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Abstract: The mathematical model of quadcopter-unmanned aerial vehicle (UAV) is derived by using two approa-

ches: One is the Newton-Euler approach which is formulated using classical mechanics; and other is the Euler-La-

grange approach which describes the model in terms of kinetic (translational and rotational) and potential energy.

The proposed quadcopter’s non-linear model is incorporated with aero-dynamical forces generated by air resistance,

which helps aircraft to exhibits more realistic behavior while hovering. Based on the obtained model, the suitable

control strategy is developed, under which two effective flight control systems are developed. Each control system

is created by cascading the proportional-derivative (PD) and T-S fuzzy controllers that are equipped with six and

twelve feedback signals individually respectively to ensure better tracking, stabilization, and response. Both pro-

posed flight control designs are then implemented with the quadcopter model respectively and multitudinous simu-

lations are conducted using MATLAB/Simulink to analyze the tracking performance of the quadcopter model at va-

rious reference inputs and trajectories.

Key words: quadcopter; unmanned aerial vehicle (UAV); flight control design; T-S fuzzy inference system; prop-

otional-derivative (PD) controller
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0 Introduction

A quadcopter, also referred as a rotorcraft,
is a type of helicopter that has four independent
rotors, two of which spin clockwise and other
two spin counterclockwise. The rotors are direct-
ed upwards and they are fixed in a square forma-
tion with identical distance from the center of
mass of the quadcopter. The rotors are spun rap-
idly to push air downwards, consequently produ-
cing a thrust force that lifts the quadcopter. As
quadcopters are capable of vertical take-off and
landing (VTOL) and do not require any complex
mechanical linkages, such as swash plates or tee-
ter hinges that ordinarily appear in typical heli-

121 Because of its simple mechanical

copters
structure, it has been envisioned for various ap-
plications, such as investigation, surveillance,

search, rescue, construction, mobile sensory net-
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works, as well as educational purposes and so

ont?,

The quadcopter is maneuvered by regulating
the angular velocities of its four rotors which are
spun by electrical motors. Each rotor produces
thrust and torque forces, whose combination gen-
erates the main thrust and the yaw, pitch, roll
torques acting on the quadcopter.

Designing a full control system for a quad-
copter is a fundamentally challenging and inter-
esting problem. With six degrees of {reedom (6-
DOF) (three translational and three rotational)
and only four independent inputs (rotor speeds) ,
this is severely under-actuated system. Addition-
ally, the rotational and translational motions are
coupled, resulting in a highly nonlinear dynam-
ics, particularly after accounting for the compli-
cated aerodynamic effects™*. Finally, unlike the

ground vehicles, unmanned aerial vehicles (UA-
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Vs) have very low friction to thwart their mo-
tion, so they must provide their own damping in
order to stop moving and stay stable. Together,
these factors craft very exciting control prob-
lemst*,

In this paper., the proportional-derivative
(PD) and T-S fuzzy controllers are used to design
the control system for quadcopter. Fuzzy logic is
being used to control or define a system by using
commonsensical rules that refer to inadequate
quantities. It combines a simple rule-based if-then
approach to solve a control problem rather than
attempting to model a system mathematically.
Thanks to the use of linguistic information, stim-
ulation of human thinking and the capability of
compensating the estimated and imprecise nature
of the real world, fuzzy rule-based systems are
said to perform very efficiently in a wide variety
of practical problems*,

We present an effective flight control design

for a highly nonlinear quadcopter model that is

tested by conducting numerous simulations using

MATLAB/Simulink.

1 Quadcopter Modelling and Control
1.1 Kinematics

The quadcopter is an aerial vehicle so its ki-
nematics can be derived in two frames in which it
will operate. The first is supposed as an inertial
frame which is fixed with the ground, with gravi-
tational force g pointing in the negative z -direc-
tion, as shown in Fig. 1. And the second is the
body frame which is fixed with a quadcopter that
describes the angular position or orientation of the
quadcopter, with the rotor axes pointing in the
positive z -direction and the arms pointing in the x

[1-5,9-22]

and y -directions As shown in Fig. 1, the
origin of the body frame is at the center of mass
of the quadcopter and x -axis lies along the arm of
motor-1 (spins counter-clockwise) and the y -axis
is set along the arm of motor-4 (spins clockwise)
and the z -axis pointing upwards.

