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Abstract; With the liquid propellant making up 60%—70% of the takeoff weight of the hypersonic vehicle, the dy-
namic load caused by great propellant sloshing interacts with the flexible structure of the aircraft. Therefore, the
dynamic model displays characteristics of strong coupling with structure/control and nonlinearity. Based on the
sloshing mass dynamic simplified as a spring-mass-damping model, a rigid-flexible-sloshing model is constructed.
Moreover, the effect on the dynamic performance of the coupled model is analyzed with changing frequency and
damping. The results show that propellant sloshing dynamics significantly affects the rigid body motion modes,
especially flexible mode and short mode. The right half plane pole (RHP) moves far from the imaginary axis with
the consumption of the propellant. The flexible mode attenuates with the increase of the sloshing damping, and the

coupling becomes stronger when sloshing frequency is close to the short mode frequency or the flexible frequency of
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the beam.
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0 Introduction

(AHV)

such as X51 using the scramjet engine or a combi-

Air-breathing hypersonic vehicle
nation of multi-engines is a promising and cost-
efficient technology for launching low-earth-orbit
satellites and providing rapid global-response ca-
pabilities, which has received much attention es-
pecially in commercial and military fields. It has
also become a key issue in the next generation of
hypersonic space transportation-',

The hypersonic vehicle is normally considered
as the lifting-body configuration. The design is
such that the forward fuselage of aircraft creates a
bow shock that acts as a compression system for

the scramjet engine. The structural modes of this

kind of vehicles also play an important role. Be-
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sides, the pressure on the fore body produces lift
and a nose-up pitching moment. Downstream of
the scramjet engine, the aircraft is shaped such
that there is an external expansion of the exhaust
gases™ . The pressure on the aft body is a func-
tion of the pressure of the exhaust gas as it exits
the scramjet engine and this pressure contributes
to the lift of the vehicle. The vibrating of fuselage
effectively changes the pressure distribution over
the aircraft, and then brings additional perturba-
tions with thrust, lift, drag, and pitching mo-
ment as well. Therefore, the dynamics of air-
breathing hypersonic vehicles include great cou-
pling between the scramjet propulsion and flight
dynamics, in addition to the interactions between
flexible and rigid modes.

Studies have shown that the hypersonic vehi-
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cle generally uses a combination of rockets and

scramjet. The liquid propellant carried by the
AHV makes up 60%—70% of the total
weight™. Flight maneuvering causes great liquid

propellant sloshing and induces hydraulic load,
which has more impact on the structure and cre-
ates larger disturbance to the control system with
the increasing proportion of the propellant to the
total mass of the vehicle. On the one hand, a
great deal of liquid propellant brings a large dis-
turbing force and moment, which, once outside
the limit that the control system can adjust, will
cause the instability of flight; on the other hand,
the hypersonic aircraft configuration like " wave-
rider” with large slenderness ratio has a small mass
coefficient of the fuselage structure and lower frequen-
¢y of structure simultaneously™. When the vehicle
vibration frequency is close to the liquid propellant
sloshing frequency in the tank, the coupling effect
may produce the fluid solid coupling vibration
(such as POGO vibration) and then affect aircraft
stability. Therefore it is necessary to establish a
hypersonic flight dynamics model of multi physi-
cal field coupling, taking into account the effect of
deformation and the dynamic coupling effect of
the propellant mass distribution, consumption
and periodic motion on the control system.

In recent years, a large amount of theoretical
work has been carried out in this field to meet
modern requirements for elaborate AHV model
oriented to control system design. A comprehen-
sive analytical model of the longitudinal dynamics
of an AHV with an emphasis on dynamic/struc-
ture/propulsion was proposed™. The linearized
aircraft dynamics is found to be unstable and ex-
hibits non-minimum phase behavior. The two-di-
mensional simplified motion model with the pro-
pulsion coupling is constructed and based on the
analysis of the scramjet, hypersonic aircraft short
period mode and aero-servo-elasticity effect. The
control-oriented model with the coupling with rig-
id/flexible mode was established and the influence
of the coupling on the nonlinear control system
was analyzed 7. Liu established a parameterized

model of hypersonic vehicles, which took into ac-

count the multidisciplinary integration including
aerodynamic, propulsion and structure®. Bolend-
er and Doman analyzed the influence of aerody-
namic heating on the bending stiffness and elastic
modulus affected by the aerodynamic heating

effect 107,

coupling effects of dynamic behavior of liquid pro-

But these studies do not consider the

pellant sloshing on hypersonic vehicle structure
and the stability of flight.

