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Abstract: The Cramer-Rao bound (CRB) for two-dimensional (2-D) direction of arrival (DOA) estimation in mul-
tiple-input multiple-output (MIMO) radar with uniform circular array (UCA) is studied. Compared with the uni-
form linear array (ULA), UCA can obtain the similar performance with fewer antennas and can achieve DOA esti-
mation in the range of 360°. This paper investigates the signal model of the MIMO radar with UCA and 2-D DOA
estimation with the multiple signal classification (MUSIC) method. The CRB expressions are derived for DOA es-
timation and the relationship between the CRB and several parameters of the MIMO radar system is discussed. The
simulation results show that more antennas and larger radius of the UCA leads to lower CRB and more accurate
DOA estimation performance for the monostatic MIMO radar. Also the interference during the 2-D DOA estima-
tion will be well restrained when the number of the transmitting antennas is different from that of the receiving an-
tennas.
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0 Introduction

The multiple-input multiple-out (MIMO) ra-
dar exploits the spatial diversity and the degree of
freedom to improve resolution, clutter mitigation
and classification performance'”. Unlike a stand-
ard phased-array radar, which transmits scaled
versions of a single waveform, MIMO radars emit
orthogonal or noncoherent waveforms in each of
the transmitting antennas and utilize a bank of
matched filters to extract the waveforms at the
receiver** . This paper focuses on array configu-
ration problems of one class of MIMO radars
which use closely spaced antennas to achieve co-
herent processing gain. Many literatures apply
the uniform linear array (ULA) for array config-

uration and there have been various traditional al-

gorithms for its direction of arrival (DOA) esti-
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mation. However, compared to ULA, uniform
circular array (UCA) has its own advantages of
DOA estimation in range of 360° and less anten-
nas required than ULA for the same radar per-
formance™ . Here we will explore the property
of UCA to design both the transmitting and re-
ceiving arrays and derive the CRB for DOA esti-
mation of the MIMO radar system. The relation-
ship between the parameters of the MIMO radar

and the CRB will be investigated in detail.

1 Signal Model for MIMO Radar
with UCA

Assume a MIMO radar system that utilizes a
UCA with M transmitting antennas and N receiv-
ing antennas (Fig. 1). R, and R, denote the radii

of the transmitting and receiving arrays, respec-
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Fig.1 Signal model for MIMO radar with UCA

tively. Each of the transmitting antennas emits M
orthogonal signals s, € C*', m = 1,2, ,M
where L is the number of samples of each pulse.
Let § = [51 5500

many (say, K ) far field independent scattering

ssv ). Assume there are also

point targets with the azimuth angle ¢ and the
elevation angle ¢ . Then the transmitting and re-
ceiving steering vectors can be described by the
following expression respectively.
a0 ) = [Eros&us &y | (D
b)) = [GeosCuso s ey | (2

where

i :exp{JZ’;R1 sin (¢;) cos(ﬁ/\} — %) } (3)

2nR, . o i

and i=0,1,++,M—1; j=0,1,+,N—1, and (+)7
denotes the transpose of the matrix.

Then the received signal X € CV*" is

K
X=2bW o) pa o) 'S+E  (5)
k=1

where E € CY*" is the interference plus Gaussian
noise uncorrelated with X .

Thus, the output of the matched filters is"*

Y =vec(XS"/L) (6)

where vec( « ) denotes vectoring of the matrix.

The DOA estimation method applied here is the

multiple signal classification ( MUSIC) algo-

rithmt*,

2 CRB for 2-D DOA Estimation

CRB is probably the best known lower bound
on the mean square error (MSE) of unbiased esti-
[9-10]

mators

2-D DOA estimation of MIMO radar with UCA.

