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Abstract: With the assumption of the Park model that the wake region is in linear expansion and the cross-wind is
in multinomial and Gaussian distribution in wake region, one develops the Park-polynomial model and the Park-
Gaussian model to numerically simulate the wake flow field for a single wind turbine. Compared with the measured
data of wind farm and the wind tunnel test, it shows that the prediction precision of wake field has been improved
obviously under the modified initial wake radius. Moreover, both of the newly modified two models could well
simulate the wind velocity in wake region, because the predicted results is approximately consistent with the test
result, and the cross-wind distribution conforms to that of the real flow field. The two models have still inherited

many advantages of engineering models, such as simple form, easy-to-code, and high computational efficiency.
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Particularly, the Park-Gaussian model is the best in overall performance among them.
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0 Introduction

Wind turbine layout optimization is an im-
portant part in the early stage of wind farm con-
struction, in which wake effect is one of the main
factors to be considered in determine the micro-
sitting of wind turbines. The wake effect is pri-
marily investigated via three ways: wind farm
measurement, wind tunnel test and numerical
simulation.

Wind farm measurement includes the meas-
urement of a single wind turbine and of a group of

Sexbierum  wind farm!Y,

[3]

wind  turbines.
Tjeereborg wind farm'* and Nibe wind farm"’ are
built largely for the investigation of the single

7, Horns

wind turbine, while Nysted wind farm"
Rev wind farm"! and other wind farms are mostly
for the group measurement. Although wind farm
measurement has the advantage of being true and
reliable, in the wind farm measurement the full-

scale and high-quality test required is time- and
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money-consuming. What is more, global optimi-
zation of the wind turbines layout is unable to be
completed through the test.

As for the wind tunnel test, it is a process
that simulates all kinds of running states of the
wind turbine model to obtain the test data of

1. 1 discharged cut-in

wake flow. Alfredsson et a
flow from the blade tip with smoke and qualita-
tively studied the wake effect of a single wind tur-
bine by the visualization method. Besides, Hand

.Y made a detailed analysis on wake struc-

et a
tures in near wake region through wind tunnel
tests. In addition, DNW™ in Energy Research
Center of the Netherlands measured the data in
near wake region using the particle image veloci-
metry (PIV) technology. The wind tunnel test
has many advantages of highly precise results,
poor sensitivity to weather and time, easy availa-
bility of the single wind regime effect on wake

flow. However, it has its own limits. For exam-
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ple, it is vulnerable to the interference of bounda-
ry effect, and it is susceptible to the factor that
similarity criterion is unable to be satisified (the
most common is the Reynolds number) and other
factors.

Wake numerical simulation model can be di-
vided into three categories, i. e., the empirical
model, the vortex theory model and the CFD
model based on solving Navier-Stokes (N-S)
equations'™. In 1980s, Jensen'® (1983) and Kat-
ic et al. ' (1986) proposed the Park model. As
an empirical model, it assumes that the wind ve-
locity loss in wake region is related to a wake at-
tenuation constant £, and the wind velocity in the
cross-wind direction is in constant distribution.
The simple form of the Park model has a high
computational efficiency. It was reported that in
this Park model, wind velocity loss in wake re-
gion is underestimated, and the velocity distribu-
tion in the cross-wind direction is not in conformi-
ty with the real flow field. To solve the problem,
Tian'* proposed a 2D Jensen model, using the
cosine curve to describe the wind velocity distri-
bution in the cross-wind direction.

Based on the observation of other research-
erst®, it is found that in real flow field, the
shape of the wake velocity in the cross-wind direc-
tion can be fitted by the multinomial curve or
Gaussian curve. With the purpose of accurately
estimating the wake flow, the multinomial and
Gaussian curves are employed to simulate the dis-
tribution of the wake velocity in the normal-wind
direction. Here, we produce two new modified
engineering wake models, named as the Park-Pol-
ynomial model and the Park-Gaussian model. In
order to test the performance of these two new
modified wake models, a number of numerical
simulations are carried out on various types of
wind turbine which work under different wind

conditions.

1 Engineering Wake Models

1.1 Park model

The Park wake model proposed by Jensen"

has been widely-used to the wind resource analy-

sis software WASP and other commercial soft-
wares. The model is based on the principle of
momentum conservation.

nrive + w(rl —ri)uy =xriu. (D
where r, is the initial wake radius in the rotor, v,
the wind velocity at the initial wake radius, r, the
wake radius from the disk x, «, the wind velocity
at the wake radius from the disk x, and u, the in-
coming wind velocity. Wherein, r, =kx+r, and &
is the rate of expansion in wake region.