The absolute linear position &; of the quad-
copter is defined in the inertial frame with x,y

and z -axes. The attitude, i. e. the angular posi-

Motor-4

Fig.1 Quadcopter in inertial and body frame

tion 7, in the inertial frame is defined by three Eu-
ler angles, which are the roll angle ¢, the pitch
angle @ , and the yaw angle ¢, expounding the gy-
ration of the quadcopter the y-axis, x -axis and

the z -axis, respectively"!"*

x ¢
&
&l:ys 1'1:(97 81:{} (1)
I
¢
In the body frame, the linear velocities are

defined by the vector §; and the angular velocities

by ng .

K b
Ss=|L|, 3= |q (2)
M r

where K , L and M are linear velocities and p,q
and r the angular velocities in x,y and z -axes, re-
spectively.

The rotational matrix transforms the linear
and the angular positions from body frame to the
inertial frame is given as

c.c, Cc,S,S,—S,C, C,S,C,+S,S,
R=|S5,C, S,S,5,+C,C, S,S,C,—C,S,| (3)

7 SH CHS¢ CHC¢
where S(., =sin(+) and C.., =cos(+) . The rota-
tion matrix R is orthogonal, hence R™' = R" is the

rotation matrix that transforms position parame-

ters from the inertial frame to the body frame.
The transformation matrix W, is to transform

the angular velocities from the inertial frame to

the body frame and vice versa, as shown below

3 1 S, T, C,T,
. . o C =S
n: :W;I.QB’ 0= ¢ . ¢ €9

o 196 G
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b 10 =S [e
Q, =W, [q|=10 C, CS,|.[0]
r 0 —S, CC,| ¢
where T, =tan(+). The matrix W, is invertible if
0 %~ (2a — 1)90/2,61 c 7.

The inertia matrix I describes the quadcop-
ter's mass moment of inertia across the defined
axes and it is important to the dynamics of the
system. Due to the symmetric structure of quad-

copter, the inertia matrix I is a diagonal matrix

I. 0 0
I=|lo 1, o 6)
0 0 I

where I,, =1

1.2 Dynamics

The angular velocity and acceleration of the
ith rotor, denoted by w; and w, » respectively, pro-
duce a thrust force T, in the direction of the rotor
axis and torque force r,,; in the direction of rotor
axis'?

T, =kols v =bo! + L, D
where k£ is the lift constant, 6 the drag constant,
I,, the inertia of the motor and i =1, ,4.

Generally, the effect of w,; is very small and
therefore it can be nullified. The combined forces
of rotors create the net thrust T in 2z -axis direc-
tion and the torque rj in the direction of the corre-
sponding axes in the body frame, as shown in

Egs. (8) and (9), respectively

0
1 4
Ty= |0, T=D>T,=k> ' (8
T i=1 i=1
k(i — w3)
To 2 2
lk (0} — w})
T8 = |To | — -

1
Ty E Tomi
i=1

k(0] — w3)
e (wi — wi) D)
b(wi + w: — w0 —wi)
where [ is the distance between the rotor and the
center of gravity of the quadcopter.
From Egs. (8),(9) it is very clear that the
roll motion can be acquired by decreasing w, and

increasing w,. Similarly, the pitch motion is ac-

quired by decreasing w; and increasing w;. Yaw
motion is acquired by increasing the angular ve-
locities of two opposite rotors and decreasing the
velocities of the other two. By adjusting three
torques presented in Eq. (9) and total thrust pres-
ented in Eq. (8), the quadcopter can be maneu-

vered as shown in Fig. 2.

Fig. 2 Quadcopter dynamics

1.3 Newton-Euler approach

The general motion of a rigid body in space is
a combination of translational and rotational mo-
tions. The quadcopter is assumed to be the rigid
body and hence, Newton-Euler equations can be
used to describe its dynamics. Using the Newton-
Euler formalism, the translational motion of
quadcopter in body frame can be given by force
balance equation ast''*
mSy+s X (mSy)=R"g+ T, (10)
where m is the mass of the quadcopter and s X
(mS ) the centrifugal force.

