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Abstract: The issue whether transition from laminar flow to turbulent flow on a flat plate should be characterized as

a vorticity redistribution process or a vorticity increasing process is investigated by a high-order direct numerical

simulation on a flat plate boundary layer. The local vorticity can either increase or decrease due to tilting and

stretching of vortex filaments according to the vorticity transport equation while the total vorticity cannot be

changed in a boundary layer flow in conforming to the Foppl theorem of total vorticity conservation. This seeming-

ly contradictory problem can be well resolved by the introduction of a new term: volume vorticity of a vorticity

tube, defined as vorticity flux timed by the vorticity tube length. It has been shown that, although vorticity flux

must keep conserved, the total volume vorticity is significantly increased during boundary layer transition according

to our direct numerical simulation (DNS) computation, which directly results from the lengthening (stretching and

tilting) of vortex filaments. Therefore, the flow transition is a process with appreciable increase of volume vortici-

ty, and cannot be only viewed as a vorticity redistribution process.
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0 Introduction

The creation, redistribution and conservation
of vorticity have been studied extensively in vor-
ticity dynamics with a long history™*. It is found
that vorticity cannot be generated nor destroyed
within the interior of fluids, and is transported by
advection and diffusion in two-dimensional
flows™. For a three-dimensional flat plate
boundary layer flow, the Féppl theorem!” holds
and the total vorticity is constant. Based on these
facts, it is believed that the transition from lami-
nar flow to turbulence is mainly a vorticity redis-
tribution process. However, some university lec-
ture notes'™ emphasize that the local vorticity
could be intensified (or diminished) according to
the vorticity transport equation, especially at the

location of coherent structures in turbulent flows.

Therefore, flow transition cannot be only as-
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sumed as a vorticity redistribution process, but
also, and more importantly, a vorticity increase
process.

Although vorticity generation, especially at
boundaries, has been widely investigated analyti-
cally and numerically in the two-dimensional

[7-10]

flows , few research has been found regarding

to vorticity dynamics numerically in three-dimen-

[ discussed interfacial

sional turbulent flows. Wu
vorticity dynamics in three dimension. And stud-
ies on vorticity distribution in boundary layer flow

D21 - However,

can also be found in the literature
the variation of total vorticity in a boundary layer
has not been addressed. In order to answer the
questions of whether total vorticity is increased
and whether vorticity flux is conserved in a tran-
sitional boundary layer flow and if it is appropri-

ate to call transition a redistribution process, a
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high fidelity direct numerical simulation (DNS)
was conducted on a boundary layer flow[*'%,
Based on the data obtained, we have gained some

insights on this issue.

1 Vorticity Dynamics
1.1 The first Helmholtz vorticity theorem

It is easy to verify that vorticity has zero di-

vergence, i.e. Vw =0, which leads to
ﬂgwndS =0 (D)
10

where n is the outward pointing unit vector and d(2
represents a closed surface in space. Eq. (1)
means the integration of vorticity flux over any
closed surface in a single domain must be zero.
Thus, for a vorticity tube, the integrated vortici-
ty flux over any cross surface must be the same,
which is referred as the first Helmholtz vorticity
theorem. The computational domain of our DNS
is shown in Fig. 1 and the initial laminar flow
condition is obtained by solving the Blasius equa-
tion. Therefore, all the vorticity lines inside the
computational domain are straight lines starting
from the right side boundary S1 and ending at the
other S2. Thus, the amount of vorticity tubes
passing through any cross section normal to span-
wise direction is exactly the same. In addition,
every vorticity tube has the same vorticity flux
based on the first Helmholtz theorem. Then the
vorticity flux for these sections must be constant,
which equals exactly to the side boundary vortici-

ty flux, i.e.

ijdS:const at t =0 (2

where S is any cross section plane and j the span-
wise unit vector.
Tollmien-Schlichting

waves) are enforced at the inflow boundary dur-

Disturbances (1. e.

ing the simulated transition process. However,
little vorticity is introduced into the flow domain
due to T-S waves since they are in orders smaller
than the main flow. On the other hand, vorticity
lines must end on boundaries, except for self-
closed vorticity lines according to the theorem.