When the surface roughness of the land
where the wind turbine installed is unknown,
generally we can set the & value of 0. 075 for the
onshore wind turbine and 0. 05 for the offshore
wind turbine at the suggestions of Barthelmie et

(3] If the surface roughness is able to be

al.
measured, the empirical formula proposed by
Frandsen et al. ™'*J could be adopted

k=0.5/In(z2/z) (2)
where z is the hub height and z, the surface
roughness.

In the Park wake model, it is assumed that
the wake region is in a fully turbulent flow state,
and tip vortex and other phenomenons can be ig-
nored. This leads to the fact that the Park wake
model is unable to accurately simulate character-

istics in the near wake region.
According to the actuator disk theory, it can
be deduced that
u. = —2a)u, 3)
(I—a)/(1—2a) )

where a is the axial induced factor, and r, the ro-

o =7Tq

tor radius. Substituting Egs. (3) and (4) into
Eq. (1) leads to
u, =uy(1—2a/(1+ksx/ry)?) (5)

1.2 2D Jensen model

The Park wake model assumes that the wake
velocity only varies from the down-stream dis-
tance x in the along-wind direction, and the wind
velocity is constant in the cross-wind direction.
Taking into account the free stream flow in the
outside of the wake region, it can be found that
the cross-wind velocity is in a hat-shaped distribu-

tion, so the Park wake model is also known as
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the top-hat model. Nevertheless, thanks to the

(51 and the ex-

investigations of other researchers
periments, it was oberserved that the top-hat dis-
tribution is inconformity with the true wake field.
To overcome this problem, Tian"'? proposed the
modification of the 2D Jensen model, using a co-
sine curve to describe wind velocity distribution in
the cross-wind direction.
The 2D Jensen wake model mainly has two

steps.

u, =uy(1—2a/(1+ksx/r)%)

u=(uy —u.)cos(n/r, « r+m) + u.
Compared with the Park model, the 2D Jensen

(6)

model has improved the cross-wind trend. Here
we propose two modification models, whose

cross-wind trends are consistent with the trend in

real flow field.

1.3 Modification of the Park-polynomial model

From the test measurement™™ it is known
that, the wake wind velocity in real flow field is
in multinomial distribution or Gaussian distribu-
tion in the cross-wind direction. As a result,
combined with the assumption of the Park model
that the wake region is in linear expansion and the
cross-wind velocity is in quadratic polynomial dis-
tribution in the wake region, we propose a new

modified Park-polynomial model. The sketch of

the proposed wake model is shown in Fig. 1.

Fig. 1 Sketch of the proposed wake model

Assuming that the Park-polynomial model
has the following form

u=Ar"+Br+C 7

where A, B and C are the undetermined coeffi-

cients, and r the distance to rotor center in the

cross-wind direction. Since the model is an im-

provement based on the Park model, the follow-
ing assumptions are satisfied:

(1) When the cross-wind distance r expands
to the wake radius ., the wind velocity at D and
E recovers to the incoming wind velocity u,.

Ar:i 4+ Br, +C=u, (8)
A(—=r)* +B(—=r,) +C=u, 9

(2) The wake radius as well as mass flux

(i. e. area covered by the velocity is identical) of

both models are the same.

J‘/.r (Ar* +Br + O dr=2r.u, (10)

where u, is the calculated value with the original
Park wake model at r,.
Considering Eqgs. (8)—(10), we have
A=3Cu, —u.)/2r"), B=0,
C=Qu. —uy)/2 (1)
Then substituting Eq. (11) into Eq. (7), the
equation becomes
wu=3Cu, —u,)/C2r*)r* + Bu, —u,)/2
12>
To sum up, it can be concluded that the
Park-polynomial model mainly has two steps:
Prediction step: u. = u, (1 — 2a/(1 +Fk
x/r)%)
Revision step: u = 3 (u,

Bu., —uy)/2

—u. /2 +

1.4 Modification of the Park-Gaussian model

In combination with the Park model and the
eddy-viscosity model, we put forward another
new modified wake model, the Park-Gaussian
model. It assumes that the wake region is in line-
ar expansion with an expansion rate of £, and the
wind velocity in the cross-wind direction is in
Gaussian and symmetrical distributions, making
it more likely be close to the real wake field.
Sketch of the Park-Gaussian model is shown in
Fig. 1.

