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Abstract: Deformation of a simple single piezoelectric actuator is usually quite small. A ring-shaped piezoelectric
actuator with large piezoelectrically generated displacement was proposed. The thickness of the actuator was
1 mm, and the inner and outer diameters were 4 mm and 40 mm, respectively. The ring-shaped actuator was
made of BiScO;-PbTiO; (BS-PT) ceramic and polarized in radial direction. An electric field was applied to thick-
ness direction and a large shear-bending deformation emerged. Then Rayleigh-Ritz method and Bessel functions
were adopted to analyze the shear-bending deformation. Results show that under an electric field of 7.5 kV/cm,

the maximum displacement at the inner edge of the actuator reached 5. 07 pm, which agreed well with the corre-
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sponding experimental results.
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0 Introduction

Piezoelectric actuators have been widely used
in camera modules, precision position control,
adaptive optics, acoustics, pressure sensing and
electricity generation™®, etec. Many researches
have focused on piezoelectric actuators, in terms
of structure theoretical analysis, optimum de-
signs, and applications for intelligent structures.

1 presented analytical solutions to

Dong et al.“
transverse deformation of a circular axisymmetric
piezoelectric-metal composite unimorph actuator
using thin plate and small bending theory of elas-
ticity. Their approach predicted that there was an
optimum thickness ratio between the piezoelectric
and the metal layers, which led to a maximum
deflection and load carrying capabilities. Fox et
al. ) devised a new analytical model for predic-
ting the deflection of a circular plate with an an-

nular piezoelectric actuator. They treated the
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plate and actuator as a mechanically over-con-
strained system and a structural mechanics ap-
proach was conducted to establish relevant equa-
tions. Lin'™ proposed an analytical model for de-
flections of a multi-layered circular annular piezo-
electric actuator, subject to an applied voltage,
reporting the effects on the transverse deflection
of the laminate thickness, annular diameter, and
residual stresses of the actuator. Lu et al. " ad-
vanced an exact solutions to a simply supported
and functionally graded piezoelectric plate/lami-
nate under cylindrical bending. Song et al. "' dis-
cussed the stress and heat flow around a circular
hole in thermopiezoelectric media with semi-per-
meable thermal boundary condition.

A multi-layer piezoelectric actuators are com-
posed of piezoelectric, elastic and polymer layers,
and epoxy resin is usually used to glue these com-
ponents together. However, extreme environ-

ments, like high temperature, may greatly dete-
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riorate the performance of piezoelectric actuators.
Therefore, a simple single piezoelectric actuator
may be more suitable for extreme conditions.
Compared with multi-layer piezoelectric actua-
tors, the single-layer ones have been seldom re-
ported. Chen et al.™® used both the finite ele-
ment method and the experimental method to in-
vestigate deflection of a shear-bending mode actu-
ator. However, the results of the two methods
were distinctive and they did not present theoreti-
cal analysis.

An analytic approximate solution to the
shear-bending deformation of the ring-shaped pie-

zoelectric actuatort'?

was presented by using Ray-
leigh-Ritz method and Bessel functions. The
shear-bending deformation of the actuator was
obtained and the corresponding results were dis-
cussed. The analysis results agreed well with the
corresponding experimental results. The derived
formulas will benefit the design and optimization

of piezoelectric actuators.

1 Theoretical Analysis

Fig. 1 shows a ring-shaped piezoelectric actu-
ator which is simply supported at the external
edge. The actuator was made of piezoelectric ma-
terial (BS-PT ceramic). The 0 plane was taken
as the neutral plane of the actuator and the posi-
tive z-axis was pointed upward from the neutral
plane. The actuator was polarized in the radial di-
rection. When the plate was driven by external e-
lectric field along thickness direction, an out-of-
plane deformation emerged due to shear-bending

in the actuator.

z(1)

e )

Fig. 1 Configuration of ring-shape piezoelectric actuator

1.1 Potential energy of the actuator

The actuator was 1 mm thick, and its inner
and outer diameters were 4 mm and 40 mm., re-

spectively. Hence the piezoelectric actuator can

be considered as a thin plate, so we can assume

dw(r)
dr

u. =u.(ryz)y uy=0, u =—x @)

where u represents the displacement in cylindrical

coordinate system, and w (») the transverse de-

flection of the neutral plane of the actuator which
can be expressed as

w(r) =u.(r,2) | . (2)

Considering the geometric equations of elas-

ticity, we have

_du. _u oz dw
&= 2= ST r dr
du, d*w
&= T TR s (3(a))
_ duy lau,,iﬂ_o ~ Jdu, | du.
o ar r d0 r > Y dz ar
du. J
1 du y duy _, (3(b))