The linear acceleration in the inertial frame is

given as
mé,:*mg -+ RT 1D
x 0 SiC,Cp+S.S,
Y =—glo|+ I |scs, —sc, | az
z 1 CC,

In the body frame, the rotational motion of
quadcopter is presented by its torque balance

equation, given as

IO, -9, X Q)+ =1y (13
0
where T=1,0Q; X |0| wg.
1



630 Transactions of Nanjing University of Aeronautics and Astronautics

Vol. 34

(I, — I )gr | Tz, ]
. I. 4 I,
5 . I | I
('1 — 7[,?;’ —1I, ;P wg + Ty
. Iy)' I I)',V
AL —Lom - i
L I.. ] .. |
(14)

where wy =w, +w, —w; —w, is resulting from the
gyroscopic precession. Then the angular accelera-

tion in the inertial frame is given as

ﬁF%(W;'QB):vWQmLW;‘QB (15)
0 ¢C¢Tﬂ + % o ¢S¢C0 + 6(%%
<0 <0

=10 7§.DS¢ 7S'DC:<P q |+

o ey @S.Ty _gS.  0CT,| Ir
Cg CQ Cg Cg
1 S,T, C,T,
0 & TS (16)
s. C. ||
¢ ¢
LR

The quadcopter’ s dynamical equations that

representing 6-DOF can be written as

P =L(5,0,0,+5.5))
5="L05,C,8,—S,.Cp)
m

i=Leey—g
m

?ZQGDC?TH +‘%) + r(— ¢S.C, +‘9(%) 1

p+qS,T,+C,T,
0=—qpS, —reC, +qC, — 1S,
S-b:q(SogurﬂSyTo)Jrr(_@+ﬁc?ﬂ>+

c, G, c, T¢,
ic) +#(c)

17
1.4 Euler-Lagrange approach

Lagrange approach presents the dynamics of

quadcopter in terms of energies (kinetic and po-

tential energy)f!:2:°:0:1¢]
L(E’é):Elr;ms +Erm 7Epol (18
where E,.... 2%5}61 is the translational kinetic en-

ergy, E,, Z%Q}; (I ;) the rotational kinetic en-

ergy and E,, = mgz the potential energy. So

Eq. (18) can be written as
Leest) = 2EIE, + L@l Q) mgz (19)

The Euler-Lagrange equations with external

forces and torques given as''*

Te| dydLy  dL
{ }dt(dé)ds @0
T

where f; =RT se R’ is the translational force ap-
plied to the quadcopter due to the main thrust and
s ¢ R’ represents the yaw, pitch and roll mo-
ments.

Since the Lagrangian does not contain cross
terms in the kinetic energies, therefore the Euler-
Lagrange equation can be separated into dynamics
of &; coordinates and 7, coordinates. The Euler-
Lagrange equation for the translational motion is
written as'!’

dLlrans

d dL\rans o o,
E( dg, > d¢, =/ 2D
0
fe =RT, =mé, + mg |0 22
1

which is similar to Eq. (11).

Considering Jacobian matrix J () from 25 to

hl
Jg) =J =W IW, =
I.. 0 —1..S,
0 1,C:+1.5. d,—1.) CS.C,
LS, (Iy‘y — I‘a) I1.S;+ I}}yS}CZ +
C,S,Cy 1.C:C5
(23)
The Euler-Lagrange equation for the rota-
tional motion is"!-
%(d(ﬁ;j‘)—%:m (24)
E. —1QidQ) = Lallh, (25

d
an
Defining C(n,.1;) - the Coriolis-centripetal term

that containing the gyroscopic termst.

