINN in detail, we also listed the R* values of
each patch in Table 2. It is shown that, the results
of patches 1 and 2 are more accurate than the rest of
the patches which may due to the fact that, these
two patches undertake larger part of the loads, thus
have higher internal energy than the rest patches.

To further evaluate the computational efficien-
cy of the proposed method, the computational cost
of the PINN model is compared with that of the con-
ventional FEM for the wing-box example. In the
FEM approach, the main computational effort is as-
sociated with mesh generation and numerical solu-
tion of the governing equations. In contrast, the pro-

posed PINN framework requires a training stage to

Plate deflection/mm
140

120

1 000 100

0
7000%50, 5
(a) FEM results

Plate deflection/mm
140

120

0
7000%50, 5\
(b) PINN results

Fig.14 Comparisons of wing box displacements

150

—— Target

--- PINN /
§ 100+ 4
3 4
-2 -
3 sor i

0 "/n 1 L 1 L 1

0 1 2 3 4 5 6 7
x/cm

Fig.15 Comparisons of displacements along the central line

of the wing box’s upper skin

Table 2 R’of the wing box patches predicted by PINN

Patch R*
1 0.977 1
2 0.972 6
3 0.9516
4 0.953 4
5 0.958 8

optimize the neural network parameters through
minimizing the physics-informed loss function.

In this study, the PINN model is trained using
the Adam optimizer for several thousand iterations.
Although the training stage requires additional com-
putational time compared with a single FEM solu-

tion, once the training process is completed, the
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trained network can rapidly predict the structural re-
sponse for new input parameters without solving the
governing equations again. Therefore, the PINN
model can serve as an efficient surrogate model for
repeated evaluations and parametric studies of com-
plex wing structures.

To provide a quantitative comparison, the com-
putational time of both methods is summarized in
Table 3, including the hardware configuration used
in this study. The results indicate that while the
PINN method requires additional training time, it
provides fast prediction once the network is trained,
which can be advantageous for applications involv-

ing repeated structural evaluations.

Table 3 Comparison of computational cost between
PINN and FEM

Method ~ Hardwave Computational stage Time
FEM CPU Numerical solution ~20s
PINN CPU Training ~12 min
PINN CPU Prediction ~0.02's

It can be observed that the FEM solution main-
ly involves mesh generation and numerical solution
of the governing equations, which leads to a rela-
tively short computation time for a single analysis.
In contrast, the PINN framework requires a training
stage to minimize the physics-informed loss func-
tion. Although the training process requires more
computational time, the trained network can be di-
rectly used for rapid predictions without solving the
governing equations again. Consequently, the pro-
posed PINN framework can serve as an efficient sur-
rogate model for repeated simulations or parametric

studies of wing-box structures.

3 Summary and Outlooks

In this paper, a physicsinformed neural net-
work is proposed for the linear elastic static analysis
of thin-shell structures. Compared to the traditional
data-driven neural network, the proposed PINN us-
es total potential energy of the shell as the loss func-
tion, therefore, the training process of the PINN is

equivalent to the minimization of the potential ener-

gy of the shell. Besides, in the proposed PINN, we
use independent neural networks for each output
variable, which provides the flexibility of adjusting
the weights of contributions to the loss function.

The performance of the proposed PINN was il-
lustrated with several numerical examples including
the plate, the cylindrical shell as well as the relative-
ly complex wing box structure. It can be found that,
the proposed PINN does not require a large amount
of training data which are sometimes difficult to ob-
tain. The only inputs to the PINN are the coordi-
nates of the sampling points, which significantly
simplifies the construction and training process of
the neural network.

For more complex wing box structure, we
demonstrate the feasibility and accuracy of the pro-
posed PINN in dealing with shell structures with
multiple patches. The energy-based loss function
can be extended with an extra term enforcing the
patch compatibility constraints at the interfaces. Be-
sides, we added a small amount of data-driven train-
ing data to the training process of the PINN, which
results in a hybrid neural network and helps to im-
prove the performance of the PINN.

All numerical results were compared with the
FEM reference solutions, and good accuracy was
achieved, demonstrating the effectiveness of the
proposed machine learning framework. For the rela-
tively complex wing-box structure, a direct next
methodological step is to increase the network ca-
pacity by enlarging the network width and/or
depth, followed by a systematic sensitivity study of
the architecture, so as to clarify whether the remain-
ing discrepancy mainly arises from underfitting due
to insufficient model capacity rather than from the
formulation itself. In addition, more advanced train-
ing strategies, such as using limited-memory broy-
den-fletcher-goldfarb-shanno (L-BFGS) after the
initial Adam optimization and introducing adaptive
loss weighting, can be considered to further im-
prove convergence behavior and prediction accura-
cy. More complex structures combining beams,

plates, and shells will also be studied, and more
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complex behaviors such as nonlinearities will be in-
cluded.
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