An elaborate rigid/flexible/liquid/control dy-
namic model is built in this paper, which consid-
ers the periodic motion of liquid propellant. Then
the vibration modes are compared and analyzed
based on an equivalent model, an elastic beam
model involving propellant sloshing. Finally the
impact of propellant mass and the changes in the
damping and frequency of propellant vibration on

hypersonic dynamic stability is analyzed.

1 Structure Characteristics of Hyper-
sonic Vehicle

The present paper takes an AHV as the re-
search object, the geometric configuration of
which is shown in Fig. 1, where L; is the length of
fore-body, L, the nominal nacelle length, and L,
the length of aft-body. Other parameters are lis-

ted in Ref. [3].

Expansion wave

~_  —
IR e

Oblique shock Propulsion system

Fig.1 Hypersonic vehicle structure model

The geometric configuration is a typical rep-
resentative of AHV: the scramjet engine is ar-
ranged in the lower abdomen of body. The fore
body, as the inlet compression section, can make
the gas experience multi-stage pre-compression.
After the compression, inlet flow density and
pressure can be increased; the lower wall of the

aft body, as the external expansion section of the
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nozzle, can improve aerodynamic lift and propul-
sive efficiency without inducing drag. Due to the
use of "waverider” aerodynamic characteristics of
the aircraft body, the cross section from the nose
to the middle of the fuselage gradually increases
and that from the middle to the rear of the fuse-
lage gradually decreases. Therefore the section
moment of inertia changes gradually and the effect
on body flexible modes should not be neglected.
According to the description in Ref. [11], mission

equipment layout of AHV is shown in Fig. 2.

Liquid hydrogen Payload Liquid hydrogen

Equipment Equipment

Liquid oxygen

Propulsion system

Fig. 2 Notional internal volume layout

Different from the hypothesis in Ref. [11],
AHYV fuselage structure will be equivalent to the
beam with variable rectangle hollow section, the
principal inertia axis of which is taken as the cen-
troid to y. Based on the integrated design strategy
of structure/thrust, the layout of the structure is
as follows: the propulsion system is placed at the
middle of the vehicle, and the head and rear parts
serve as the additional structure of the compres-
sion and expansion sections of the propulsion sys-
tem, respectively. So the section stiffness EI
gradually changes in the longitudinal direction, as

shown in Fig. 3.
7
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Fig. 3 Change of cross-section EI along longitudinal

The main parameters run as follows
m=1.436 (kg + m')/m

m, =175.5625 (kg * m ') /m

m;,=117.522 1 (kg » m ') /m

I, =2.224 X10°(kg » m*)/m
The additional aerodynamic and structural
parameters were described in Ref. [117]. The vehi-
cle body was simplified as a cantilever beam with

mass center fixed.

2 Nonlinear Coupling Model of Hy-
personic Vehicle

For liquid propellant dynamics, usually only
the lower order is considered and the sloshing
mass of the second order is only 3% of that of the
first order. Also in the case of higher orders, the
dynamics inside the liquid will produce turbulent
disturbances and thus damping surge. Therefore
the orders above the second can be ignored'?.
Assuming the liquid propellant is ideal incom-
pressible fluid, equivalent mechanical model is
generally used to analyze the dynamic behavior of
liquid propellant. The model has the same kinetic
behavior as the corresponding order sloshing. The
aim of this paper is to analyze the effects of pro-
pellant dynamics on the structure and control sys-
tem based on spring-mass-damping equivalent
model.

Two kinds of strategy have been adopted to
introduce the dynamic characteristics of liquid
sloshing into elastic structure: (1) The propellant
and flexible aircraft are modeled independently.
Then the parameters of the sloshing dynamics,
such as stiffness, damping and inertia are derived
and coupled to a system model in the generalized
coordinates, which is solved simultaneously. This
approach is complex and can leak items easily;
(2) In the analysis of the elastic deformation of
the vehicle vibration, the influence of the charac-
teristics of propellant sloshing is introduced to the
model of flexible structure. Therefore, the de-
formation of elastic beam vibration with multiple
sloshing mass distribution on the structure is cal-
culated. In this paper, the conclusion is based on

the second way and the vibration mode of elastic
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beam containing sloshing mass is calculated with
finite element method (FEM). The AHV equiva-
lent model with liquid sloshing is described in
Fig. 4, where m,, m, are the equivalent mass co-
efficients; %k, k, the equivalent stiffness coeffi-
cients, and ¢, , ¢, the equivalent damping coeffi-

cients, respectively.