Ji 4+ iy —% M) =15 (26)

. . .. 9 e
L(n,,nn:u)n,—%ﬁmwnu 27
o =Jn; + Cpram) (28)
n=J "' (s —Cpr.m)) (29)

Finally, we get from Eqs. (22),(29)
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[mx] [T (singsing + cosgcosgsing) | pitchangle § and the rollangle ¢. So the controlling
my T (cosgsinfsing + cos¢sing) variables can be written together as

B mz B T (cosfcosg) — mg U, T b b A A B P

o ¢ a z} U_ U, _ || _ 0 —k 0 k]| |w

0 T U, 7 k0 k0| |

Lél L 7, | Ul el =0 b —b b |
(30) 341

Eq. (30) is the set of differential equations
representing the linear and the angular accelera-
tions of the quadcopter which is analogous to
Eq. (17) where %¢ .7y and 7, are the roll moment,
the pitch moment and the yaw moment that are
associated to the generalized torques z, 75,7, re-

spectively.
1.5 Aerodynamics

To design a quadcopter model with more re-
alistic behavior, the drag forces produced by the
air confrontation are merged into the model. The
aero-dynamical drag forces can be implemented in
quadcopter model by introducing the diagonal
drag force coefficients matrix which depends on

linear velocities

% 0 S,C,C,+S,S,
Y =—g|o|+ 1|8, =50 |+
: 1 C.C,
D, 0 07 [x
1 D, 0|y (3D
m .
1 0 0 D.| |z

where D, ,D, and D, are the drag force coefficients
of the translational velocities in the x,y and z -di-
rections, respectively, in the inertial frame of ref-

erence.
1.6 State space model

The quadcopter model presented by Egs. (16),
(31) can be derived in state space form as

X =AX + BU

Y =CX + DU (32)

where U is the control input or input vector, and
X the state vector is mapped as

X:[gogt?@@g[;gbrfyyzz]T (33)

It can be observed in Eqgs. (8),(9) that the

total thrust and body torque are main parameters

that control quadcopter’'s altitude = and attitude

1:- The x and y positions mostly depend on the

The transformation matrix W, between the
derivative of angular position in the inertial frame
@0, and the angular velocities in body frame p.,
q»r can be considered as unity matrix, if the per-
turbations during the flight are small. Then, gp%
p+0 &~ q.¢ ~ r. This assumption is already been
verified by simulation tests"",

The A,B,C and D matrices in the state space

model of the quadcopter can be given as

100000000 0 0
000a 000000 0 0
00010000000 0
0a; 00000000 0 0
0000010000 0 0
W [0@ 0000000000 o)
0000000000 0 0
0000000a, 00 0 0
0000000000 0 0
000000000a 0 0
0000000000 0 0
0000000000 a a
0 0 0 0]
0 b 0 0
0 0 0 0
0 0 b O
0 0 0 0
0 0 0 b
B— (36)
0 0 0 0
by, 0 0 0
0 0 0 0
by 0 0 0
0 0 0 0
b 0 0 0]
c=[1 1111111 1 1]
(37)
D=0 (38)

where
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a; = (Iu 7 Iyy);, va, = D./l
1. m
D, —g D.
As; — —+dg — a7 —
2 m
S S S
b I 02 1, bs I.
b, — cosgsinfcosd + singsing
4 —
m

b — cospsingsing — singcosg
.=
m

by — cosgpcosf e >0
m

2 Flight Control Design

2.1 Control strategy

Designing the control for a nonlinear under-
actuated system is not an easy task. The veloci-
ties of all four rotors must be regulated in such a
manner, that the quadcopter steadily follows the
prescribed trajectory. So the effective control
strategy must be developed and implemented,
which ensures the better tracking and stability
performance of the quadcopter. The control strat-
egy which is developed in this paper is presented
in Fig. 3, in which six feedback signals z,y.z,0,¢

and ¢ are being used for better controlling ability.
Flight control strategy

1
1
Pl i 8
2
E {xa Vs z} 0.1,@1 i §
1
v, E Orientation |U,,U,,U, §
i tracking !
)
S I .03

%, 9,2,0,9,4}

Fig. 3 Flight control design

In this paper, the PD controllers based on
the proposed control strategy uses six feedback
signals as mentioned above. Whereas the control
strategy based on T-S fuzzy controllers is e-
quipped with twelve feedback signals that are x,
¥vs2:05¢s¢ and their derivatives.