However, only a small amount of closed vorticity

Normal
Z

Fig.1 The computational domain

lines are found during the simulation. Therefore,
most vorticity lines during transition originate
from one side boundary and end at the other one.
As stated above, we have a formula which should
hold for the whole transition from laminar flow
with Blasius solution to turbulence for any sec-

tions normal to the spanwise direction.
Jw « jdS = const (3)
S

Next, the integration of vorticity over the whole

computational domain (2 is considered.

. . -
J de:J (o n)rdS:J (w*n)rdS -+
0 an
J (w-n)rdS—O—J (w*n)rdS -+
In
J (coon)rdSJrJ (@ n)rdS+
Out Wall

J (o + n)rdS 4)
Far

where d(2 is the surface of 2, r the position vector
while S1, S2, In, Out, Wall and Far refer to the
side, inflow, outflow, wall and far field bounda-
ries, respectively, as shown in Fig. 1. Since vor-
ticity w, is dominant and w, at the inflow and out-

flow boundaries is in orders smaller, then
J w0, dV ~ bJ wde:bJ wde:bJ o - jdS
0 S1 S2 S

(5)
where 6 is the spanwise length of the computa-
tional domain. Therefore, the integral of the
spanwise vorticity w, over the whole domain ap-
proximately equals to the integral of w, over any

cross section plane timed by spanwise length. As

Eq. (3) indicates, J ® ¢ jdS is nearly a constant
S

for any cross section at a given time. Actually,
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J ® -+ jdS does not change from time to time dur-
S

ing the transition process based on the DNS re-

sults, which will be presented in the next sec-
tion. Therefore, J w ,dV does not change much
0

as time changes, i. e.

(] wds) /ae =0 (6)
a(Lw_de) /9t A 0 D

1.2 Vorticity transport equation

In the case of incompressible and Newtonian
fluids, the vorticity equation can be written as

Do _ . vvi e (8)
Dt

where v is the kinematic viscosity, V the velocity
vector and the equation is called vorticity trans-
port equation. The second term on the right-hand
side of Eq. (8) accounts for diffusion of vorticity
due to viscous effects. For a two-dimensional
flow: V="_(u,v,0), @ =(0,0,w). Thus, the first
term on the right-hand side vanishes. The equa-
tion turns into an advection-diffusion type equa-
tion, which naturally leads to a conclusion that
the vorticity can spread by diffusion, and be
moved by advection, but the total vorticity (inte-
gral of vorticity over the domain)is conserved for
all localized blobs of fluids. For three-dimensional
flow, the first term (@ « V)V is of great impor-
tance. It represents the stretching or tilting of
vorticity due to the flow velocity gradients, which
means the local vorticity could be increased or de-

creased.
1.3 Volume vorticity of a vorticity tube

In order to better explain the issue, we now
introduce the so-called volume vorticity. Imagine
a point P in the flow field. Then a vorticity line
passing through the point can be found as Fig. 2
shows, and an infinitesimal vorticity tube can be
drawn around the vorticity line. The volume vor-

ticity of a vorticity tube is defined as
o =| 0 ndv=[ o-dadi=| Fa
v \% L

where V and L represent the volume and length of

a vorticity tube, and n, A have the same direction

as local vorticity. F.is the cross vorticity flux and
stays constant for a given vorticity tube. Thus,
wy =F.L (10)

Vorticity line

Fig. 2 The computational domain

Eq. (10) implies that, for a given vorticity
tube, which has a constant cross section vorticity
flux F. , the volume vorticity wy is determined by
the length of the vorticity tube. For a laminar
boundary layer flow with Blasius solution, the
volume vorticity of a vorticity tube is minimized
since all vorticity lines are straight lines starting
from one side boundary and ending at the other.
By tracking vorticity lines during the transition
process, it is found that the vorticity lines are
lengthened by tilting, stretching and twisting,
which will lead to significant volume vorticity in-
crease. Therefore, the volume vorticity could be
a good symbol of turbulence strength, and an in-
dication of transition stage.