. In this section we derive the CRB for

Assume that the parameters to be estimated cor-
responding to the kth target is Q = [079077770‘2]T )
where 0 is the azimuth angle, ¢ the elevation an-
gle, 7 the scattering coefficients, and ¢* the pa-
rameter of the noise. Besides, assume that during
the gth pulse, the received signal through the /th
sampling is x({—1), [ =1,-+,L. Then a col-
umn vector is given by
z=[x(O)T,x(DT, s, x(L—1DT]" (7
The received signal without noise can be ex-

pressed as

K
u(D) = > b 0p)a" Bp)s(D (&)
k=1

Then we have

u=[u"(O,u" (D, u" (L—=D]"=E[z] (9
Note that the received signal obeys the

Gaussian distribution z ~ N¢ (0’ Inn. ) and its

probability density function is
P = e e —w T —w
o o

(10)

For each unknown parameter in vector 2 =

[[9350”7»62]]- , its estimated variance has a lower

bound, which is the CRB. It can be computed by

the Fisher information matrix
var(Q;) = [F '],

where var(+) denotes the variance. 2, the estima-

tion of ith element of 2 , and [F '], the (i,7) el-

1<i<4 (D

ement of the inverse matrix of the Fisher infor-
mation matrix F. The element of F can be ex-

pressed as

-, _ [P (z.2)  Inp(z.2)
Fw——fuZ,QJ——E[ 0 0 J

(12)
Hence, the Fisher information matrix has

the following expression

1.0  f@O.¢) [fOp [0

[0 [lpse) [l f(g:c®)

S [y [ f (et

[0 fe) [fG )  [f®e”)
(13)

Since F is a symmetric matrix, only one part
of its elements needs to be calculated. Define a
matrix C=¢"Iy, «n:. » the following expression can

be obtained from Eq. (12)
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The transmitting array of the MIMO radar
with UCA emits orthogonal signal, therefore,we
can obtain R=/*Iy.y » where ;* denotes the pow-

Let d(0,¢) = b(@.¢)a" (0.¢)

er of the signal.
L1

and R=— 3 Zs(l)s () , the element of F can be
(=0
calculated
2y, [ du)
f(f),ﬁ)—;zZRe[ gL }

—ZR [ <9u(l) 9u8é1)>}

ad" (0.¢) ”:

214;[ Re [tr(ad(@ygD) R
o

a0 a0
2L/,LZ772 ad(09§0> ad" (6’@)
g Re[tr( 20 20 ) (15

Considering that the transmitting array and
receiving array of the MIMO radar satisfy the fol-
lowing expression

a" @spra” (0,¢) =M, b" (0,0)b(0,¢0) =N

T

W02 0 (gop) —a’ 0.g) 22020 —o
H

LB0)p (9.1 =17 0.0 2208 —0

da" (0.¢) da” (0,¢) _ 2n°RiM(sing)*
a0 a0 22

Ib" (0,¢) Ib(O,¢) _ 2n°RiN (cosg) *

0 0 A
16>
Eq. (15) can be simplified as

£(0.0) = 4x* ' LMNy (sing) * [(Iil) +(%)ZJ

17

2
where vy = ’u—z is the signal-to-noise ratio.

Similarly, the other elements of F can be cal-

culated by
422 . [ (R 2 R, 2
S (@ @) =dn"y LM Ny (cose) [(A ) +<}{ )
(18)
f(gs) =2LMNy (19)
S o =S8 (20)

fO:6°) =[G 0= f(p:0")=[f(c"s¢)=0
(22)

f(?],crz):f(a2 ) = [l =f(5,¢)=0
(23)
Thus, the Fisher information matrix can be

simplified as

£@0,0) 0 0 0
e 0 f(pse) 0 0
0 0 fGap 0
0 0 0 FACARY D)
Q24
and its inverse matrix is
VA CAD) 0 0 0
P 0 /g 0 0
0 oSG 0
0 0 0 % e")
(25)
Finally, the CRB of azimuth angle can be ob-
tained.
CH=[F']u=r"00.0) (26)
that is

. 2_2 . 2 & : & : !
C() =4y LM Ny (sing) [( R ) + ( R ) }
27
And the CRB of the elevation angle is

Clp)=[F']y=f

) (28)

Namely,
C(p) = |4’ 7' LMNy (cosg) * [(%) g (%) 2} }71
29
It can be inferred from Eqgs. (27,29) that for
the MIMO radar system with UCA, the more the
number of antennas and samples is, the lower the
CRB of the azimuth and elevation angle will be-
come and the higher the estimation accuracy will
be. Meanwhile, the CRB of the azimuth and ele-
vation angle will be lower when the radius of the
transmitting or receiving circular arrays and the
scattering coefficient become larger. When the el-
evation angle is close to 0° (90°) and sing — 0
( cosp — 0), the CRB of azimuth angle (elevation
angle) estimation tends to infinity and the estima-
tion accuracy of azimuth angle (elevation angle)

will become poor.