Assume that the Park-Gaussian model is

u=Aexp(— ((r—B)/r,)*) +C (13)
where r, is the wake radius at x in the down-
stream of the wind turbine, and r the distance to
rotor center in the cross-wind direction. Since the
Park-Gaussian model is proposed based on the

Park model and the eddy-viscosity model, the fol-
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lowing assumptions are met;

(1) When the cross-wind distance » expands
to the wake radius ., the wind velocity at D and
E recovers to the incoming wind velocity u,.

Aexp(— ((r, — B)/r,)*) + C=u, a4
Aexp(— ((—r, —B)/r.)") +C=u, (15)

(2) The wake radius as well as mass flux (i.

e. area covered by the velocity is identical) of

both models are the same.

J ( Aexp(— ((r—B)/r)*) + O dr=2r.u.

(16)

By Egs. (14) and (15), we get
B=0, A/e+ C=u, 17
Substituing B=0 into Eq. (16), Eq. (18) is

obtained.
Jr' Aexp(— r/r)2dr +2r.C =2ru. (18)

Since exp(—r/r,)? does not have a primitive
function, here the approximate value of power se-
ries expansion is used for calculation.

2 y
re 7'1

6
_ 2 1 1" o r 3 8
exp(—r/r.) ! re JFZ! rboo3r 8 + O
(19)
- - 2 4
Jl exp(*r/r‘,)zdr:JJ 1 -2 L T
v - re 21
s d
73! . r 20)
52/35r,A 4+ 2r.C =2u. r, 2D

Consider Eqgs. (17) and (21), A, B and C
could be solved.
A=Cuy—u,)/(1/e—26/35), B=0
22)
C=uy— (uy —u.)/(1—26e/35)
Then substitute Eq. (22) into Eq. (13) , and

lead to

u:qur(uo—M)/<1_%>GXP<1_<VL.:> )

(23)

To sum up, it can be concluded that the
Park-Gaussian model mainly has two steps:

Prediction step: u. = uo (1 — 2a/(1 +Fk

x/ro)?)

Revision step:

wmt o [ (15 ess1 = (7))

@D

2  Results and Comparison with Ex-
periments

2.1 Measured data of Sexbierum wind farm

0-12] measured wind fields have

Sexbierum
been arranged with 18 wind turbines with the fol-
lowing parameters: the rated power being 310
kW; the rotor diameter D=230.1 m (round to 30
m); the hub height ¥ =35 m; the cut in speed
ui, =5 m/s; the rated speed u=14 m/s; the cut
off speed u,, = 20 m/s. Seven meteorological
masts have been installed around the wind field,
and used to measure the wind velocity, wind di-
rection, air pressure, temperature, etc. In addi-
tion, wake data has been measured particularly at
2.5D, 5. 5D and 8. 0D positions in the down-
stream of one of the wind turbines. The incoming
wind velocity is uo = 8. 5 m/s, the wind turbine
thrust coefficient Cy = 0. 75, and the incoming
turbulence intensity I, =10%.

F-M2. 5D-S represents the cross-wind wake
measured data at 2. 5D in the downstream of the
wind turbine in the Sexbierum wind field; P-U-
2.5D-r, represents the cross-wind wake wind ve-
locity of the Park model at 2. 5D in the down-

stream of the wind turbine when r, = r, -«

(1—a)/(1—2a) ; P-G2. 5D-r, represents the

cross-wind wake wind velocity of the Park-Gauss-

ian model at 2. 5D in the downstream of the wind
turbine when r,; P-P2. 5D-r, represents the
cross-wind wake wind velocity of the Park-poly-
nomial model at 2. 5D in the downstream of the
wind turbine when r,; P-C2. 5D-r, represents the
cross-wind wake wind velocity of the 2D Jensen
model at 2. 5D in the downstream of the wind
turbine when r,, and so on. RSMM® represents
that the method based on actuator disk concept is
used to simulate wind turbine, and Reynolds
stress turbulence model is adopted.

Figs. 2—4 show that for the Park model, the
underestimation of wake effect has been improved
significantly with the modified wake radius r, =
rav/(1—a)/(1—2a). At 2. 5D, 5.5D and 8. 0D

in the downstream of the wind turbine, the wind
velocity is 38. 3%, 17. 2% and 12. 3% higher
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Fig. 2 Cross-wind velocity distributions at 2. 5D in the

downstream of the Sexbierum wind turbine

Fig. 3 Cross-wind velocity distributions at 5. 5D in the

downstream of the Sexbierum wind turbine

P-C8.0D-r,
RSMS.0D

1

Fig. 4 Cross-wind velocity distributions at 8. 0D in the

downstream of the Sexbierum wind turbine

than the test data, respectively. As for the RSM
model, at the 2. 5D position the velocity is grea-
ter than the measured data, at the 5. 5D and
8.0D downstream the velocities are close to the
test data. The cross-wind velocity show a trend
far away from the measured data. When referring