The integration of volume vorticity over the

side boundary S1 is
| wvas=|_[o-navas=| [wdvas D
S1 S1 S1

where w is the magnitude of vorticity vector. And
since all the vorticity lines start and end at side
boundaries except for self-closed vorticity lines,
which are much weaker, for boundary layer flow,

the integral can be further written as
| wvds~ | wav (12)
s1 0

Therefore, the integral of vorticity magnitude
over the whole computational domain represents
the integral of the volume vorticity of all vorticity
tubes inside the flow. In addition, we introduce
another term of average volume vorticity, which
can be used to represent to what extent the con-

cerned area become turbulent, i.e.
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a)u:(Ja)dV>/\Q (13)
o

2  DNS Analysis

In this section, we analyze the DNS data to
verify the conclusions derived in the previous sec-
tion, and try to take advantage of volume vortici-
ty and average vorticity to illuminate the issue
whether transition from laminar to turbulent flow
should be characterized as a vorticity redistribu-
tion process.

2.1 Vorticity flux conservation

The vortical structures att=7. 88T ( T is the

period of the T-S wave) from the DNS results are

shown using the Q-vortex identification meth-

od"* in Fig. 3, which is a typical time step of the

transition process.

Fig.3 Vortical structures att = 7. 88T

For sections normal to spanwise direction, it
has been concludedJ o + jdS = const (Eq. 3).
S

The integrals over five sections including two side
boundaries are listed in Table 1. Similar results
can be obtained from other time step in the DNS
data. These results confirm that the vorticity flux

is conserved as expected.
2.2 Spatial integral of vorticity

From Table 2, it can be seen that the inte-
grals of w, and w. are always around zero, and

J w,dV is nearly conserved at different time steps

while the vortical structures at the corresponding
time steps are quite different as shown in Figs. 3,
4. In addition, the relation depicted by 2 is con-
firmed by the DNS results.

Table 1 Vorticity flux over cross sections

Spanwise
) 1 30 60 90 128
index

Jw « jdS 320.099 321.221 320.543 321.845 320. 141

Table 2 Integral of vorticity over the computational domain
at different time steps
Time 4.30T 6.09T 7.88T
j w.dV —6.82X10"* 0.14 —1.26
Q
J w,dV 7 032. 33 7 030.59 7 012.53
0]
J w.dV —3.26X10°* —0.73 —2.32
Q
bJ o+ jdS 7 032. 30 7 030.62 6 987.22
S1

(a) t=4.307T

(b) t=6.097T
Fig. 4 Vortical structures

From the above analysis, it is clear that the
vorticity flux conservation law cannot be violated
and the integral of the vorticity vector over the
whole domain conserves even the transition hap-
pens and numerous vortical structures have built
up.

2.3 Volume and average vorticity development
during transition

The conception of volume vorticity is intro-
duced to more accurately depict the transition
process. Since the average vorticity is easier to
obtain, Table 3 shows the results at t =4.307T,
6.09T and 7. 88T .

From the data in Table 3, it is clear that the
average vorticity significantly increased during the
transition process. Next, we will try to take ad-
vantage of the notion of volume vorticity to ex-
plain why the average vorticity significantly in-
creases while the integration of vorticity vector
conserves during the transition process. In order
to demonstrate the volume vorticity can be signif-

icantly increase, several examples are given.
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Fig. 5 (a) shows a randomly selected vortici-
ty line near the flat plate in Blasius solution.
Here, w, =w. =0, and the vorticity line is straight
starting from one side boundary and ending at the
other. If we imagine a vorticity tube around this
vorticity line, the cross section area should be the
same since vorticity flux has to be conserved.
From Fig. (b), it can be seen that vorticity rol-
lup (tilting and stretching) happens in a A vor-
tex. The vorticity flux of the vorticity tube must
keep conserved while the vorticity magnitude has
been changed shown by the contour in Fig. 5 (b).
Therefore, the color on the vorticity line could al-
so be viewed as a symbol of the cross section area
of the imagined vorticity tube (large vorticity
magnitude means small section area and vice ver-
sa). By comparing Figs. 5 (a), (b), it is clear
that the volume vorticity wy has been increased
since the vorticity tube is lengthened due to vor-
ticity tilting and stretching.