3 Simulation Results

The relationship between CRBs of the 2-D
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DOA estimation and the several parameters of a
monostatic MIMO radar system is analyzed ac-
cording to the simulation results. Assume that
the signal-to-noise ratio (SNR) is y=15 dB, the
number of pulses is Q =512, and the number of
samples during one pulse is L =256. The scatter-
ing coefficient of the target obeys the Rayleigh
distribution with the parameter to be 1. All the sim-
ulations are conducted by the Matlab software.
First, the number of the transmitting (re-
ceiving) antennas is set to be eight and the radius
of the circular array be twice of the wavelength.
The CRB of the 2-D DOA estimation is shown in
Fig. 2. The simulation results show that the CRB
of the angle estimation relates to elevation angle.
Fig. 2(a) illustrates that the CRB for the azimuth
angle estimation becomes lower and lower when
the elevation angle increases from 0° to 90°. Con-
trarily, Fig. 2(b) demonstrates that the CRB of
the elevation angle increases as the elevation angle

changes from 0° to 90°. This is in consistent with
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Fig. 2 Relationship between CRB of 2-D DOA estima-

tion and elevation angle in MIMO radar with

UCA

the theoretical analysis in the previous section.
Then we test the relations between the CRB
of the angle estimation and the number of the
transmitting and receiving antennas. All the sim-
ulation parameters are the same as those in the
above example except for the number of anten-
nas. Set the number of antennas to be 5, 8, 10
and 15, respectively. The simulation results are
shown in Fig. 3. Both Fig. 3(a) and Fig. 3(b) in-
dicate that the CRB of the angle estimation de-
crease when the number of antennas increase. It
means that estimation accuracy will be improved
when the number of the antennas increases.
However, as the number of the antennas climbs,
the complexity of the system and the computa-
tional load highly increases, which should be
thought about seriously by radar designers.
Finally, the relations between the CRB of
the angle estimation and the radius of the circular
array are studied by tests. All the simulation pa-

rameters are the same as in the first example ex-
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Fig. 3 Relationship between CRB of 2-D DOA estima-

tion and UCA antenna number
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cept for the radius of circular array. Set the radi-
us of the circular array to be half of wavelength,
one wavelength, two wavelengths and eight
wavelengths, respectively. The simulation re-
sults are shown in Fig. 4. It is obvious that both
for the azimuth angle and the elevation angle, the
CRB of angle estimation becomes lower with the
larger radius of UCA. However, during the sim-
ulation the increasing of the radius brings in
strong interference, which seriously affects the
estimation accuracy. Moreover, when the radii of
the transmitting array and the receiving array dif-
fer from each other, the interference problem will
be restrained. The simulation results are shown

The 2-D DOA estimation performance
of the MIMO radar shown in Figs. 5 (b, c) is

in Fig. 5.

much better than that of Fig. 5(a).
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(a) CRB of azimuth angle estimation

0

()
=2
=
=]
<
=1
<}
i
3|
2
>
(]
=
(]
4y
o
S

Elevation angle / (°)

(b) CRB of elevation angle estimation

Fig. 4 Relationship between CRB of 2-D DOA estima-
tion and radius of UCA in MIMO radar

4 Conclusions

A signal model is developed for 2-D DOA es-
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Fig. 5 2-D DOA estimation results of MIMO radar

with different radii of UCA

timation in MIMO radar with UCA. The MUSIC
method is applied to angle estimation. The CRB
for DOA estimation with UCA is derived. The
simulation results show that all the changes of the
elevation angle, the number of the antennas, and
the radius of the circular array have impacts on
the CRB of the 2-D DOA estimation. Generally,
the CRB of angle estimation is lower when the
MIMO radar system has more antennas in a circu-
lar array and larger radius for the circular array.
Besides, the simulation results also reveal that
when the number of the transmitting and receiv-
ing antennas are different from each other, the

interference problem during the DOA estimation
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will be effectively restrained. The work has im-

plications for MIMO radar design.
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