It can be observed that the four-dimensional

control input U =[U, U, U, U, |" is projected to

follow a three-dimensional translational command
2(1] T-

2.2 PD controller design

o= 1[xa a

The mathematical model of quadcopter pres-
ented by Eq. (17) or Eq. (30) is non-linear. In or-
der to design the controller, the model can be lin-
earized around at certain operating point. Howev-
er, same controller design can be used for a non-
linear model with variations in gains. Using small
angle approximations and ignoring the x and y
movements terms ( x and y becomes around 0 at

small angle). the following linearized model is
obtained™*"
f— gL, p=Te p=D, =T (39
m m m m
The original model Eq. (17) or Eq. (30) and
linear model Eq. (39) have similar behavior at
small variations in 0,¢ and ¢ "),
If we take Laplace transform of roll accelera-
tion ¢ in Eq. (39), we get
o(s) =+ Te (40)

tm

©w

We can say that the system obtained in
Eq. (40) is a double integrator (type-2 system)
and ideally, the steady-state error for the type-2
system is null, and this is the reason why the on-
ly PD controllers are used.
The PD controllers for altitude and attitude
control are as follows
u, =k, (e.)+ ky (e,)
w, =k, (e,)+ ky, (e,)
u. =k, (e) + ka (e)
u, =k, (e,)+ ky, (e,)
wy =k, (e)) + by (ep)
wy =k (ey) + kg (é¢)

where 0, =u., ¢. =u, and ¢, =0.

41D

The control laws for the regulation of angu-

lar velocities of quadcopter can be given as

U, =k, le. (D] +kyle ()]

U, =kaka,Le, (D 1+ {hak p + kpka, e, (D] +
Rk Lo, ()] — (kg LoD T4k, [o() ]}

Us =kapkyle D]+ bk g+ kukytle. (D] +
Rok yle ()] — {ky [0 ]+ k[0 ])

Uy =kyle, (O] 4 kyle, ()]

42)
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The angular velocity of each rotor can be giv-
en in terms of control signals U,.U,.U,,U, as

follow

\/(— 20U, +0lU, — kU,
blk
2

\/(blU] — 20U, + klU,
wr —

w; =

blk
2

20U, +0lU, — kLU,
blk
2

(2]7U2 + ])lUl - klU_L
blk

wy, — 2 (43)

The gains of all PD controllers are tuned au-

tomatically, but after analyzing performance, the
gains are slightly modified. These modified gains
later are used in simulation to analyze the per-
formance of the controller at different reference

inputs and trajectories.
2.3 T-S fuzzy logic controller design

Each fuzzy controller generates one output
and takes two inputs. The first input is error in-
put and the other is the rate of change of respec-
tive feedback signal, which defines the direction
and rate of the parameter to be controlled. For
example, the fuzzy controller for altitude control-
ling will have e, =z, — z and = as inputs and it gen-
erates a controlled output signal U, that lifts
quadcopter at desired 2. Figs. 4,5 show the mem-
bership functions of the fuzzy controller for alti-
tude control, where NB means negative big, NM
negative medium, NS negative small, Z zero, PS
positive small, PM positive medium, and PB pos-
itive big. The 3-dimensional surface plot of the

altitude controller that describes the relation-

Fig.4 Membership function plot of error for alti-

tude controller

ship between inputs and output membership func-
tions of the fuzzy logic controller, shown in Fig. 6.

The Table 1 shows the set of rules for T-S
fuzzy controller for altitude tracking. There are
49 rules, by which the controlled output is com-
puted against the given inputs to the fuzzy con-

troller.

Fig. 5 Membership function plot of z for altitude

controller

Fig. 6 Surface plot of T-S fuzzy controller for altitude

Table 1 T-S fuzzy rules for altitude controller

PB PM PS Z NS NM NB

PB 80 80 80 80 80 80 80
PM 80 80 80 80 80 80 80
PS 80 40 15 80 80 70 80
Z 47 20 10 60 80 70 80

NS 10 10 10 10 10 42 60
NM 10 10 10 10 10 20 45
NB 10 10 10 10 10 10 10

3 Simulation

The preeminent way to analyze the dynamic
behavior of quadcopter under designed control
system is to perform its computer-based simula-
tion. The state space model of the quadcopter is
not a linear time-invariant (LTI) system, so we
cannot use the LTI state space block. Certainly,
we need to update the variables in matrices A and
B at each instance of time. Therefore, the only
way to create the state space model of the quad-
copter is by own. So the "matlab function block”

is used to generate updated matrices. The quad-
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copter model is also configured to simulate the
motor cutoff behavior at very low throttle, and
most importantly applies the linear relation to
control signals and simulates the first order delay
for presenting more realistic simulation environ-
ment.