70T 00 T 9
where y,, =0 and y.,=0, because the polarization
is along the radius direction, and the transverse
deformation of the actuator presents axial sym-
metry. Also, we have y., 70 which results in the
shear-bending of the piezoelectric actuator. Con-
sidering the piezoelectric equation

S=s"T+d E 4
where S is the mechanical strain vector, s® the
mechanical compliant coefficient matrix at the
constant electric field E, T the stress vector, E
the electric field vector, and d, the transpose ma-
trix of the piezoelectric coefficient. The expansion

expressions of the above vectors are

€. S11 S12 S13 0 0 0
&y S12 S11 S13 0 0 0
G €, o S13 0 S13 Sz O 0 0
Yo 0 0 0 S44 0 0
Yo 0 0 0 0 sy O
7] 0 0 0 0 0 syl
(5. ] [0 0 dy]
Oy O O d31
E,
O 0 0 d33
T= , d,. = s, E=|0
Tor 0 d15 0
0
Tar dis 0 0
s | o 0 o0

According to the fourth and the sixth equa-
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tions of Eq. (4), we have r), =0 and 7., =0. Al-
so, since the actuator can be considered as a thin
plate, we can assume ¢.=0. Considering the sec-

ond and the third equations of Eq. (4), we can

obtain
_ g, 2dw , dw
o0 ki r dr ko2 dr?
z dw d*w
o, — k5 - dr k4Z drz (5)
o Sa3 s 1
where £, = . ky = y ky=——

e — 2 e 2 .
S11833 7 S13 S11833 7 S13 S13

From the first equations of Eq. (4) and
Eq. (5), we have

, 2
eo=—g 2w, dw (6)
r dr

dr’
Where 51 = S12 /31 +Slg /eg ’ 52 = S13 k4 _'_SIZ kz ’ and

then we can obtain

2% & dw

v =—=2 s dw E;Z dw
N 2 r dr 2

D)

where f(7) is an arbitrary function. Considering
Eq. (2), we obtain f(r) =w(r).

above equation into Eq.

Substituting the

(7), and considering

Egs. (3), we can obtain
2 ) 3
L d'w . d w} 8

& dw
Vo = 2 [rz dr ro dr? = dr?

Considering the fifth equation of Eq. (4), we

have

o =k + 1= (9

Su4
dis E,

Syq

where k; = — Now we can calculate the

density of strain energy of the actuator as

_ 1 _ ks &' (dwy
#»r—gsz— Atk Z(dr) +
z* dw d d*w) 2!
(kg_’_kg)adi a4 +/€47<d72> mB
(10)
. .. o El d’LU
where S, is transposition of §, A = >, —
o o dr

dw o dw ng gt (o) 8 deyy

r dr? > dF dr dr?
5‘(d w) _ 28 dwdw_ 266 dwdw | 266 dFw
NP 7 odr drf 2 odr & r o dr

d*w .
—— . Hence the strain energy of the actuator can

dr

be obtained by the following integration

UT:JU/,LT'CI‘U (11)
el

where v is the integral element and Q the whole
region of the configuration regarding to the densi-

ty of electric potential energy of the actuator, we

can obtain
_ 1 _
/,(1' 2 DtE
26 dw & dw , dw
ks 2< 2 dr rodr? & dr? )+k7 (12)
i 2 [ 2
where kGZ*Eldl:’ ,and k; :M*QIFI , D, is
254 2544 2

transposition of D, and D is the electric displace-
ment vector which can be written as

D=¢"E +dT (13
where g” is the dielectric constant matrix under
constant stress field. Similarly, the electric po-

tential energy can be obtained by integration as

o)

The total energy of the actuator is equal to the
sum of the strain energy and the electric potential

energy

1.2 Shape function of transverse deformation

) . . . r—a
Define non-dimensional radius as 0=y ,
—a

where 7 is the radius of the ring-shaped piezoelec-
tric actuator, a and b are the inner and the outer

radius, respectively. We have

dw_ 1 dw dw 1 d*w
dr b—a d(o’ dr’  (b—a)? dp
dw 1 d*w

&' (b—a)? dp’

Assume the shape function of the shear-ben-
ding deformation for the ring-shaped piezoelectric
actuator is

w(p) =
S, [J (up) +a, (1= g + fsin 21 —pﬂ

(16)

where [, is the zero-order Bessel function, A, is

defined by Jo(1,) =0 a, = +A,J1 (4, and §, =



588 Transactions of Nanjing University of Aeronautics and Astronautics Vol. 32
2, . . MATILAB was adopted to calculate the actu-
——5 A, +2],(A,) ], where J, is the first-order p
T

Bessel function.