Table 3  Vorticity components and magnitude integrals

over the whole domain

Time 4.30T 6.09T 7.88T
J |w, | dV 84. 48 1164.11 2 039. 81
o]
J lw, |[dV 7 034.56 7 452. 66 7 804. 06
0
J | w. | dV 83.33 1333.92 2 257. 46
0
o) 7 059. 42 8 463. 62 9 667.93

In addition, we now consider the integration
of vorticity vector over the vorticity tube in
Fig. 5(b). Fig. 6 shows the distribution of stre-
amwise and normal vorticity which exist in the
Blasius solution. Both w, and w. appear as positive

and negative values, and the symmetry obviously
leads toJ w,dV :J w.dV =0 for a given vorticity

tube. Therefore the integration of w, and w. over
the whole computational domain should be around

zero since they approximately equal the summa-
tion ofJ w.dV andJ w.dV over side boundary. The

approximation mainly comes from the inlet and
outlet boundary, where vorticity tubes might end.
In conclusion, any vorticity tube should have

only one section vorticity flux but different vol-

0420
(b) Att=4.08T
Fig. 5 Typical vorticity lines

-0.21

Omage z

0.16
0.10
0.04
0.02
-0.08
-0.14 P
020 Omage x (3)
0.16
0.10
0.04
0.02
-0.08
-0.14

0.22

Fig. 6 Streamwise and normal vorticities distribution

ume vorticity depending on the length of the vor-
ticity tube during a transition process. It clearly
shows that if the vorticity line surrounded by a
small vorticity tube is twisted or stretched, the
length of the tube will increase thus leading to the
volume vorticity increase. In the laminar Blasius
solution, all vorticity lines are straight lines start-
ing from one side boundary and ending at the oth-
er, which should be the minimized volume vortic-
ity and therefore the minimum average vorticity
for the whole domain. Those vorticity lines will
be twisted and stretched during flow transition.
Consequently, the vorticity tubes would become
longer and longer and the volume vorticity be-
comes larger and larger although the vorticity

flux in any vorticity tube must keep conserved. It

0. dV ~ o,J w.dV ~ 0 and

can be found thatJ
0

0
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J w,dV is nearly a constant (Table 2). However,
0

we believe the volume vorticity and the average
vorticity can better represent the vorticity distri-
bution since in general we cannot use positive vor-
ticity to cancel or balance the negative vorticity
and both are able to drive flow rotation.

Fig. 5 (b) shows a very early stage of the
transition process. Two more vorticity lines at a
later and a much later stage are shown in Fig. 7 at
t=7.88T. Fig. 7 (a) presents a vorticity line
passing through a vortex ring. It is shown the
vorticity line is further twisted and stretched.
Therefore, the volume vorticity has become lar-
ger since the vorticity tube has a larger length.
Fig. 7 (b) shows a much later vorticity line which
has become very long since it has been twisted
many times. In addition, the vorticity line in
Fig. 7(b) has lost symmetry, which is a symbol

of turbulence.

7512
7508
- 7504
5

- 0 300

(a) Vorticity line passing through a vortex ring

Fig. 7 Two vorticity lines at different locations in flow

transition at t=7. 88T

Another important point that should be ad-
dressed is that self-closed vorticity lines exist in
the flow field, see Fig. 8. These self-closed vor-
ticity lines have no contribution to vorticity flux

and integration of vorticity vector over the whole

domain. On the other hand, these vorticity lines
have non-zero volume vorticity, which will con-
tribute to the increase of average vorticity. How-
ever, the closed vorticity tube is not the main
source of the volume vorticity increase since the
vorticity magnitude at these self-closed vorticity

lines is around 0. 01, which is in orders smaller

than that at the vortical structures.