The nonlinear model of the quadcopter is
simulated under both logic control systems sepa-
rately at various reference inputs and trajectories
to observe the dynamic behavior. The obtained

results are discussed below.
3.1 Altitude tracking

The step input = =5 m at¢t =1 sis given to
flight controller and the following is obtained per-
formance of quadcopter(Fig. 7).

Fig. 7 Altitude tracking performance

As it observable that altitude controller of
both control systems lifts the quadcopter smooth-
ly to track the given step input. The PD control-
ler expresses better rise time and settling time,
whereas the fuzzy logic controller has better peak
overshoot and steady state error performance.
Generally, both controllers performed effectively
to stabilize the quadcopter at desired height and

has given acceptable results.
3.2 x-position tracking

Initially, height of 5 m is achieved then the
step input is given, to only observe the x -axis
tracking performance of the controllers. The step

input x, =5 m at £t =3 s is given control system

(Fig. 8).

=
g
3=
73
o
(=9
=

Fig. 8 x-position tracking performance

Both the controllers performed effectively to
move and stabilize quadcopter at x, =5 m , al-
though rise time and settling time should be im-
proved for some applications. Overall both con-

trollers gave satisfactory results.
3.3 y-position tracking

For y-position tracking, the PD controller’s
performance is observed superior to the T-S fuzzy
while tracking, as shown in Fig. 9, though the
rising time and settling time of the both control-

lers should be enhanced to get better results.

g
=
=]
=
2
=]
8,
A

Fig. 9 y-position tracking performance

3.4 Attitude tracking

The sine wave of amplitude 1 rad and fre-
quency of 1 rad/s has given as reference input to
attitude controllers of both control systems and
the results obtained during simulations are pres-
ented and discussed below.

Figs. 10—12 show attitude tracking perform-
ances of quadcopter under both control systems.
It can be observed that there are minor oscilla-
tions occurr when quadcopter with T-S fuzzy con-
troller is descending to track sine wave input, but
it has almost zero steady state error. On the other
hand, PD controller has some initial oscillations,
but after some time it gets stable. It has a negli-
gible tracking error of around 0. 015 m, when ref-
erence input is shifting its phase. Overall attitude

controller's performance is considered to be stable

Fig. 10 Pitch angle tracking performance
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Fig. 11 Roll angle tracking performance

Fig. 12 Yaw angle tracking performance

and acceptable.

4 Conclusions

In this paper, the dynamics of a quadcopter
was discussed in details. The full nonlinear model
of quadcopter incorporated with aero-dynamical
forces was used for the simulation study. The
main task of this paper was to design and propose
the effective flight control strategy that can deliv-
er the stable tracking performance of the quad-
copter UAV. The numerous simulations were
conducted in order to analyze and compare the re-
sponse of quadcopter system under both designed
control systems.

Both control systems showed almost similar
performance for altitude tracking and x-position
tracking. But for y-tracking, the PD based con-
troller performed better than the T-S fuzzy logic
controller.

The T-S fuzzy based attitude controller pro-
duced minor oscillations while tracking roll-an-
gle, for the period when reference input descend-
ing that was due to controller trying to shift ve-
locity from positive to negative while keeping the
steady state error at zero. Whereas PD attitude
controller’s response was smooth, steady and had
a very low steady-state error for all angles. The
simulation results depicted a smooth and stable

flight response was achieved for both control sys-

tems under the proposed control strategy. The
presented model and control method was tested
and studied only with simulations. A real experi-
mental prototype of a quadcopter should be con-

structed to achieve more realistic results.
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