Fig. 4

AHV with liquid sloshing and its equivalent

mechanical model

The continuous system of the equivalent free
beam structure corresponding with the mass, the
section moment of inertia and the elastic modules
is divided into 500 beam elements along the longi-
tudinal direction. The liquid propellant is simpli-
fied as concentrated mass with shaking, and the
establishment of spring element, mass element
and damping element is deduced. The inertial
force and aerodynamic force are put on the unit as
the load, and then the element equilibrium equa-
tion represented by nodal displacement is ob-
tained.

m{é}+c{é) + ki) ={F) @D)
where m is the mass matrix, ¢ the damping ma-
trix, k the stiffness matrix , & the displacement
matrix, and F the load matrix.

Through coordinate transformation, the local
differential equations of unit are assembled into an
equilibrium equation under the global coordinate
and the global variable matrixes are capitalized

M{8} +C{6) + [K]{§} =(F} (2)

The generalized eigenvalue problem is solved
with the calculus of variations for energy and the
natural frequency and modal shape of the sloshing
mass free beam are obtained. Fig. 5 shows the
first three-order modes of the two beams, with
one characterized by even distribution without

coupling and the other containing sloshing mass

coupling.

3th without coupling
3th with coupling

Fig.5 Comparison of the first three mode shape

The first three modes are compared in the

M and equiva-

two cases: even mass distribution
lent elastic beam as mass-spring model, as shown
in Table 1. The first three-order vibration frequency
of equivalent elastic beam including liquid sloshing
increases by about 16% and is closely related to
the mass distribution. The elaborate AHV model
must consider the liquid sloshing because the slos-
hing changes the mode of vibration of the elastic
beam and thus indirectly affects the vehicle dy-
namics. It is necessary to establish a nonlinear dy-
namic model coupled with rigid/flexible body-lig-
uid-control, which can describe the complex dy-
namic behavior of hypersonic airplane system.

Table 1 Comparison of frequencies of the first three modes

Mode angular frequency/ (rad + s ')

No. of mode Model with Model including
even mass sloshing mass
1 19.72 23.34
2 45. 37 54.15
3 96. 48 108. 23

The analysis is based on the following hypot-
heses:

(1) The frequency of rigid body moving in a
wide range rarely couples with elastic beam, and
the effect is mainly imposed through the interac-
tion between structure deformations and that be-
tween loads.

(2) The tank of propellant is rigid and pro-
pellant sloshing does not couple with the rigid
tank. The dynamic load derived from propellant

sloshing acts on the aircraft structure.
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With the aircraft flexible mode and propellant
sloshing coupling aerodynamic taken into account,
the hypersonic aircraft flight dynamics model is

expressed by Eq. (3)

. (Tcosa — D .
V2<%)—gsm(0—a)
h=Vsin(d—a)
:M+TZT
I.v.y
- (L + Tsina g v
7*< mv >+<V RE+h>COSy
- L + Tsing g v
aT ( muv ) (V R+ )cosy
0=q
n="2%m —wy +F(x,0+Q(x)
l
0.(x.0) :J NCx. DY, (6.0)) (x — x)da
0

(€))
where the states variable x=[V.h,y, asq.m ,7'71 s
72 +7m2 575 575 J» and the rigid body motion is repre-
sented by the first five state variables, which are
speed, height, angle of attack, flight path angle,
pitch angle rate respectively. The following six
states variables represent the first three-order
flexible modes;

And §(x—x;) is Dirac function, which is sat-

1 [ =x
olx—x;) =
0 [ <<x;

isfied for

2

) , Rg is the radius of the

RE
R:+h
Earth; g, gravitational acceleration at sea level; g
the

moment of inertia along the Y axis; L, D, T and

where g = g, (

the gravitational constant; m the mass; I,
M are lift, drag, thrust forces and pitching mo-
ment. § is the modal damping coefficient, w; the
ith natural frequency modes, x; the j th tank posi-
tion in the X direction, and 5 (i=1,2,3) the ith
order generalized displacement.