Fig. 8 Self-closed vorticity lines att = 4. 87T

From the discussion above, the transition
process is also a process that the vorticity lines
twisted and stretched, and therefore a process of
volume vorticity increase. To further verify that
the volume vorticity and average vorticity can be
symbols of the complexity of the vortical struc-
ture, the computational domain at t=7. 88T is di-
vided into three sub-domains with same stream-

. " .. P
wise length as " early transition zone, transition

.. " .
zone, late transition zone , see Fig. 9.

Early transition zone Transition zone | Late transition zone

Fig. 9 Three subzones with the same streamwise length
att = 7.88T

The different vortical structures of three
sub-domains with vorticity lines are shown in
Fig. 10. This indicates that in early transition
zone, vortical structures are very simple and vor-
ticity lines are almost straight. In the transition
zone, fluid transition starts to occur. Moreover,
A-vortex, vortex rings and other transition sym-
bols appear while vorticity lines are getting twis-
ted and stretched. Obviously, the length of vor-
ticity lines is increased significantly in this zone.
In the last sub-domain, late transition zone, the
vortical structures havebecome very complicated.

Further twisted and stretched vortcity lines also
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appear in this domain, whose length increases
dramatically. As we discussed above, non-sym-
metric vorticity line, is found on the late of this
zone. Then the flow would finally become turbu-

lent further downstream.

1057300

(a) Early transition zone

(b) Transition zone

10
y
(c) Late transition zone

Fig. 10 Three subzones with typical vorticity lines at

t=7.88T

The calculated average vorticity of three sub-
zones is shown in Table 4. The value of average
vorticity is different in the first two zones, but it
is much larger in the third zone. Compared with
Fig. 10 and Table 4, it is clear that the develop-
ment of the complicated vortical structure, the
growth of vorticity lines in length and the incre-

ment of average vorticity values trend to happen

simultaneously. Based on this fact, the volume
vorticity or the average volume vorticity can be a
good symbol of the development of the complexi-
ty vortical structure, or the transition stage.

Table 4 The average vorticity of three subzones at

t=17.88T
Early .. ..
Sub-zone . Transition Late transition
transition
J wdV 2 343.99 2 753.58 4 570,37
Q
Volume 101 641.7 116 061.1 122 887.0
Average ., _, 2
.. 2.31X10* 2.37X107°  3.72X10 °
vorticity

3 Conclusions

Here we review some basic vorticity dynam-
ics, and apply them to our DNS datasets. The
main purpose is to answer the question whether
transition should be characterized as a vorticity
redistribution process or a vorticity increase
process. The conclusions are listed below

(1) Vorticity flux conservation is a law and
cannot be violated. As for the DNS case, this
means any section normal to the spanwise direc-
tion must have same vorticity flux as the side
boundary. All vorticity tubes come from the side
boundary and they have the same flux along the
tube except for those self-closed tubes around low
speed zones.

(2) Tt is true that the local vorticity could be
increased or decreased in the flow field during
flow transition due to twisting and stretching of
vorticity lines, which is quite different from the
two-dimensional cases.

(3) If we consider the vorticity in the whole

domain, J w.dV, J w,dV and J w.dV are not
0 02 0

changed much during the flow transition process.
However, considering the sign of vorticity is
meaningless because both positive and negative
vorticity can drive rotation.

(4)A new term of volume vorticity is intro-
duced which can better represent the turbulent

flow feature: wy = F.L for a vorticity tube, and

w, :(J de) /Q for any volume area. According
0
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to our DNS simulation, we found the total vol-
ume vorticity increased during the flow transi-
tion. These mean that the vorticity rollup, ring
formation, vortex stretching not only increase the
local vorticity as the source term of the vorticity
transport equation, but also increase the total
volume vorticity and the average vorticity. Since
the vorticity flux of each small vorticity tube
must conserve, the real reason for the volume
vorticity increase is the length increase of each
vorticity line or small tube around the vorticity
lines as they are stretched, tilted and tangled.
Therefore, flow transition cannot be viewed as a
process of vorticity redistribution, but should be
considered as a process of significant increase of

volume vorticity.
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