to the 2D Jensen model, the wind velocity is

slightly greater than the measured data with the

(1—a)/(1—2a) ,

and compared to the RSM model, the cross-wind

modified wake radius r, =r,

trend has been improved. For the Park-polynomi-
al model, the cross-wind velocity of the Park-pol-
ynomial model approaches to the test data with
rav/ A—a)/(1—2a).
At 2.5D, 5.5D and 8.0D in the downstream of
the wind turbine, the cross-wind velocity is
11.1%, 4.3% and 4. 8% higher than the test da-

ta, respectively. Concerning Park-Gaussian mod-

the modified wake radius r, =

el, the cross-wind velocity of the Park-Gaussian
model is closer to the test data with the modified
wake radius r, = r; (1—a)/(1—2a). At
2.5D, 5.5D and 8. 0D in the downstream of the

wind turbine, the cross-wind velocity is almost

consistent with the test data.

2.2 Experimental data of Garrad Hassan wind

tunnel

In 1989, Garrad Hassan''*' the world's lar-
gest wind-energy consulting company has conduc-
ted a series of wind tunnel experiments for wind
turbine wake. Objects selected for the test are
horizontal axis wind turbine models with a rotor
diameter of 0. 27 m. The compression ratio is 1 :
160. The corresponding simulative wind turbine
is with a rotor diameter of D=43. 2 m and a hub
height of =50 m. The service environment is on
a flat terrain whose surface roughness is 0. 075 m
and area is 2 km X 2 km. The incoming wind ve-
locity is o =5.3 m/s, the tip speed ratio A, =2. 9
and the thrust coefficient C+=0. 62.

The analysis of Figs. 5—7 shows that for the
Park model, the underestimation of wake effect

has been improved significantly with the modified

(1—a)/(1—2a). At 5.0D,
7.5D and 10D in the downstream of the wind tur-

wake radius r, =ry

bine, the cross-wind velocity is 17. 5%, 8. 1%
and 0. 6% higher than the test data, respectively.
With regard to the 2D Jensen model, the wind
velocity is lower than the measured data with the
(—a)/(1—2a) ,

and the cross-wind trend has been improved. As

modified wake radius r, = ry

for the Park-Polynomial model, the trend of its
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Fig.5 Cross-wind velocity distributions at 5. 0D in the

downstream of the Garrad Hassan wind turbine

Fig. 6 Cross-wind velocity distributions at 7. 5D in the

downstream of the Garrad Hassan wind turbine

F-M10D-GH

1

Fig. 7 Cross-wind velocity distributions at 10D in the

downstream of Garrad Hassan wind turbine

cross-wind velocity is close to the test data with

the modified wake radius r,=r;~/(1—a)/(1—2a).
Significantly, at 5. 0D, 7. 5D and 10D in the

downstream of the wind turbine, the cross-wind

velocity is very close to the test data. As for the
Park-Gaussian model, the trend of its cross-wind

velocity also agrees well with the test data with

the modified wake radius r,=r;+v/ (1 —a)/(1—2a).
At 5.0D and 7. 5D in the downstream of the wind
turbine, the cross-wind velocity almost coincides
with the test data, except for the case at 10D, in
which the cross-wind velocity is slightly lower

than the test data.

3 Conclusions

Combined with the assumption of the Park
model that the wake region is in linear expansion
and the cross-wind is in multinomial and Gaussian
distribution in the wake region, this paper propo-
ses the modified Park-polynomial model and
Park-Gaussian model, to study the wake flow
field for a single wind turbine. To further im-
prove the model accuracy, the initial wake radius
has been modified. In addition, a comparative
analysis has been made with the Park model and
the 2D Jensen model. Compared with the meas-
ured data of wind farm and the wind tunnel test,
it comes to the following conclusions:

(1) The two new modified models (the Park-
polynomial model and the Park-Gaussian model)
could well simulate the wind velocity in the wake
region, on account of the fact that the accuracy is
approximately consistent with the test result, and
the cross-wind distribution conforms to that of
the real flow field. Moreover, the two models
have inherited many advantages of engineering
models, such as simple form, easy-to-code, and
high computational efficiency.

(2) The Park-Gaussian model overall per-
formance is the best in all the models, since the
precision is superior to other models, and the
cross-wind distribution is more consistent with
the real flow field under the condition of revised

wake radius.
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