The aerodynamic force, moment and thrust
were calculated with the fitted model given in
Ref. [ 137, which used the oblique shock theory
based on the Rayleigh flow principle to estimate
And the

lift, drag and pitch moment were obtained with

the hypersonic scramjet engine thrust.

the Prandtl-Meyer expansion theory. The calcula-

tion formula is as follows
T 2 ¢S(Cr., ()¢ + Cr(a) + Cip)
L ~ ¢SC, (asé..p
D =~ ¢SCp(a:d.:p
M = z:T + ¢ScCy(asd. )
N: ~ gS(N. + Ni+ N¥3, + N! + Nip), i = 1,2,3

)
The above modeling process shows that,
when the AHV states change, the additional item
of inertia force caused by sloshing is added to the
flexible model, which reflects the dynamic charac-

teristics of elastic aircraft more accurately.

3 Analysis of Hypersonic Nonlinear
Dynamics Model

To study the open-loop dynamics, the vehicle
is trimmed in level flight at Mach 8 and altitude of
25.9 km. The balance states and dynamic charac-
teristics are analyzed with the nonlinear dynamics
model with the assumption that the mass of the
rigid beam is distributed evenly and that equiva-
lent elastic beam contains liquid sloshing mass.
u=1[3,.¢]" is the control input, where ¢, is eleva-
tor angle and ¢ equivalent fuel ratio. The output
variable y=[V,7]" is the speed and flight path an-
gle. By trimming the open-loop transfer function,
poles and zeros are calculated and shown in Table 2.

The analysis of Table 2 shows:
with the rigid body model, in the elastic coupling

in contrast

model three elastic vibration equations are added
and it has nine eigenvalues representing highly
modal, phugoid period mode, short period mode

Table 2 Open-loop poles at Mach 8 in 25. 9 km level flight

Equivalent

bearn with Equivalent
Mode Rigid body beam including
mass even sloshing mass
distribution o o
Long term 3.229X107F  2.520X107°+ 2.253X107° £
wone te 0. 0238i 0. 02351 0.023i
Short term 3.173 1,561 4,830
Short term —3.232 —4.63 —4,784
Height —2.491X10°* —2.185X10"* —2.143Xx10°*
First-order of —0.325+ —0.329+%
aeroelastic 19. 7211 23.78i
Second-order of —1.125+ —1.342+
aeroelastic 15. 3701 54. 241
Third-order of —2.205+ —2.67%
aeroelastic 96. 482i 108. 801
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and aeroelastic modes. Time-varying state of air-
craft movement is the superposition of all the
modes. Table 3 gives the corresponding transfer
function zeros and there is a non minimum phase
zero inherent in the dynamic system.

Table 3 Open-loop zeros at Mach 8 in 25. 9 km level flight

Equivalent beam with Equivalent beam

Rigid body o . . .
mass even distribution including sloshing mass
5.430 8 5.249 2 5.143 6
—7.2210 —7.046 3 —7.250 5
0 0 0

—0.771 8+23.982 0i —0.771 8+23.332 7i
—1.068 41+58.582 0i —1.271 5+58.128 8i
—1.771 84+118.263 31 —1.938 2+116.562 0i

The static stability and dynamic characteris-
tics of a vehicle are determined by the zeros/poles’
position of closed-loop system. If the liquid pro-
pellant sloshing is considered, the dynamic char-
acteristics, especially the minimum phase of hy-
personic vehicle system have changed. Through
poles comparison, the poles of long period mode
and the unstable poles of short period mode are
increasing sequentially for rigid beam, even mass
equivalent beam and the sloshing mass equivalent
beam. Also the pole of the height modal moves
close to the imaginary axis gradually and the sta-
bilization time of height modal increases. In order
to improve the maneuverability of the aircraft, it
is necessary to relax static stability so that the ve-
hicle has the right half plane poles (RHPs),
whose position determines the lower limit of the
bandwidth of the closed-loop control system. If
the liquid sloshing effect is taken into considera-
tion, the frequencies of the first to the third order
of the aeroelastic modal decrease. The elastic vi-
bration and rigid motion are coupled greatly.
When the aeroelastic vibration frequency decrea-
ses, it narrows the bandwidth of the closed loop
control system and may result in the bandwidth
overlapping between structure and actuator, thus
leading to control system instability. In addition,
as the effect of liquid sloshing is concerned, the
right half plane zero moves slightly towards the
imaginary axis. To track the guidance signal, the

control system is usually required to have cut-off

frequency more than three times high as that of
the guidance loop*'. Therefore, the left-shift-
ing zero of the closed-loop system reduces the fre-
quency range, which is unfavorable to the stabili-
ty of the system.