In our research, the outer edge of the actuator
was simply supported. According to Eq. (16), we
have w(p) \pzl =0, which satisfies the boundary

condition, and w(p) |, = Ec“ A +a,+p) is

n=1

the maximum value of out-of-plane displacement
of the actuator that we are seeking to. The first

three order derivative functions of w(p) are

dw _
. d‘O
Ec,, [7 1) — 2a,p — %ﬁ,,cos %(1 7‘0)}
aan
Cw_ ¥ [ ) J1up)
2 .| — o) — —
do” :2; ( e Anp >
Za, — %Bsin (1 —p) | (18)
Pw_ <
d‘OY;L - ch[ 7/1?, (]l(ky,p) -
]2(/1,,[9) Ti‘ L ]
Anp >+ g Bucos - 1—p 19

where J, is the second-order Bessel function. Ac-
cording to Rayleigh-Ritz method, we have
U

dc,

0 71:172’39"' (20)

Then we can obtain n-variable simple equa-
tions. By solving these simple equations we can
obtain coefficients ¢, in Eq. (16), and then the
maximum value of the transverse displacement of

the actuator can be obtained accordingly.

2 Results and Discussions

The material properties for BS-PT ceramics

are presented in Table 1.

Table 1 Material property of BS-PT ceramics

Property Value Property Value

sH /(107 Pm? e N7 12.59
sH/0 Pm2 N =379

dy /(107 2Ce N =117
dss /(10 2Ce N ) 441
sH/(107Pm2 e NTH —12.54 dis/(10°2Ce N Y 620
5 /(107 ?m? « N°Y) 15.57
sE /(10 Pm? e N7 19, 30
55 /(107 Pm? « N7 32.76

ator shear-bending deformation. When the ap-
plied voltage reached 750 V, the out-of-plane dis-
placement of the actuator was obtained (Fig. 2).
Fig. 2 shows that the maximum of the transverse
deformation is 5. 074 3 pm, occurring at the inner
edge of the actuator, and 11—14 times that of a
single layer ceramic with the same thickness.

Fig. 3 shows the relationship between the di-
ameter ratio and the displacement at the actuator
inner edge. We can see that the deformation re-
sults from the shear force decreases when the ra-
tio of the inner to the outer diameter (a/b) in-
creases. The results at ratio of 0. 1 is shown in
Fig. 3, where (X, Y) is the coordinate of the

black square point.
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Fig. 2 The calculated deformation using the proposed

method
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Fig. 3 Relationship between diameter ratio and dis-

placement

Chen et al. " have measured the displace-
ment of the ring-shaped actuator at different tem-
peratures with electric field applied. Fig. 4 shows
the sample of the actuator considered in this pa-
per, and the corresponding experimental setup is
illustrated in Fig. 5. The actuator was placed in a
thermal chamber,and was simply supported by a

ring at the outer margin. A preload was applied
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through a compressive spring at the center of the
actuator in order to obtain stable experimental da-
ta. The measurement results at 25 ‘C under a
load of 2.5 N and an applied triangular waveform
of electric voltage at 1 Hz (corresponding to an
electric field of +7.5 kV/cm) are shown in
Fig. 6. It can be seen that the measured amplitude
of the ring-shaped actuator was about 4. 5 pum at
room temperature. The error between the pro-
posed analysis results and the experimental re-
sults is 0.574 3 pum which may be attributed to

the material parameters of the actuator.

Fig. 4 Sample of the actuator
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Fig. 5 Experimental setup for displacement measurement
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Fig. 6 Test results for the transverse deformation

ANSYS finite element method (FEM) was
used to simulate the corresponding deformation of
the actuator. The simulated displacement at the
center of the ring-shape actuator without a load
under an applied electric field of 7.5 kV/cm was
about 6 pm"*" which demonstrates that the pro-
posed analysis results are superior to the FEM re-

sults.

3 Conclusions

The shear-bending deformation mechanism
of a BS-PT ceramic ring-shaped piezoelectric actu-
ator under an applied electric field was analyzed
using Rayleigh-Ritz method. The maximum dis-
placement under electric field of 7. 5 kV/cm is
calculated as 5. 074 3 pm which agreed well with
corresponding experimental results. The maxi-
mum displacement of the proposed actuator was
about 11-—14 times that of a single layer ceramic
with the same thickness. The proposed method is
effective and precise for analysis of ring-shaped

piezoelectric actuators.
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