To evaluate the effect of the mass of liquid
propellant consumption on the dynamic character-
istics of the aircraft, the state equations are line-
arized with a cruise stage different separately with
The

poles and zeros are calculated under the condition

the fuel consumption ratio as a constant.

that liquid fuel consumption satisfies the linear
distribution. The analytical results are shown in

Fig 6.

Poles
Zeros.
Poles, 3
Zeros, 3
Poles, 5
Zeros, 5
Poles,

ary axis

Zeros. fuel consuming

=]
‘B
)
g
K

Real axis

Fig. 6 Effect of poles/zeros due to liquid fuel consumption
The sloshing behavior of the liquid propellant
affects the vibration modes of the elastic beam.
Suppose further that 50% the liquid propellant re-
mains, the zeros and poles are obtained by chan-
ging the damping and frequency of liquid sloshing
in the finite element model. The zeros and poles
of the distribution of the linear model are shown
in Figs. 7.8.

Conclusions can be drawn from Figs. 6—38;

(1) With the decrease of liquid propellant
mass, the modal frequency of vehicle vibration in-
creases and the short period mode poles move
slightly to the right half axis plane. The RHP ze-
ros close to the imaginary axis move gradually
away from the imaginary axis, having little effect
on the stability of the open loop of the vehicle. At
the same time, the RHP zeros have weaker con-
trol over the control system. All these increase

the response speed of the system to a certain
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Fig. 7 Effect of poles/zeros due to liquid propellant

sloshing damping

Poles, =5 rad/s

Z.e108,0) you =5 rad/s

Poles, ¢,=10 rad/s
7108,y 4,0=10 rad/s
Poles, ¢, =15 rad/s
Zer08,m 4ou,=15 rad/s
Poles, g),.,=20 rad/s
Zer0s,g) 4., =20 rad/s
Poles, ¢,,=30 rad/s
Ze108,0) 40, =30 rad/s

Imaginary axis

Real axis

Fig. 8 Effect of poles/zeros due to liquid propellant

sloshing frequency

extent.

(2) The influence of liquid propellant slos-
hing on the elastic vibration of the vehicle is ana-
lyzed. When the damping varies from 0. 05 to
0. 3, the zero moves away from the imaginary axis
substantially. Damping increase can quickly stabi-
lize the aircraft flexible mode and therefore reduce
the coupling effect with rigid mode with limited
impact on the other modes.

(3) When w=>5 rad/s, the sloshing frequency
of equivalent spring mass model is similar to that
of the short period mode. The poles of short peri-
od mode move gradually close to the imaginary
axis, which indictes that the coupling effects be-
tween the sloshing and the first-order short period
mode. When the frequency continues to increase,
the poles of short period change little. When the

frequency increases to w—>20 rad/s, the poles of

the first-order flexible mode move to the left and
the stable time is reduced. When the right half
plane zero shifts towards the imaginary axis, the
bandwidth of the system is narrowed and there-
fore affects the stability significantly. Conse-
quently enough attention must be paid to the

bandwidth in the design of control system.

4 Conclusions

A nonlinear model involving aerodynamics,
propulsion system and structural dynamics for air-
breathing hypersonic vehicles has been presented,
which considers variable section moment of inertia
of elastic beam and liquid propellant sloshing in-
fluence. The vibration mode of equivalent elastic
beam including the liquid sloshing is calculated
with numerical method. The zeros and poles are
compared under different conditions, and the fol-
lowing conclusions are drawn:

(1) Liquid propellant motion affects the dy-
namic characteristics of AHV short period when
the sloshing frequency is lower than the natural
frequency. With the reduction of the propellant
and the increase of the damping of liquid propel-
lant sloshing., the zero on the right half plane
moves away from the imaginary axis gradually,
but the variation is slow and the zero remains
close to the imaginary axis, which limits the
bandwidth of the control system.

(2) When the frequency of the propellant
sloshing is close to that of the vibration, the poles
of short period move towards the imaginary axis
When the

sloshing frequency increases further, the poles of

and may lead to serious instability.

the first-order elastic modal shift to the left and
the stable response time is reduced. In the mean-
time the right half plane zero shifts close to the
imaginary axis and the bandwidth of the control
system is decreased. Therefore, in the conceptual
design of hypersonic aircrafts great attention must
be paid to the undesirable effects of the liquid pro-
pellant sloshing on the flight dynamic characteris-
tics.

Further research will consider the effects of

the disturbance and changes in the zeros and poles
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caused by the propellant sloshing in the system.
A modern robust controller will be designed to
meet the strict requirements for the bandwidth

and stability of the AHV system.
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